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AUTHOR'S PEEFACB TO THE 
FIRST EDITION*. 



AmpliBsijna et puloherriimi acientia figniarum. At quam est inepte 
nomea Geometriie ! — NiOOD. FBiaOHLIKUS, Dialog. I. 

compendioBior eeae ^detnr . . . — B. Psscal, Lit. ad Acad. Paris., 1654. 
Da Teniam scriptis, quorum non gloria nobis 

Causa, Had utilitas officiumque fuit. — OviD, ex Pout., iii. 9. 55. 

This book is not intended for those whose high b 
is to advance the progress of science ; they would find in it 
nothing new, neither as regards principles, nor as regards 
methods. The propositions aro all old ; in fact, not a few of 
them owe their origin to mathematicians of the most remote 
antiquity. They may be traced back to Euclid (285 B.C.), to 
Apollohius of Perga (347 B.C.), to Pappus of Alexandria (4th 
century after Christ) ; to Desakgues of Lyons (1593-1663); 
to Pascal (1633-1663); to De ia Hire (1640-1718); to 
Newton (1642-1727) ; to Maclauris (1698-1746); to J. H. 
Lambert {1728-1777), &c. The theories and methods which 
make of these propositions a homogeneous and harmonious 
whole it is usual to call modern,, because they have been dis- 
covered or perfected by mathematicians of an age nearer to 
ours, such as Carxot, Bbianchon, Poncelet, Mobius, Steiner, 
Chasles, Staudt, etc. ; whose works were published in the 
earlier half of the present century. 

Various names have been given to this subject of which we 
are about to develop the fundamental principles. I prefer 

* With the consent of the Author, only such part of the preface to the original 
Italian edition ( ^ 87 2) is here reproduced as ma j ba of interest to the EngliBh reader. 
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VI AUTHOR S PREFACE TO THE FIRST EDITION. 

not to adopt tliat of Higker Geometry [G6<metrie mphieure, 
Mhere Ge<m.eirie), because that to which the title ' higher ' at 
one time seemed appropriate, may to-day have become very 
elementary; nor that of Moflem Geometry (nenere Geonietrie), 
which in like manner expresses a merely relative idea ; and is 
moreover open to the objection that although tho methods 
may be regarded aa modem, yet the matter is to a great extent 
old. Nor does the title Geometry of position {Geometrie der Lage) 
as used by Staudt* seem to me a suitable one, since it 
excludes the consideration of the metrical properties of figures, 
I have chosen the name of Projedwe Geometry f , as expressing 
the true nature of the methods, which are based essentially on 
central projection or perspective. And one reason which has 
determined this choice is that the great Poscelet, the chief 
creator of the modern methods, gave to his immortal book 
the title of Traite des proprietes pro^ecUveg des fiyures (1823). 

In developing the subject I have not followed exclusively 
any one author, but have borrowed from all what seemed 
useful for my purpose, that namely of writing a book which 
should be thoroughly elementary, and accessible even to those 
whose knowledge does not extend beyond the mere elements of 
ordinary geometry. I might, after the manner of Stal'DT, 
have taken for granted no previous notions at all ; but in that 
case my work would have become too extensive, and would 
no longer have been suitable for students who have read the 
usual elements of mathematics. Yet the whole of what such 
students have probably read is not necessary in order to 
understand my hook ; it is sufficient that they should know 
the chief propositions relating to the circle and to similar 
triangles. 

It is, I think, desirable that theoretical instruction in 

* Equwalent to the Descriptive Geometry of Caylet (Shih memoir on quanHea, 
Phil. Trims, of the Eoyal Society of London, 1859) P- 9°'>- The name GiomMrie 
de position as used by Cabnot corresponds to an idea qniie different from that 
which I wished to eiprees in the title of my book. I leave out of cotiBideration 
other niunee, such aa Giom^rie segmentaire and Organieche Qeainelrie, sb referring 
to ideas which are too limited, in my opinion. 

t See Klbin, Ueber die sogeninnfe nicht-Euhlidisehe Geometrie (Giittinger 
Naohrichten, Aug. 30, 1S71). 
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AnTHOR'S PREFACE TO THE FIE8T EDITION. vii 

geometry should have the help aftbrded it by the pmctical 
constructing and drawing of figures. I have accordingly laid 
more stress on deacripiive properties than on metrical ones ; and 
have followed rather the methods of the Geometrie der Lage of 
StaudT than those of the Geometrie supeneure of Chasles*. 
It haa not however been my wish entirely to exclude metrical 
properties, for to do this would have been detrimental to 
other practical objects of teachingf, I have therefore intro- 
duced into the book the important notion of tho anhartnonic 
ratio, which haa enabled me, with the help of the few above- 
mentioned propositions of the ordinary geometry, to establish 
easily the most useful metrical properties, which are either 
consequences of the projective properties, or are cloaely related 
to them. 

I have made use of central projeefion in order to establish 
the idea Q^injimtely distant elements ; and, following the example 
of Steimer and of Staudt, I have placed the law of dttality 
quite at the beginning of the book, as being a logical fact 
which arises immediately and naturally from the possibiUty 
of constructing space by taking either tho point or the plane as 
element. The enunciations and proofs which correspond to 
one another by virtue of this law have often been placed in 
parallel columna ; occasionally however this arrangement has 
been departed from, in order to give to students the oppor- 
tunity of practising themselves in deducing from a theorem 
its correlative. Professor Ueyb remarks, with justice, in the 
preface to his book, that Geometry affords nothing so stirring 
to a beginner, nothing so likely to stimulate him to original 
work, as the principle of duality; and for this reason it is 
very important to make him acquainted with it as soon 
as possible, and to accustom him to employ it with con- 
fidence. 

The masterly treatises of Poncelet, Steiner, Ci-iasles, and 



• Cf. Betb, Geometrie ^er Lage (Hannover, 1866; and edition, 1877), p. li. of 
the prefaoa. 

t Cf. Zbob, Die MKere Geomdrie in ikrer Anicendmg aitf Kef/elsiAititle and 
Flnchen zictiter Ordtmng (Stuttgart, 1857), preface. 
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Staudt * are those to which I must acknowledge myself most 
indehted ; not only because all who devote themselves to 
Geometry commence with the study of these works, but also 
because I have taken from them, besides the substance of 
the methods, the proofs of many theorems and the solutions of 
many problems. But along with these I have had occasion 
also to consult the works of Apollonius, Pappus, Desargues, 
De la Hire, Newton, Macladrin, Lambert, Carnot, 
Brianchon, Moeius, Bellavitis, &c. ; and the later ones of 
Zech, Gaskin, Witzschel, Townsend, Eeye, Poudra, 

FlEDlER, &C. 

In order not to iocrease the difficulties, already very con- 
siderable, of my undertaking, I have reUeved myself from the 
responsibihty of quoting in all cases the sources from which 
I have drawn, or the original discoverers of the various pro- 
positions or theories. I trust then that I may be excused if 
sometimes the source quoted is not the original onef, or if 
occasionally the reference is found to be wanting entirely. 
In giving references, my desire has been chiefly to call the 
attention of the student to the names of the great geometers 
and the titles of their works, which have become classical. 
The association with certain great theorems of the illustrious 
names of Euclid, Apollonius, Pappus, Desaegues, Pascal, 
Newton, Carnot, &c. will not be without advantage in assist- 
ing the mind to retain the results themselves, and in exciting 
that scientific curiosity which so often contributes to enlarge 
our knowledge. 

Another object which I have had in view in giving refer- 
ences is to correct the first impressions of those to whom the 
name Projective Geometry has a suspicious air of novelty. Such 

* PoKCBLET, Tra,iUdeeproprUi68]ir<i}ecliveede»)lgaTe»(,Vana,T.%it). Stbinbh, 
Syslematieche Bnticickdung dei" Ahhdngig&eU geomeirisdtee OettoUea voa rfnaniier, 
*c. CBerlitt, 1831). Chaslis, Traiu de OiamirU supirkwe (Parie, 1852); Traiti 
deg seclioni coniquC) fParis, 1865). Stadbt, Geometry der Lage (Niimberg, 1847). 

■f In quoting on author I have almost always cited such of hia trealjses as ace 
of coneiderable extent and generally Imown, although his diEcoveriea may havs 
bsen originally announced elaewhare. For example, the renearchee of CHiSLES in 
the theory of comca date from a period in most cases anterior io the year 1830 ; 
tlioae ofSiAi-DT began in 1S31; &c. 
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AUTHOR S PEEFACE TO THE FIRST EDITION. IX 

persons I desire to convince that the subjects are to a great 
extent of venerable antiquity, matured in the minda of the 
greatest thinkers, and now reduced to that form of extreme 
simplicity which Gebgonne conisideredaathemarkofpei-fection 
in a scientific theory*. In my analysis I shall follow the 
order in which the various subjects are arranged in the hook. 

The conception of elements lying at an iujiniie distance is due 
to the celebrated mathematician DESARauES ; who more than 
two centuries ago exphcitly considered parallel straight lines 
as meeting iu an infinitely distant point f, and parallel planes 
as passing through the same straight line at an infinite 
distance J. 

The same idea was thrown into full light and made 
generally known by Poncelet, who, starting from the postu- 
lates of the Euclidian Geometry, arrived at the conclusion 
that the points in space which lie at an infinite distance must 
be regarded as all lying in the same plane §, 

Desaeques ]| and Newton f considered the asymptotes 
of the hyperbola as tangents whose points of contact lie at an 
infinite distance. 

The name homology is due to Poncelet. Homology, with 
reference to plane figures, is found in some of the earlier 
treatises on perspective, for example in Lambert** or per- 
haps even in Desaegues ft, who enunciated and proved the 
theorem concerning triangles and quadrilaterals in perspective 
or homology. This theorem, for the particular case of two 
triangles (Art. 1 7), is however really of much older date, as it 
is substantially identical with a celebrated porism of Euclid 

* 'Oq ne psut Be flatter d a\oir le demier mot d une thcune taiit qu'on ne 
pent pas reipliquer en peu Je paroles ^ un pashant dam li rue (tf Chasles, 
Aper^a kietorique, p. iis^ 

+ (Etmres de DEaAKUUKS Humex et analy tes pai M Poidb* (Pirie, 1864), 
tome i. BromUon-projei daae atteinie avx ivinemeah dei luiLOiifre d'uii cSiie 
avee m plan {i6ici),pp 104,105,^05 

J Loe. cU., pp. los, 106. 

S FraiU dee propridUs prqjeciivea des fgares (Puiia, iBsa), Arts. 96, 5S0. 

IT Pkihsophiae naturalis prineipia matkemaliea {l6S6),\i\}. i, prop. ;7,acholiun!. 
** Freie Psrspedim, ind edition (Zurich, 1774). 
tt Loc. cff.,pp. 413-416. 
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X AUTHOR 8 PREFACE TO THE STEST EDITION. 

(Art. 114), -which has been handed down to ua by Pappus*. 
Homological figures in space were first studied by PoN- 
CELET t- 

The law of duality, as an independent principle, was enun- 
ciated by Gebgonne X; a,s a consequence of the theory of 
reciprocal polars (under the name principe de reciprociie polaire) 
it is due to Poncelet§. 

The geometric forms (range of points, flat pencil) are found, 
the names excepted, in DESARGfUEg and the later geometers. 
Steiner II has defined them in a more explicit manner than 
any previous writer. 

The complete quadrilateral was considered by CaenotIT; 
the idea was extended by Steiner** to polygons of any 
number of aides and to figures in space. 

Harmonic section was known to geometers of the most 
remote antiquity ; the fundamental propert.ies of it are to be 
found for example in Apollonius ft- De la Hieb ifj gave the 
construction of the fourth element of a harmonic system by 
means of the harmonic property of the quadrilateral, i. e. by 
help of the ruler only. 

From Tf^32 the construction of projective forms was taught 
by Steiner §§. 

The complete theory of the anharmonic ratios is due to 
MoBiua |] II, but before him Euclid, Pappus TTT Desargues***, 
and Bbianchon fH had demonstrated the fundamental pro- 
position of Art. 63. DESAEGUEsff J was the author of the theory 

* CnASLES, Leg froie Uvres deponsmea d'Eudide, <&c. (Paria, i860), p. 102. 

f Loe. eit., pp. 369 aqq. 

J Annalei de Matkimatiqiieii, vol. xvi. (Montpellier, 1826), p. sag. 

$ Ibid., vol. viii. (Montpellier, 1818), p. 201. 

II SyBtematisehe EniiBiekd'atig, pp. siii, ni/, Colleeted Works, vol. i. p. 237. 

^ Deia eorr^tion dee^garea de Geoiiiitrie (Patis, 1801), p. 132. 

** Loe. eit., pp. 7a, 235 ; S5 tg, 55. 

i-|- Cwifooruni lib. i. 34, 36, 37, 38. 

tt Seetionei amieae (Parifliifl, 1685), i. 30. 

5S ^-ot- <*.> P- 91- 

nil Der iari/eetUriiche CaUul (Leipsag, 1827), chap. v. 

Ilf Maffiematicae Collee(i(»tea, vii. 129. 

*** Loe. eit., p. 425. 

■{■tt M^moire sur les lignee du second ordre (Paris, 1817), p, 7. 

ttX Los. eit., pp. 119, 147, 171, 176. 
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of involution, of which a few particular cases were already 
known to the Greek geometers *. 

The generation of conies by means of two projective forms 
was set forth, forty years ago, by Stbikeb and by Chasles ; 
it is based on two fundamental theorems (Arts. 149, 150) 
from which the whole theory of these important curves can 
be deduced. The same method of generation includes the 
organic description of Newton f and various theorems of 
Maclauein. 

But the projectivity of the pencils formed by joining two 
fixed points on a conic to a variable point on the same had 
already been proved, in other words, by AroLLONius J. 

When only sixteen years old (in 1640) Pascal discovered 
his celebrated theorem of the mystic hexagram^, and in 1806 
Beianchon deduced the correlative theorem (Art. J53) by 
means of the theory of pole and polar. 

The properties of the quadrilateral formed by four tangents 
to a conie and of the quadrangle formed by their points of 
contact are to be found in the Latin appendix {De linea~ 
rum geometriearum proprieiatibus generalihis iraciahis) to the 
Algebra of Maclauein, a posthumous work (London, 174S), 
He deduced from these properties methods for the con- 
struction of a conic by points or by tangents in several cases 
where five elements (points or tangenta) are given. This 
problem, in its full generality, was solved at a later date by 
Beianchon. 

The idea of considering two projective ranges of points on 
the same conic waa explicitely set forth by Bellavitis |j. 

To CaesotU we owe a celebrated theorem (Art. 385) con- 
cerning the segments which a conic determines on the sides of 



• PAPPD9, Malhemaficae CaHcetlomes, lib. vii. props. 3J-56, 127, 12S, 130-133. 

■V Loc. ciL, lib, i. lemma xxi. 

J Conleomm lib. iii. 54, 55, 56. I owe this remark to Prof. Zeuthek {18853. 

I Letter of Leibnitz to M. Pokier in the (Eavrea de B. rascal (Bossdt's 
edition, vol. v. p. 459). 

II Saggio ili geometria denvala (Nuovi Ssggi dell' Aeeademia di Padova, y<ii. 
ir, 1838), p 270, note. 

T G6om4tris de pmilion (Paris, 1803), Art. 379. 
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a triangle. Of this theorem also certain particular eases were 
known long before *. 

In the Freie Persj^ective of Lambert we meet with elegant 
constructions for the eolution of several problems of the first 
and second degrees by means of the ruler, assuming however 
that certain elements are given ; but the possibility of solving 
all problems of the second degree by means of the ruler and a 
fixed circle was made clear by Poscblet ; after^vards Steiner, 
in a most valuable little book, showed the manner of practically 
carrying this out (Arts. 238 sqq.). 

The theory of pole and polar was already contained, under 
various names, in the works already quoted of Desarotjes f 
and De la Hire J; it was perfected by Monge §, Brian- 
CHON II, and PoNCELET. The last-mentioned geometer derived 
from it the theory of polar reciprocation, which is essentially 
the same thing as the law of duality, called by him the ' prin- 
cipe de reciprocite polaire.' 

The principal properties of conjugate diameters were ex- 
pounded by AroLLONius in books ii and vii of his work on 
the Conies, 

And lastly, the fundamental theorems concerning /oc» are to 
be found in book iii of Apollonius, in book vii of Pappus, 
and in book viii of De la Hire. 

Those who desire to acquire a more extended and detailed 
knowledge of the progress of Geometry from its beginnings 
until the year 1830 (which is sufficient for what is contained 
in this book) have only to read that classical work, the Apergw 
f Chasles. 



* APOLLONioe, Gonieorma lib. iii. 16-^3. Desabgubs, loc. eit., p. 302. Db 
LA HlUB, he. df,, book V. props. 10, 12. Newtob, Enumerate lineanaa lerfii 
ordinis (Optieks, London, 1704), p. 142. 

f Zoo. cit., pp. 164, 186, 190, Bqq. 

} Loc. df., i. 21-28; ii. 23-30. 

5 S6omMrie deseripHve (Paris, 1795), Art, 40. 

II Jowmtl de I'Axle Polyteckmque, caliier sill. {Paris, iSoli). 
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ENGLISH EDITION. 

In April last year, when I wa8 in Edinburgh on the occasion 
of the celebration of the tercentenary festival of the University 
there. Professor Sylvester did me the honour of saying that in 
hia opinion a translation of my book on the Elements of Projec- 
tive Geometry might be useful to students at the English Uni- 
versities as an introduction to the modern geometrical methods. 
The same favourable judgement was shown to me by other 
mathematiciai^, especially in Oxford, "which place I visited in 
the following month of May at the invitation of Professor Syl- 
vester. There Professor Price proposed to me that I should 
assist in an EngUsh translation of my book, to be carried out 
by Mr. C. Leudesdorf, Fellow of Pembroke College, and to be 
pubhshed by the Clarendon Press. I accepted the proposal 
with pleasure, and for this reason. In ray opinion the English 
excel in the art of writing text-books for mathematical teach- 
ing; as regards the cleai' exposition of theories and tho 
abundance of excellent examples, carefully selected, very few 
books exist in other countries which can compete with those 
of Salmon and many other distinguished English authors that 
could be named. I felt it therefore to be a great honour that 
my book should be considered by such competent judges 
worthy to be introduced into their colleges. 

Unless I am mistaken, the preference given to my Elements 
over the many treatises on modem geometry pubhshed on the 
Continent is to be attributed to the circumstance that in it I 
have striven, to the best of my ability, to imitate the English 
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xiv author's PBEPACE to the ENGLISH EDITIOS. 

modela. My intention was not to produce a book of high 
theorioa which should be of interest to the advanced mathe- 
matician, but to construct an elementary text-book of modest 
dimensions, intelligible to a student whose knowledge need not 
extend further than the first books of Euclid. I aimed there- 
fore at simplicity and clearness of exposition ; and I was 
careful to supply an abundance of examples of a kind suitable 
to encourage the beginner, to make him seize the spirit of the 
methods, and to render him capable of employing them. 

My hook has, I think, done some service in Italy by helping 
to spread a knowledge of projective geometry; and I am 
encouraged to believe that it has not been unproductive of 
results even elsewhere, since I have had the honour of seeing 
it translated into French and into German. 

If the present edition be compared with the preceding ones, 
it will be seen that the book has been considerably enlarged 
and amended. All the improvements which are to he found 
in the French and the German editions have been incor- 
porated ; a new Chapter, on Foci, has been added ; and every 
Chapter has received modifications, additions, and elucidations, 
due in part to myself, and in part to the translator. 

In conclusion, I beg leave to express my thanks to the 
eminent mathematician, the Savilian Professor of Geometry, 
who advised this translation ; to the Delegates of the 
Clarendon Press, who undertook its pubhcation ; and to 
Mr. Leudesdorf, who has executed it with scrupulous 
fidelity. 

L. CREMONA. 
Rome, May 1885. 
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ELEMENTS OF PROJECTIVE GEOMETRY. 



CHAPTER I. 

DEFINITIONS. 

1. By a figure is meant any assemblage of points, straight 
lines, and planes ; the straight lines and planes are all to be 
considered as extending to infinity, without regard to the 
limited portions of apace which are enclosed by them. By 
the word triangle, for example, is to be understood a system 
consisting of three points and three straight lines connecting 
these points two and two ; a tetrahedron is a system consisting 
of four planes and the four points in which these planes inter- 
sect three and three, &c. 

In order to secure uniformity of notation, we shall always denote 
points by the capital letters 4 , fi , C , ... , straight lines by the small 
letters a ,h ,e , ... , planes by the Greek letters a,& ,y , ... . Moreover, 
AB will denote that part of the straight line joining A and B which 
is comprised between the points A and B ; Aa will denote the plane 
which passes throagh tbe point A and the straight line a ; aa the 
point common to the straight line a and the plane a ; a^ the straight 
line formed by the intersection of the planes a, & ; ABC the plane of 
the three points A ,B,C ; a^ the point common to the three planes 
n , 3 , 7 ; a-BG the point common to the plane a and the stFaight line 
BC ; A.^y the plane passing through the point A and the straight 
line /3y ; a.fie the straight line common to the plane a and the plane 
Be ; A.&0 the straight line joining the point A to the point 0c, &c. 
The notation a.BC = A' we shall use to express that the point common 
to the plane a and the straight line BC coincides with the point A' ; 
u = ABCwi]l express that the straight line u contains the points 
A,B,G,&c. 

2. To project from a Jixed pomt 8 (the centre of projection) a 
figure ABCD..., abed,...) composed of points and straight 
lines, is to construct the straight lines or projecting rays 
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2 def:nitioit8. [3-7 

SA , SB , SC , SD , ... and the planes {projecting planes) 
8a,Sd,Sc,Sd ,... . We thus obtain a new figure compoaed of 
straight lines and planea ■which all paas through the centre S. 

3. To cut ly a fixed plane <r {transverml plane) a figure 
(a;3y8,... abed...) made up of planes and straight lines, ia to 
conatruct the straight liaea or traces o-a , ct^ , 07, ... and the 
pointa or traees <ra,<T6,<Te,... . By this means we obtain a new 
figure composed of straight lines and points lying in the 
plane a. 

4. To project from, a fixed straight line s {the axis) a figure 
ABCD... composed of points, is to construct the planes sA,sB , 
sC ,... . The figure thus obtained ia composed of planes which 
all pass through the axis s. 

5. To cut by a fixed straigJd line a [a, transversal) &&^T& a^yh ... 
compoaed of planes, is to construct the points sa,s^ ,sy,... . In 
this way a new figure is obtained, composed of points all lying 
on the fixed transversal s. 

6. If a figure ia composed of straight lines a,b,c ,,.. which all 
pass through a fixed point or centre S, it can be projected from 
a straight line or axis s passing through S; the result is a figure 

d of planes OT , *5 , jc,... . 
, If a figure is compoaed of straight fines a,b,c ,... alUying 
in a fixed plane, it may be cut by a straight line (transversal) 
s lying in tho same plane ; the figure which results is formed 
by the points *a , s5 , 5c , , . , *. 

• The operations of projecting and cutting '^projeclion 3,iiA section) are the two 
fundamental ones of the Projective Geometry. 
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CHAPTER II. 

CENTRAL PKOJECTION ; FIGURES IN PERSPECTIVE. 

8. Consider a plane figure made up of points A,B , C , . , . ana 
straight lines A£,AC, ... ,£€',... . Project these from a centre 
S not lying ia the plane {<t) of the figure, and cut the raya 
SA,SB,SC ,... m.A\he>^\«,nQfi SAB, SAG , ...,SBC\ ...hy B,tTs.m- 
versal plane a (Fig. i). The traces on the plane </ of the 
projecting rays and planes will 
form a second figure, a picture 
of the first. When wo carry ^"-""^ ' 
out the two operations by which \ 
this second figure ia derived 

from the first, we are said to ^^_^ 

project from a centre (or ver(eai) S , _ » ■ ^-^ 

a given figure a upon a plane of ,^ 

projection, i/. The new figure a ^"^-_^ 

is called the perspective image or Fig. i. 

the central projection of the 

original one. Of course, if the second figure be projected 
back fi'om the centre S upon the plane cr, the first figure will 
be formed again; i.e. the first figure is the projection of the 
second from the centre S upon the picture-plane o-. The two 
figures a and a are said to be in perspective position, or simply 
in perspective. 

9. If^',ii', (7',...are thetraeesoftherays'S'^,55,-S'C,... on 
the plane a-', we may say that to the points A,B,C,... of the 
first figure correspond the points A', B', G',,.. of the second, 
with the condition that two corresponding points always he 
,on a straight line passing through 8. If the point A describe 
a straight line a in the plane it, the ray SA will describe a 
plane Sa ; and therefore A' will describe a straight line a', the 
intersection of the planes Sa and </. The straight lines a and a ', 



Hosted by 



Google 



4 CENTRAL PEOJECTION ; PIQUBES IN PERSPECTIVE. [lO 

in which the planes a and <r' are cut by a^ the same project- 
ing plane, may thus be called correspondiit^ lines. It follows 
from this that to the straight lines ^B,J(7,...,jBC, ... correspond 
the straight lines A'B', A'G', ..., B'C, ... and that to all 
straight lines which pass through a given point A of the plane a- 
correspond straight lines which pass through the corresponding 
point A' of the plane ir'. 

10. If the point A describe a curve in the plane ir, the 
corresponding point A' will describe another curve in the 
plane "'. ^rhich may be said to correspond to the first curve. 
Tangents to the two curves at corresponding points are clearly 
corresponding straight lines ; and again, the two curves are cut 
by con'esponding straight lines in corresponding points. Two 
corresponding curves are therefore of the same degree*. 

U. The two figures may equally well be generated by the 
simultaneous motion of a pair of corresponding straight lines 
a J a'. If a revolve about a fixed point A, then a' will always 
pass through the corresponding point A'. 

Similarly, if a envelop a curve, then a' will envelop the 

corresponding curve. The lines a and a', in corresponding 

, ^ positions, touch the two curves at 

corresponding points ; and again, to 

the tangents to the first curve from 

a point A correspond the tangents to 

the second from the corresponding 

points'. Two corresponding curves 

^ are therefore of the same class t- 

V\ V 12, Consider two straight lines 

a and a' which correspond to one 

another in the figures <r , o-' (Fig. 2). 

\/c Every ray drawn through S in 

.''* their plane meets them in two 

'" points, say A and A', which cor- 

^' ^' respond to one another. If the ray 

change its position and revolve round S, the points A and A ' 

change their positions simultaneously ; when the ray is about to 

* The degree of a curve is the greatest number of poiiite in which it can be out 
bj anj arbitrary plane. In the case of a plane curve, it is the greatest number 
of points in which it can te cut by any gtraight line in the plane. 

+ The class of a plane curve ia the greatest number of tangents whieh can be 
drawn to it from any arbitrary point in the plane. 
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13] CENTRAL PROJECTION ; FIUURES IN PERSPECTIVE. 5 

become parallel to a, the point A' approaches /' (the point 
where a' is cut by the straight line drawn through S parallel to 
a) and the point A moves away indefinitely. In order that the 
property that to one point of a' corresponds one point of a 
may hold universally, wo say that the line a has a pohil at 
infimty /, with which the point A coincides when A' coincides 
with V, viz. when the ray, turning about 5, becomes pai'allel 
to a. The straight line a has only one point at infinityj it 
being assumed that we can draw through 8 only one ray 
parallel to a *. 

The point /', the image of the point at infinity /, is called 
the vanishing point of o'. 

Similaidy, the straight line a' has a point J' at infinity, 
which corresponds to the point / where a is cut by the ray 
drawn through S parallel to a'. 

Two parallel straight lines have the same point at infinity. 
All straight lines which are parallel to a given straight line 
must be considered as having a common point of intersection 
at infinity. 

Two straight lines lying in the same plane always intersect 
in a point {finite or infinitely distant). 

13. If now the straight line a takes all possible positions in 
the plane a, the corresponding straight line a' will always be 
determined by the intersection of the planes </ and Sa. As a 
moves, the ray SI traces out a plane -a parallel to a and the 
point T describes the straight line tto-', which wc may denote 
by J'. This straight line i'\s, then such that to any point lying 
on it corresponds a point at infinity in the plane cr, which point 
belongs also to the plane tt. 

We assume that the locus of these points at infinity in the 
plane o- is a straight line i because it may be considered as 
the intersection of the planes tt and <r. But this locus must 
correspond to the straight line *' in the plane <t' ; thus the law 
that to every straight line in the plane <r' corresponds as 
line in the plane o- holds without exception. 

The plane i has only one straight line at infinity, b 
through the point S only one plane parallel to it can be drawn. 
The straight line i', the imago of the straight line at infinity, 
is called the vanishing line of a'. It is parallel to an-'. 

* ThiE is one of the fimilamental hypotJiesea of the Euclidian Geometry. 
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6 CENTRAL PROJECTION ; FIGURES IN PEK8PECTIYE. [14 

In the same way, the plane (x' has a straight line at infinity 
which corresponds to the intersection of the plane o- with the 
plane tt' drawn through S parallel to a'. 

Two parallel planes have the same straight line at infinity 
in common. All planes parallel to a given plane must he 
considered as passing through a fixed straight line at infinity. 

If a straight line is parallel to a plane, the straight line at 
infinity in the plane passes through the point at inlinity on 
the line. If two straight lines are parallel, they meet in the 
same point the straight line at infinity in their plane. 

Two planes always cut one another in a straight line (finite 
or infinitely distant). 

A straight line and a plane (not containing the line) alwaj's 
intersect in a point (finite or infinitely distant). 

Three planes which do not contain the same straight line 
have always a common point (finite or infinitely distant). 

14. Theorem. IftwoplanefyuTe«ABC...,A'B'C'...,{Tig.\) 
lying in different planes it and ir', are in perspective, i.e. if the rays 
AA', BS',GC',... meet in a point 0, then the corresponding straight 
Unei AB and A'B', AC and A'C',..., BS and £'C\... will cut 
one another in points lying on the same straight line, viz. the inter- 
section cf the planes of the twofgures. 

It is to be shown that if J/ is a point lying on the 
straight line <t(t', and if a straight line a, lying in the plane tr, 
passes through M, then the corresponding straight hne a' will 
also pass through M. But this is evidently the ease, since the 
two straight lines a and a' are the intersections of the same 
projecting plane with the two planes u and u', and conse- 
quently the three straight lines iro-', a, and a' meet in a point, 
viz. that common to the three planes. The straight line 
an' is the locus of the points which correspond to themselves 
in the two figures. 

The vanishing line j' in the plane ff'isparallel to the straight 
line <Ta', since i' and the corresponding straight line i, which 
lies entirely at an infinite distance in the plane o-, must inter- 
sect one another on aa. Similarly, the vanishing line j of 
the plane <r is parallel to (t<t'. 

If each of the figures is a triangle, the theorem reads as 
follows : — 

If two triangles ABC and A'B'C, lying respectively in the 
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planes (t and o-', are such that the straight lines AA\ BB', CC 
meet in a point S, then the three pairs of corresponding 
aides, BC and B'C, CA and C'A', AB and A'B', intersect in 
points lying on the straight line <Ta'. 

15. Gao.'v&r&Ay,^ to the points A, B ,C f.. , and to the slraigJd 
lines AB,AC, .,,, BC, ...ofa plane figure a correspond severally 
the points A\B', C',. . and thestraigkt lines A'B', A'C\.., B'C',.. 
of another plane figure a-'*, in such a way that the corresponding 
lines AB and A'B', AG and A'G',.,,, BC and B'C',... meet in 
points lying on the line of intersection (to-'), of the planes tr and a, 
then the iwo figures are in perspective. 

For if S he the point which is common to the three 
planes AB . A'B', AC . A'C, BC . B'C, the three edges 
AA', BB', CC of the trihedral angle formed by the same 
planes will meet in S. Similarly, tho three planes AB .A'B', 
AB . A'l)', BB . B'B' meet in a point which is common to the 
edges AA', BB', DB', and this point is again S, since the two 
straight Unes AA', BB' suffice to determine it. Therefore all 
the straight lines AA', BB', CC, BI)' ... pass through tho 
same point S ; that is, the two given figures are in perspective, 
and S is their centre of projection. 

If each of the figures is a triangle, we have the theorem : 
If two triangles ABC and A'B'C, lying respectively in the 
planes tr and <t', are such that the sides BC and B'C, CA 
and CA', AB and A'B' intersect one another two and two 
in points lying on the straight line T<y', then the straight lines 
AA', BB', CC meet in a point S. 

18. Theorem. If two triangles AjB^C-^ and A^B^^, lying in the 
same plane, are such that the straight lines A^A^, B-^B^, C-fi^ meet 
in the same point 0,then the three pmiita of intersection of the sides 
B-fii and Bfi^, C^A^ and C^A^, A^B-i and A^B^ lie on a straight 
line. (Fig. 3.) 

Through the point which is common to the straight 
lines -4,^2' -^i-^a' ^i^z' draw any straight line outside the plane 
(T, and in this straight line take two points S^ and S^. Project 
the triangle A-^B-fi-^ from 5j and the triangle A^B,p^ from S^. 
The points A-^, A^, 0, S^, S-^ lie in the same plane ; therefore 
S^^j and §5^2 meet one another {in A suppose) ; similarly 
Sj^B-^ and S^^B^ {in B suppose) and 5^6'^ and SJ^^ {in C suppose). 

* The planes o and o' are to be regarded an diatiiict from each other. 
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Pig. i- 
I three coUinear points A^. 



Thus the triangle A£C is in perspective both with A-^B-^C^ and 
with A^Bfi^. The straight lines BC, B-fi^, Bfi^ intersect in 
pairs and therefore meet in one and the same point ^o*- 
Similarly CA, C^A^, and Afi^ meet in a point B^, and AB, 
B^A^, and A^B^ in a point 
Cq. The three points Aq, 
5(1, C„ lie on the straight 
line which is common to 
the planes <t and ABC. 
The theorem is therefore 
proved. 

17. Conversely, I/' tv}0 
triangles A-^B^-^and A^B^C^ , 
l^ing in the same plane, are 
mch that tie sides BjC^ and 
B^C^, C^A^ and CJ^, A^B^ 
and A^B^ cut one another in 
pairs m three colimear points ^^ B^, C^, thett the straight lines 
A^A^, B-^B^, CjC^, which join con-espondinff angular points, will 
pass through one and the same point 0. (Fig. 3.) 

Through the straight lino A^^fii, draw another plane, 
and project, from an arbitrary centre •% the triangle A^B^C^ 
upon thia plane. If ABC be the projection, the straight lines BC, 
B-fi^ will cut one another in the point A^, through which B^C^ 
will also pass; similarly AC will pass through B^ and AB 
through Co- The straight lines AA^, BB^, CC^ intersect in 
pairs, without however all three lying in the same plane ; 
they will therefore all meet in one point S^. The straight 
lines S^S^ and A^A^ lie in the same piano, since S^A.^^ and S^A^ 
intersect in A ; therefore S-^S^ meets the three straight lines 
A-iA^,B^B^,C^G^, i.e. A-^^A^, B.^B^,CjC^&\\m&Qi in one point 0, 
viz. that which 13 common to the plane <r and the straight 
line 5i5^t. 

' BC is the interseotion of the planes S-^B.C, and S,B,Cj, which do not coin- 
cide; BO that the atnught linea EC, £,C„ and MtC, do not hU three lie in one 
plane. The three planes EC.S,C„ BC.BA, and S,C, . J,C, (or ff) interBect 

+ PoKCELET, Propi-UUs projectivea des Jiffurei (Paria, 1832), Art, 168. The 
theorema of Arte. 11 and 13 are dne to Dbsabgcbs {(Eavres, ed, Poudra, vol. i. 
p. 413)- 
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CHAPTER III. 

HOMOLOGY. 

18. Consider a plane o- and another plane a, in which latter 
liea any given figure made up of points and straight linea. 
Take two points S^ and S^ lying outside the given planes, 
and project from each of them as centre the given figure a' on 
to the plane <t. In this way two new figures (ir^ and <t^ say) 
will be formed, which lie in the plane o-, and which are the 
projections of one and the same figure a upon one and the 
same plane <r, but from different centres of projection. Let 
two points A^ and J^, or two straight lines a^ and a^, in the 
figures (Tj and <t^ be said to correspond to each other when 
they are the images of one and the same point A' or of 
one and the same straight line a' of the figure a'. We have 
thus two figures o^ and <t^ lying in the same plane <t, and 
so related that to the points A^, Ji^, Cj, ... and the lines 
A^B^, A-fi-^^, ...,i?^(7j, ..., of the one correspond the points 
A^,B^,C^,...,&.nAi\i%\inesJ^B^,Af^,...,B^C^,...,oith^oih&r. 
Since any two corresponding straight lines of o-' and o-j intersect 
in a point lying on the straight line a-a, and again any two 
corresponding straight lines of a' and ir.^ intersect in a point 
lying on the same straight line air, it follows that three 
corresponding straight lines of tr, ffj, and a^ meet in one 
and the same point, which is determined as the intersection 
of the straight line of a with the straight line o-i?'. That is 
to say, two corresponding straight linea of the figures o-^ and 
ffj always intersect on a fixed straight line, the trace of a' on t. 
If moreover A.^ and A^ are a pair of corresponding points of a^ 
and o-g, the rays S■^A-^^, S^A^ have a point A' in common, and 
therefore lie in the same plane : consequently A^A^ and S-^S^ 
intersect in a point 0. Thus we arrive at the property that 
every straight line, such as AyA,^, which connects a pair of 
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10 HOMOLOaY, [19 

corresponding points of the figures itj and ir^, passes through 
a fixed point 0, which is the intersection of 5^^^ ^^^ ""• 
From this we conclude that two figures o-j and t^ which 
are the projections of one and the same figure on one and 
the same plane, hut from different centres of projection, 
possess all the properties of figures in perspective (Art. 8) 
although they lie in the same plane. To the points and the 
straight lines of the first correspond, each to each, the points 
and the straight lines of the second figure ; two corresponding 
points always lie on a ray passing through a fixed point ; 
and two corresponding straight lines always intersect on 
a fixed straight fine s. Such figures are said to be homologieal, 
or in homology; is termed the centre -of homology ^ and i the 
asAs of homology *. They may also be said to be in plane 
perspective; being called the centre of perspective, and s the 
aids of perspective. 

19. Theorem. In tJie plane a- are given two figures a^ and <t^ 
which are such that to the points A^, B^,G^, ... and to the straight 
lines AiB-^,AiCi, ..., B^Cy, ... of the one correspond, each to 
each, the points A^, B^, C\, ... and (he straight lines A^B^ , A^C^, 
..., BfJ^ , ... (f the other. If the points of intersection of corre- 
sponding straight lines He on a fixed straight line, then the straight 
lines which join corresponding jioints will all pass ihrongh a fixed 
point 0. 

Let Aj^ and A^ , B^ and B^ , C-^ and C^ be three pairs 
of corresponding points ; they form two triangles A^B-fi^ and 
A^Bfi^ whose corresponding sides B-fi-y and B^C^ , C-j^A^ and 
C^A^tA^Bj and ^^2-^2 intersect in three colHnear points. By 
the theorem of Art. 17 the rays ^j^^j-^iSg, C^C^ will there- 
fore meet in the same point ; but two rays A^A^ and SjB^ 
suffice to determine this point; in whatever way then the 
third pair of points C,, C^ may be chosen, the ray C^C^ will 
always pass through 0. 

The figures o-j, a^ are therefore in homology, being the 
centre, and * the axis, of homology. 

CuToUary. — It follows that if two figures lying either in the eame 
or in different planes are in perspective, and if the plane of one 
of the figures be made to turn round tlie axis of perspective, 
then corresponding straight lines A^A^ , B^Ji^ , &c., will always be 

* I'ONCELET, FraprieUs projfctives, ArU. scij and tte following. 
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concurreiit ; i.e. the two figures will remain always in perspective. The 
centre of perspective will of course change its position ; it %vill be seen 
further on (Art. 22) that it describes a certain circle. 

20, Theorem. ^ to the straight linex a, h, c, ... and to the 
points ah , ac, ..., Ic, .,., of a figure correspond severally the 
straight lines i/, b', c', ... and He points a'h', o'c', .,., iV, ... 
(f another coplanar figure, so that ike pairs of corresponding points 
ah and ah, ac and aV, he and h'^, ... are colUnear with a 
fixed point ; then the corresponding straight lines a and a', 
I and V, c and /, will intersect in points which lie on a straight 
line. 

Let a and a', h and h', e and c' be three pairs of corre- 
sponding straight lines; since by hypothesis the straight lines 
which join the corresponding vertices of the triangles ahc,a'b'c' 
ali meet in a point 0, it follows (Art. 1 6} that the correspond- 
ing sides a and a', h and h', c and c' intersect in three pointa 
lying on a straight line. But two points aa\ hh', suffice to 
determine this straight line ; it remains therefore the same if 
instead of c and c' any other two corresponding rays are 
considered. Two corresponding straight hnes therefore always 
intersect on a iixed straight line, which we may call s ; thus 
the given figures are in homology, being the centre, and s 
the axis, of homology. 

21, Consider two homological figures o-j and a^ lying in 
the plane <r; let be their centre, s their axis of homology. 
Through the point and outside the plane a draw any 
straight line, and on this take a point ^j, from which as 
centre project the figure o-^ upon a new plane a-' drawn in any 
way through s. In this manner we construct in the plane a' a 
figure A'B'C ... which is in perspective with the given one 
^1 = J^S^Cj ... . If we consider two points J ' and A^ of the 
figures (/ and n-^, which are derived from one and the same 
point J.^ of (Tj, as corresponding to each other, then to every 
point or straight line of o' corresponds a single point or straight 
line of o-g, and vice versa; and every pair of cori'esponding 
straight lines, such as A'B' and A^B^, intersect on a fixed 
straight line o-o-' or s. Consequently (Art. 15) the figures tr' 
and o-j are in perspective, and the rays A'A^, S'B^, ... all 
pass through a fixed point S^. Moreover every ray A'A^ 
meets the straight line OS^, since the points A', A^ lie on the 
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12 HOMOLOGY. [22 

sides -S'j^i,0^j of the triangle O^^^j. Th& rays A'A.^, S'Ji^, ... 
do not all lie in the same plane, because the points ^^ , -B^ , ... 
lie arbitrarily in the plane <t ; the point S.^ therefore lies on 
the straight line 0S.^. 

From this we conclude that two homological figures may 
be regarded, in an infinite number of ways, as the projections, 
from two distinct points, of one and the same figure ; this 
figure lying in a plane passing through the axis of homology, 
and the two points being coliinear with the centre of homology. 
22. Consider two figures in perspective, lying in the planes 
IT, a-' respectively (or two figures in pfane perspective in the 
same plane a) ; let (Fig. 4} be the centre and s the axis of 
perspective, and let _;' and 
i be the vanishing lines of 
the two figures. If J and 
/' are points lying on these 
vanishing lines, the points 
/' and / which correspond 
to each of them respec- 
tively in the other figure 
will be at infinity on the 
rays OJ, 01' respectively. 
Further, the two corresponding straight lines IJ, J' J' must meet 
in some point on s ; there are consequently an infinite number 
of parallelograms having one vertex at 0, the opposite one on 
*, and the other two vertices onji' and i' respectively. 

Now, supposing the two figures to keep their positions in 
their planes unaltered, let the plane t he made to turn round 
(Ti/ or s. Every pair of corresponding straight lines must 
always meet on s ; consequently the two figures will always 
remain in perspective (Arts. 15, 19), and the point will 
describe some curve in space. 

In order to determine this curve, consider any one of the 
above-mentioned parallelograms OJSI'. It remains always 
a parallelogram, and the length of JS is invariable ; therefore 
also or is of constant length. The locus of the centre of 
perspective is therefore a circle whose centre lies on the 
vanishing line i' and whose plane is perpendicular to this line 
and therefore to the axis of perspective*. 

* MoBlUS, Saiycenlrhche Calciil (Leipzig, 1S2J), § i^o (note, p. 326). 
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23. (I) Given the centre and the axis s of homology, and two 
corresponding jioints A and A ' {coUinear with 0) ; to oonatntot the 
figure Iwmologieal with a given figure. 

Take a second point S of the given figure (Fig. g). To obtain the 
corresponding point B', we notice that the ray SB' must pass through 
and that the straight' lines AB, A'B' which correspond to one 
another must intersect on s ; thus B' will be the point where OB 
meets the straight line joining A' to the intersection of AB vrith a *. 
In the same way we can construct any number of pairs of correspond- 
ing points ; in order to draw the ,, 
straight line i^ wMch corresponds 
to a given straight line r, we have 
only to find the point B' which 
corresponds to a point B lying on 
the line r, and to join the points 
B' and rs. 

In order to find the point /' 
(the vanishing point) which corre- -p- 

spends to the infinitely distant 

point / on a given straight line (a ray 01, for example, drawn from 
O), we repeat the construction just given for the point B'; i.e. we join 
another point A of the first figure to the point at infinity / on 01 
(that is, we draw AI parallel to OP), and then join A' to the point 
where AI meets s, and produce the joining line to cut 01 in /', 
Then I' is the required point. 

All points analogous to T' (i. e. those which ci 
at infinity in the given figure) fall on a 
straight line *', parallel to s; i' is the 
vanishing line of the second figure. If, in 
the preceding construction, we interchange 
the points A and A'\, we shall obtain a 
point J (a vanishing point) lying on the 
vanishing line j of the first figure. 

(2) Suppose that instead of two corre- 
sponding points A , A' there are given (Fig .6) 
two corresjiondinp straight lines a , a'. 
These will of course intersect on s-; and 
every ray passing through will cut tliem in 

* This oonstruction shows that if S lies upon a, then B ' 
i, e. that every point of s is its own eorrespondent. 

+ Otherwise ; Draw throngli A' any Btraiglit line J'A', then through A and 
the intersection of J'A' with s draw a atraight line JA, and through draw OJ' 
parallel to A'J'. Then the intersection of OJ' and JA is the vanishing point J, 
and a straight line J drawn through J parallel to « is the vanishing line of the 
first figure. 



to the points 




Fig.6- 



esponding 

ide with S; 
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14 HOMOI-OQT. [23 

points A, A'. !□ order to obtain the straight line 6' which corre- 
Bponda to any straight line b in the firat figure, we have only to join 
the point ha to the point of intersection of a' with the ray passing 
through and ah *. 

(3) The data of the problem may also be the centre 0, the axis s, and 
Ike vanishing line j of the first figure (Fig. 7). 
In this case, if a straight line a of the first 
figure cuts j in / and s in P, the point 
J' coiresponding to / wOl be collinear with 
/ and and at an iufinit* distance from 0. 
And as the straight line a' corresponding to 
a must pass both through J' and through i*, 
it is the parallel drawn through P to OJ. 

j^ig » To find the point A' corresponding to a 

given point A, we must draw the straight 

line a' which corresponds to a straight line a di'awn arbitrarily 

through A ; the intersection of a' with OA is the required point A'. 

(4) Assuming a knowledge of the constructions just given, let 
again be the centre, » the axis, of homology, and j the vanishing 
line of the first figure. 

In the first figure let a circle be givm (Figs. 8, 9, 10) ; to this 
circle will correspond in the second figure a curve C" which we can 
construct hy determining, according to the method above, the points 
and straight lines which correspond to the points and tangents of 0. 

Two corresponding points will always be collinear with 0, and two 
corresponding chords {i. e. straight lines MN, M'N', where M and M', 
JTand AT', are two pairs of corresponding points) will always intersect on 
s; as a particular case two corresponding tangents m and m' (i.e. tan- 
gents at corresponding points Jf and Jf') will meet in a point lying on b. 

It follows clearly from this that the curve C possesses, in common 
■with the circle, the two following properties: 

(i) Every straight line in its plane either cuts it in two points, or 
is a tangent to it, or has no point in common with it. 

(2) Through any point in the plane can be drawn either two 
tangents to the curve, or only one (if the point is on the curve). 

Since two hojnological figures can be considered as arising from the 
sv^erpoeilion of two figures in perspective lying in different platies 
(Art, 22), the euree C is simply the plane section of an oblique cone 
on a circular base ; i. e. the cone which is formed by ike straight lines 
which run from any point in space to all points of a circle. 

■ It foUowa from this that if a passes through 0. then a' will coincide with a ; 
i. f. every straight line parsing through O corresponds to itself, 
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For this reason the curve C" is called a conic section or eimply a 
cotdc ; thus the curve whieli is hotaological with a circU is a conic. 

The points on the straight line j correspond to the points at 
infinity in the second figure. Now the circle C may cut j in two 




points /j 



J^ (Fig. 8), or it may touch j in a single point J (Fig. 9), 
■ have no point in cominon with j (Fig. 10). 




In ihe Jirst case (Fig. 8) the curve C will have two points Jj, J/, at 
an infinite distance, situated in the direction of the straight lines 0/,, 
OJ3. To the two straight lines which touch the circle in J^ and /, 
will correspond two straight lines (parallel respectively to 0/, and 
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16 HOMOLOGY. [23 

0/5) which must be considered as tangents to the curve C at its 
points alt infinity //, //. Tte&e two tangents, whose points of 
contact lie at infinity, are called asymptotes of tte curve C ; the 
curve itself is called a hyperbola. 

In the secoTui case (Fig. 9) the curve C" has a single point J' at 
infinity ; this must be regarded as the point of contact of the straight 
line at infinity j', wHch is the tangent to C corresponding to the 




In the third case (Tig. 10) the curve has no point at infinity; it ii 
called an eWqise. 
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In the same way it may be eIiowjj that if in the first figure a coaic 
C is given, the corresponding curve C" in the second figure wiJl be a 

(5). The centreof homology is a point which corresponds to itself, and 
every ray which passes through it corresponds to itself. If then a 
curve C pass through 0, the corresponding curve C' will also pass 
through 0) and the two curves will have a common txingent at this 
point. Fig. 1 1 shows the case where one of the curves is taken to he a 
circle, and the axis of homology 8 and the point A con-esponding 
to the point A' of the circle are supposed to be given. 

Similarly, every point on the axis of homology corresponds to 
itself. If then a curve belonging to the first figure touch s at a 
certain point, the corresponding curve in the second figure will touch 
s at the same point. In Fig. 1 3 is shown a circle which is to be 
transformed homologically by means of its tangents ; moreover it is 




supposed that the axis of homologj' touches the circle, that the centre 
of homology is any given point, and that the straight line a of the 
second figure is given which corresponds to the tangent a' of the 

(6). Two particular cases may be noticed : 

(i) The axis of homology s may lie altogether at infinity ; then two 
corresponding straight lines are always parallel, or, what amounts to 
the same thing, two corresponding angles are always equal. In this 



Hosted by 



Google 



L8 HOMOLOGY. [23 

case the two figures are said to be simUm tnid similarly ^aced, oi 
liomothetic *, and the point is called tlie cmtre of aiiiiililude. 

Let M, , M/ and M^ , M^ be two pairs of corresponding points 
of two liomothetic figures, so that M^M^\ M^M( meet in 0, while 
M-^M^ , M/M^' are parallel. By similar triangles 

OJfj : OM^' = OM^ : OM^ = M,M^ : M^M^, 
so that the ratio OM: OM' is constant for al! pairs of corresjxinding 
points M and M'. This constant ratio is called the ratio of simiUtude 
of the two figures. 

The tangents at two corresponding points M, M' must meet on the 
axis of homology s, i.e. they are parallel to one another. If then the 
tangent at M pass through 0, it must coincide with the tangent at 
M'. It follows that if the two figures are such that common tangents 
can be drawn to them, ewerj/ common tangent passes through a centre 
of similit-ude. 

Take two points C, C" collinear with and such that 

-—-, = -r^i, = ratio of sjmibtude. 

OC OM 

Then if CM, C'M' be joined, they will evidently be parallel, and 
CM:CM'=iatio of siinilitude. Therefore if jtflie on a circle, centre 
C and radius p, M' will He on another circle whose centre ia C and 
whose radius / is such that p : p'=ratio of similitude. In two homo- 
thetic figures then to a circle always corresponds a circle. Further, if 
CtT'be again divided at 0', so that 

0'C:(yC'= OC:OC'= p : p' = ratio of similitude, 
it IB clear that 0' will be a second centre of similitude for the two 
cucles It can be proved in a similar manner that any two central 
comes (see Chap. XXI) which are homotheticj and for which a point 
U 13 the centre of similitude, have a second centre of simihtude O' , 
and that 0, 0' are collinear with the centres C, C of the two coniti, 
and divide the segment CC intomally and externally in the latio of 
similitude If the conies have real common tangents and (/ will 
be the points of intersection of these taken in pairs — the two external 
tangents together, and the two internal tangents together 

(2) The point 0, on the other hand, may lie at an infinite distance , 
then the straight lines which join pairs of corresponding points aio 
parallel to afised direction. In this case the figures ha\e been teimed 
liomological by ajinityi, the straight line s being termid the axis of 

* Homuthetic figures may ba regardeii aa seotJons of a pyram d or a cone madu 
by parallel planaa ; s, the line of intersection of tho two planes, lies at an infinite 
distance. This is the caae in Art. 8 if o- and a' are parallel planes. 

■f EULER, IntrodacUo ... ii, cap. 18 ; MiJBIUS, Baryc. Cahvl, § 144 et seqq. 



Hosted by 



Google 



23] HOMOLOOY. 19 

affinity *. To a point at infinity corresponds in this case a point at 
infinity, and tie Btraight line at infinity corresponds to itself. It 
follows from this that to an ellipsH corresponds an ellipse, to a hyper- 
bola a hyperbola, to a parabola a parabola, to a parallelogram a 
paraUelogram. 

• If two figures are bo related, they may be regarded m plane sections of a 
pn m fa cylinder. This is the case in Art. S if iHe oentre S of projection i s 
nfin t ly distant. The projection is then called parallel projection. In the 
part ola ease where theparallele SA,SB ,SC, . . . are perpendicular to the piano 
of p ject on it is called orthogonf^ pTOJeid'Ufn, 
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CHAPTER IV. 

HOMOLOGICAL FIGURES IN SPA.CE. 

24. Suppose now a figure to be given wLicL is made np of points, 
planes, and straight lines lying in any manner in apace; the rdi^- 
persjieciive* of this is made in the following manner. A point in 
space is taken as centre of jtersjiective or liomohgy ; a plane of 
Jwmology w is taken, every point of which is to te its own image ; 
and in addition to these is taken a point A' which is to be the image 
of a point A of the given figure, so that AA' passes through 0. Let 
now 5 be any other point ; in order to obtain its image 5', the plane 
OAB ia drawn, and we then proceed in this plane as if we had to 
construct two homological figures, taking as the centre and the 
intersection of the planes OJfiandirastheaxis of homology, and A , A' 
as two corresponding, points. TJie point £' will be the intersection of 
OB with the straight line passing through A' and the point where the 
straight line AB cuts the plane n (Art. 23, fig. 4). Let (? be a third 
point ; its image C" will be the point of intersection of OC with 
A'J> or with B'£! (in jt), wliere D and B are the points in which 
the plane jr is met by AC, £C respectively. 

This method will yield, for every point of the given figure, the 
corresponding point of the image, and two corresponding points wOl 
always lie on 3 straight line passing through 0. Every plane it 
passing through cuts the two solid figures (the given one and its 
image) in two homological figures, for which is the centre, and the 
straight line a-rr the axis, of homology. It follows from this that to 
. every straight line of the given figure corresponds a straight line in 
the image, and that two corresponding straight lines lie always in a 
plane passing through and meet each other in a point lying on the 

Further : to every plane a, belonging to the given figure, and not 
passing through 0, will correspond a plane a' in the image. For to the 
straight lines a, b, c,.. .of the planeo correspond severally the straight 

" This problem may present itself in the conBtruction of baa.reliefe and of 
theatre decorations (PonceleT, Prop, proj. 584 ; Poodra, Perspeoti i^e-relief, 
Paris, i860). 
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lines a' , b', c',...; and to tlie points a6, ac,...,bc,... the points tt'6', a'c', 
hef Inotherwoids the atraigiit lines a', 6', </,... are such that 

they intersect m pans hut do not all meet in the same point; they 
lie therefore m the 9ame pl'ine (/*. Two corresponding planes n, a' 
inteisect on the plane n- for all the points and all the straight 
lines ot this last plane^cui respond to themselpes, and therefore the 
stiai^l t line oV c mciles with the straight line an. 

The two planes o, a' evidently contain two figures in perspective 
{like tlie planes o-, </ of Arts. 12 and 14). 

25. In every plane a passing through lies a vanishing line i', 
which ia the image of the point at infinity in the same plane. The 
vanishing lines of the planes Uiio-, have a common point, which is the 
image of the point at infinity on the line ir-^ a^. The vanishing lines 
of all the planes u are therefore such as to cut each other in pairs ; 
and as they do not pass all through the same point (since the planes 
through do not pass all through the same straight line), they must 
lie in one and the same plane 0'. 

This plane c^', which may he called the vanishing plane, is parallel 
to the plane jt, since all tJie vanishing lines of the planes a are 
parallel to the same plane jt The vanishing plane ^' ia thus the 
locus of the straight lines which cone^pond to the straight lines at 
i nfini ty in all the planes of ^-pace, and la consequently also the locus 
of the points which correspond to the points at infinity in all the 
straight lines of sp'^ce ibi the line at infinity in any plane a is the 
same thing as the line at infinity in the plane through parallel to 
a; so also the point at inflmty on any stiaight line a coincides with 
the point at iniinity on the straight line drawn through parallel 
to a. 

26. The mfinitelj di^-tant points of all space are then such that 
their images are the points of one and the same plane c^' (the vanishing 
plane). It is therefore natural to consider all the infinitely distant 
points in space as lying in one and the same plane rp (the plane at 
infinity) of which the plane ^' is the imaget. 

The idea of the plane at infinity being granted, the point at infinity 
on any straight line a is simply the point a<j>, and the straight line at 
infinity in any plane a ia the straight line a4>. Two straight lines ai^ 
parallel if they intersect in a point of the plane <j>; two planes are 
parallel if their line of intersection lies in the plane 0, &c. 

* Since i/ outs both a' and b' without passing through tha point a'b', therefora 
e' haa two points in common with the plane a'b', and oonaequentiy !iea entirely in. 
the plane a'b'. And similarly for the other straight linea. 

+ PoKOBLET, Prop. proj. s8o. 
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CHAPTER V. 

GEOMETRIC FORMS. 

27. A range or rov> of points is a figure A,B,C,... composed 
of points lying on a straight line (which is called the base of 
the range) ; such is, for example, the figure resulting from the 
operations of Art. 5 or Art. 7. 

An asiffl^ ^eMcJMa a figure o,/3,y,... composed of planes all 
passing through the same straight line (the axis of the pencil) ; 
such is the figure resulting from the operations of Art. 4 or 
Art. 6. 

A/at pencil is a figure «,§,(?,.,. composed of straight lines 
lying all in the same plane and radiating from a given point 
(the cenire or vertex of the pencil) ; such would be the figure 
obtained by applying the operation of Art. 2 to a range, or 
that of Art. 3 to an axial pencil. 

K sheaf {sheaf cf planes, sheaf of lines) i% a figure made up of 
planes or straight lines, all of which pass through a given 
point (the centre of the sheaf) ; like that which results from 
the operation of Art. 2. 

A plane figv/fe (plane of points, plane of lines) is a figure which 
consists of points or straight lines all of which lie in the same 
plane ; such is the figure resulting from the operation of 
Art. 3, 

28. The first three figures can be derived one from the other 
by a projection or a section*. 

From a range A,B ,C, ... is derived an axial pencil 
s(A,£,C ,...) by projecting the range from an axis s (Art. 4); 
and a fiat pencil 0(A, B , €,...) by proj ecting it from a centre 

* TheseriesofplaneBsJ, ja.sC, ... ; of rays 0.4 , OB, OC, ...; of points so, 
4*3, S7,...; and of straiglit lines <ra,o^, a-/, ... will be denoted by s (^ , 5 , C , ...), 
0(A,B, C, ...,),s(a, 0, 7,...,), aniiiT(o,3,7, ...jreflpectively. To denote tlia 
eeries of points ^ , fi , C,... the «ymbuU ^ , B, C, ,., and^.BC... will be used 
indifferently. 
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(Art. 2). From an axial pencil a, fi,y,... is derived a range 
« (a, /3 , }",.-■) by cutting the peneiJ by a transversal line s 
(Art. 5) ; and a flat pencil ir (o , /3 , y , ... ) by cutting it by a 
transversal plane ir (Art. 3). From a flat pencil a , b , e ,... is 
derived a range o- (a , 6 , c , ...) by cutting it by a transversal 
plane <t (Art. 3) ; and an axial pencil {a, ii ,c,...)hy project- 
ing it from a centre (Art. 2). 

29, In a similar manner the last two figures of Art. 27 can 
be derived one from the other by help of ono of the operations 
of Art. 2 or Art. 3 ; in tact, if we project from a centre a 
plane of points or lines we obtain a sheaf of lines or planes ; 
and reciprocally, if we cut a sheaf of lines or planes by a 
transversal plane we obtain a plane of points or lines. Two 
plane figures in perspective (Art. 1 2) are two sections of the 
same sheaf. 

30. The elenientg or eonstiiuents of the range are the points ; 
those of the axial pencil, the planes ; those of the fiat pencil, 
the straight lines or rays. 

In the plane figure either the points or the straight lines 
may be regarded as the elements. If the points are considered 
as the elements, the straight lines of the figure are so many 
ranges ; if, on the other hand, the straight lines or raya are 
considered as the elements, the points of the figure are the 
centres of so many flat pencils, 

The plane of points {i.e. the plane figure in which the ele- 
ments are points) contains therefore an infinite number of 
ranges *, and the plane of lines (i, e. the plane figure in which 
the elements are lincst) contains an infinite number of flat 
pencils. 

In the sheaf either the planes, or the straight lines or rays, 
may be regarded as the elements. If we take the planes as 
elements, the rays of the sheaf are the axes of so many 
axial pencils ; if, on the other hand, the rays arc considered 
as the elements, the planes of the sheaf are so many flat 
pencils. 

The sheaf contains therefore an infinite number of axial 

* One of these ranges haa all its points at an infinite distance ; each of the 
others ha« only one point at infinity. 

f The straight line at infinity belongs to an infinite number of fiat pencils, each 
of which has its centre at infinity, and consequently all its rays parallel. 
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pencils or an infinite number of flat pencils, according as its 
planes or its straight lines aro regarded as its elements. 

31. Space may also be considered as a geometrical figure, 
whose elements are either points or planes. 

Taking the points as elements, the straight lines of space 
are so many ranges, and the planes of space so many planes of 
poijits. If, on the other hand, the planes are considered as 
elements, the straight lines of space are the axes of so many 
axial pencils, and points of space are the centres of so many 
sheaves of planea. 

Space contains therefore an infinite number of planes of 
points * or an infinite number of sheaves of planea t, according 
as we take the point or the plane as the element in order to 
construct it, 

32. The first three figures, viz. the range, the axial pencil, 
and the iiat pencil, which possess the property that each can 
be derived from the other by help of one of the operations of 
Arts. 2, 3, ... , arc included together under one name, and are 
termed the one-dimensional i/eometria prime-forms. 

The fourth and fifth figures, viz. the aheaf of planes or lines 
and the plane of points or lines, which may in like manner be 
derived one from the other by means of one of the operations 
of Arts. 2, 3, ... , and which moreover possess the property of 
including in themselves an infinite number of one-dimensional 
prime-forms, are likewise classed together under one title,"a3 
the two-dimensional geometric prime-forms. 

Lastly, space, which includes in itself an infinite number of 
two-dimensional prime-forms, is considered as constituting the 
three-dimensional geometric prime form. 

There are accordingly six geometric prime-forms ; three of 
one dimension, two of two dimensions, and one of three di- 



A^o/e— ■\Vitli iei(.ipnco to tliH u-e of the woid din 
preceding Article, it la clear, fiora what has been said in Art. 28, 
that we are justified in considering the range, the flat pencil, and 
the axial peocil, aa of the aame dimensions, since to every point in 

* One of them lies entirely at infimt^ 

\ Among tlieee, there are an infinite number which have their centre a.t an in- 
finite distance, and whose rays are oonsequentlj parallel, 
X V. Staddt, GBomefrie der Zo^c (Niiraberg, 1847), Arts, afi, 28. 
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the first oorrespoiids one ray in the second and one plane in tlio 
third. The number of elements in eacli of these forms is infinite, 
bnt it is tte same in all three. 

Similarly we conclude from Art. 29 that we are justified in con- 
fcideiing the piano figure as of the same dimensions with the sheaf. 

But the plane of points (lines) contains (Art. 30) an infinite number 
of ranges (flat pencils) ; and each of these ranges (flat pencils) itself 
contains an infinite number of points (rays). Thus the plane figure 
contains a number of points (Hues) which is an infinity of the second 
order compared with the infinity of points in a range, or of rays in a 
i&t pencil ; and must therefore be considered as of two dimensions if 
the range and flut pencil are taken to be of one dimension. 

So too the sheaf of planes (or lines) contains (Art. 30) an infinite 
number of axial pencils (or of flat pencils), and each of these itself 
contains an infinite number of planes (or of rays). Therefore also 
the sheaf of planes or lines must be of double the dimensions of the 
axial pencil or the flat pencil. 

Again, apace, considered as made up of points, contains an infinite 
number of planes of points, and considered as made up of planes, it 
contains an infinite number of sheaves of planes. Space thus contains 
an infinite number of forms of two dimensions, which latter, again, 
contain each an infinite number of forms of one dimension; Space 
must accordingly be regarded as of three dimensions. 

We may also say that ; 

Forms of one dimension are those which contain a simple infinity 
(oo) of elements; 

Forms of two dimensions are those which contain a double infinity 
(oo ^) of elements ; 

Forms of three dimensions arc those which contain a triple infinity 
(oo ") of elements. 
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CHAPTEE VT. 

THE PRINCIPLE OF DUALITi" *. 

33. Geometry (apeaking generally) atudiea the generation 
and the properties of figures lying (i) in space of three dimen- 
sions, (3) in a plane, (3) in a sheaf. In each case, any figure 
considered is simply an assemblage of elements ; or, what 
amounts to the same thing, it is the aggregate of the elements 
with which a moving or variable element coincides in its 
successive positions. The moving element which generates the 
figures may bo, in the first case, the point or the plane ; in the 
second case the point or the straight line ; in the third case 
the plane or the straight line. There are therefore always 
two correlative or renproeal methods by which figures may be 
generated and their properties deduced, and it is in this 
that geometric Duality consists. By this duality is meant the 
co-existence of figures (and consequently of their properties 
also) in pairs ; two such co-existing {correlative or reciprocal) 
figures having the same genesis and only differing from one 
another in the nature of the generating element. 

In the Geometry of space the range and the axial pencil, the 
plane of points and the sheaf of planes, the plane of lines and 
the sheaf of lines, are correlative forms. The flat pencil is a 
form which is correlative to itself. 

In the Geometry of the plane the range and the flat pencil 
are correlative forms. 

In the Geometry of the sheaf the axial pencil and the flat 
pencil are correlative forms. 

The Geometry of the plane and the Geometry of the sheaf, 
considered in three-dimensional space, are correlative to each 
other. 

34. The following are examples of correlative propositions 

* T, Staddt, G(0»i. def Lage, Art. 66. 
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in the Geometry of space. Two correlative pi-opositions are 
deduced one from the other hy interchanging the elements 
jmnt and /)latie. 

1. Two points A , B determine 
a straight line (viz. the straight 
line AB which passes through the 
given points) which contains an 
infinite ntunher of other points. 

2. A straight line a and a point 
B (not lying on the line) deter- 
mine a plane, viz. the plane aB 
which connects the line with the 

3. Three points A,B,C which 
are not coliinear determine a 
plane, viz. the plane ABC which 
passes through the three points. 

4. Two straight lines which 
cut one another lie iu the same 
plane. 

5. Given four points A ,B ,C, 
D; if the straight lines Aff,CD 
meet, the four points will lie in 
a, plane, and consequently the 
straight lines BO and AD, GA 
and BD will also meet two and 
two. 

6. Givenanynumherof straight 
lines ; if each meets all the others 
while the lines do not all pa=s 
through a point, then they must 
lie all in the same plane (ind 
constitute a plane of lines)* 



1. Two planes a, determine a 
straight line (viz. the straight line 
oj8, the intersection of the given 
planes), through which pass an in- 
finite numher of other planes. 

2. A straight line a and a plane 
(3 (not passing through the line) 
determine a point, viz. the point 
o^ where the line cuts the plane. 

3. Three planesa, S.ywhich do 
not pass through the same line 
determine a point, viz. the point 
affy where the three planes meet 
each other, 

4. Two straight lines which lie 
in the same plane intersect in a 

5. Given four planes a, 0, y, 6 ; 
if the straight lines a$ , yS meet, 
the four planes will meet in 
a point, and consequently the 
straight lines fiy and aS,ya and 
;S6, will also meet two and two. 

6 Given anj nmnhei of straight 
lines li each meets all the otliei= 
whde the hues do not all he m 
tl e same plane then thei must 
pass ■vll thiough the sime point 
(and constitute a sleif of line'.)t 



7. The following problem admits of two correlative solutions 
' Given a plane a and a point j1 in it to diaw thioucfh A a straight 
line lying in the plane a which shall cut a g \en stiaight Ime » which 
does not lie in a and does not pass through 4 



* See note to Art. 30, 
+ For let a, 6, c, ... be tiie straiglit lines 
from each other, the common point mviat bi 



: three planes distinct 
of the straight lines 
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.loin A to llie point ra. Construct the line of inter- 

section of the plane a with the 

8. Problem. Through a given 8. Pi-iM&m. In a given plane 

point A to draw a straight line a, to draw a straight line to cut 

to cut each of two given straight each of two given straight lines 6 

lines 6 and c (which do not lie in and c (which do not meet and do 

the same plane and do not pass not lie in the plane a). 
through A), 

Solution. Construct the line Solution. Join the point ah to 

of intersection of the planes Ah, the point ac. 
Ac. 

35. In the Geometry of Space, the figure correlative to a triangle 
(system of three points) is a trihedral angle (system of three planes) ; 
the vertex, the faces, and the edges of the latter are correlative to the 
plane, the vertices, and the sides respectively of the triangle ; thus 
the tlieorem correlative to that of Arts. 15 and 17 will be the fol- 
lowing ; 

If two trihedral angles a'ii'-/, a"^'y" are such that Hie edges ^y' 
and ^"y", ■/<! and /'a'' <i'j3' and a"j3" lie in three planes a^, 0„, y„ 
which pass t}vrough the game straight line, then, the straight lines 
i/a", )3'(3", //' iinll lie in the same plane. 

The proof is the same as that of Arts. 15 and 17, if the elements 
point and plane are interchanged. If, for example, the two triiedral 
angles have different vertices S', S" (Art. 1 5), then the points where 
the pairs of edges intersect are the vertices of a triangle whose sides 
are a'a"^ |3'tt", ■/■/'; these latter straight lines lie therefore in the 
same plane (that of the triangle). 

So also the proof for the case where the two trihedral angles have 
the same vertex S will be correlative to that for the analogous case of 
two triangles A'B'C' and A"B"C" which lie in the same plane (Art. 
17). Tiie theorem may also be established by projecting from a point 
i^the figure corresponding to the theorem of Art. 16. 

The proof of the theorem correlative to that of Arts. 1 4 and 1 6 is 
left as an exercise for the student. It may be enunciated as follows : 

If two trihedral angles a'^'Y, a"g"y" are sucA that the straight lines 
a'a", ^^', ■/■/' ^*s *>* ^'^' ^^^ plane, then the pairs of edges jS'-/ and 
^"v"i "/"' <*"<' y""") o'^ ^^ a"S" determine three planes which pass 
all through t!ie same straight line. 

36. In the Geometry of the plane, two correlative proposi- 
tions are deduced one from the other by interchanging the 
words joozffi^ and line, aa in the following examples: 
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1. Two points A,B determine 1. Two straight lines a,h de- 

straight line, viz. the line AB. termine a point, viz. the point 



2. Four points A,B,C,D (Fig. 
13), no three of which are col- 
linear, form a figure called a com- 
^ele quadrangle *. The four 




Fig. 13. 

points are called the vertices, and 
the six straight lines joining them 
in pairs are called the sides of 
the quadrangle. 

Two sides which do not meet 
in a vertex are termed opposile ; 
there are accordingly three pairs 
of opposite sides, £C and AD, 
CA and BD, AB and CD. The 



2. Four straight lines a, h, e, d 
(Fig. 14), no three of which are 
concurrent, form a figure called a 
complete qvaeb-ilateral* . The four 




called the sides 
of the quadrilateral, and the six 
points in which the sides cut one 
another two and two are called 
the vertices. 

Two vertices which do not lie 
on the same side are termed op- 
posite ; there are accordingly 
three pairs of opposite vertices, be . 
and ad, ca and hd, ah and cd. 





points .ffi, i^, (? in which the oppo- The straight lines e,f,g which 
site sides intersect in pairs are join pairs of opposite vertices are 



* Thecomplete quadrangle has also been called a tanufiffm, and tlie 
quftdrilatentl a tetragram. Towhsend, Modern Qtrmflry, ch. vii. 



Hosted by 



Google 



30 



THE PRINCIPLE OF DUALITY. 



termed the diagonal jmnU ; and 
the triangle £:FG is termed the 
diagonai triangle of the complete 
quadrangle. The complete q^uad- 
rangle includes three eimple 
quadrangles, viz. ACSD, ABOD, 
and-4£iJ(?(Fig. 15). 

3, And so, in general : 

A complete polygon (complete 
n-gon, or n-point *) is a system 
of n points or vertices, with the 

— ^ — — straight lines or sides 

which join them two and two. 

4. The theorems of Arts. 16 ai 

Theorem. If two complete 
quadrangles ABCD, A'B'C'D' 
such that five pairs of sides 
AB and A'B', BC and B'C, GA 
a;ad.G'A', AD omA A'D', BD and 
B'D' cut one another in five 
points lying on a straight line s, 
then the remaining pair CD and 
C'D' will also intersect one ano- 
ther on s (Fig. 17). 



called the diagonals \ and the 
triangle efg is termed the diagonal 
triangle of the complete quadri- 
lateral. The complete quadri- 
lateral includes three simple 
quadrilaterals, viz. acbd, adcb, and 
acbd (Fig. 16). 

A complete multilateral (or 
Vrsidei) is a system of n straight 

lines or sides, with the — ^ ^ 

points or vertices in which they 
intersect one another two and 



id 17 B 



relative each to the 



Theorem. If two complete 
quadrilaterals abed, a'b'i/d' are 
such that five pairs of vertices 
ab and a'b", he and b'c', ca and 
/«.', ad and a'd', bd and h'd' 
lie »pon iive straight lines which 
meet in a point iS", then the re- 
maining pair od and e'd' will also 
lie on'a straight line through S 
(Fig. 1 
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perspective (Arts. 17, 18), hypothesis in perspective (Art, 
the straight lines ' AA', BB', 18), the points a«' hh', cc' 
CO' will meet in one point will lie on one straight line s, 
S. So too the triangles ABD, So too the triangles aM,«'6'd' are 
A'B'D' are in perspective ; there- in perspective; therefore the point 
fore DD' also will pass through dd' lies on the straight line a 
8, the point common to AA' which passes through the points 
and BB'. It foOows that the aa', W. It follows that the 
triangles.BCiJ, B'G'D'&ra also in triangles (trilaterals) bed, b'l/t^ 
perspective : therefore CD and are also in perspective ; therefore 
C'D' meet in a point on the cd and </d' lie on a straight line 
straight line s, which is deter- through the point S, wiiich ia 
mined by the point of intersec- determined by the straight lines 
tion of BO and B'C and by that (6c) (6V) and {bd) {b'd') *. 
of BD and B'D' *. 

37. In the Geometry of space the following are correlative : 

A complete n-gon (in a plane). A complete njlal (in a "heaf) , 

le a, fi^uie made up of n planes 

(or /ares) which all pass through 

the sime point {oi vettex) toge- 



ther with the 



ifc-i). 



which tliese plane? intersect two 
and two 
A complete mttltiJateral of n A complete n e(/i/e(in a sheaf) , 

Bides, or n-eide (in a plane). i.e. a figure made up of n straight 

lines radiating from a common 
point (or vertex), together with 

the ■ planes (or faces) 

which pass through these straight 
lines taken in pairs. 

Thus the following theorems are correlative, in the Geometry of 
space, to the two theorems above (Art. 36, No. 5), which latter 
are themselves correlative to each other in the Geometry of the 
pl.De. 

If two complete four-flats in a If two complete four-edges in a 

sheaf (be their vertices coincident sheaf (be their vertices coincident 
or not) o3ye, o'jS'/fi' are such or not) abed, a'b'e'd' are such that 
that five pairs of corresponding fivepairsofcorreepondingfacescut 

* These two theorems hold good equally when the two quadrangles or quadri- 
lateralB lie in different planes ; in fact, the jiroofe are the aanie as the above, word 
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edges lie ID h <■ ila wl cl e i otlie n fi e straight 1 e^ 

pas^ all through the same stra ght h cl 1 e "ill m one pla e w tl e 
Ime s then the s xtl p* r ol o e tte lu e of nt i ect on of the 



e also in a s i-th pair of co esp(»d g faces 
plane passing tl o gl s w 11 1 e also n the i ] ae cr 

The proofs of these theorems are left as an e\e c se tu the tude t 
They only diff f om tl o e of the tl eorems No 5 Art 36 n he 
hubatitution for each other of tl e ele nent*) po nt an 1 pi ne and just 
as theorems 5 A t 36 follow from tl oae of A -ta 15 and 16 o tl e 
theorems enu c ate 1 ahove follow from tho e of A 3o When 
the two four-flats 1 ave tie ane\ ertex tl e tl eoren on t! e left 
hand side ma also be e tabl si ed ly project ng f um the j o nt 
(Art. 2) the fig re co esf o d n^ to t] e iiht h nd tl eorem of 
jfo. 6, Art. 36 A 1 tl s case we miy bj the same method 
deduce the the ren on tl e ght hand s le ahoTe fiom that on the left 
hand of No. 5 At 36 

3B. In the C eomet of the sheaf two co 1 t e theore a 
derived one fron 1 e othe by ntercha gi g tl e eleu eut i la e a d 
fitraight line. Just as the <_ eomet -y of the sheaf s c rrelat e to 
that of the j 1 ne tl rega d to three d me o %[ space so one 
of the Geometne s der v d from the other by tl o nter hange of 
the elements p nt anl jkne The G-eomet of tie 1 eaf maj also 
be derived fron that of the pla e 1 y the oj e "it on of p oject o f om 
a centre (Art. '') 

From the Geometry of the ai eaf may be lor ved that of sph r cal 
figures, by cutting the sh af 1 a jl e j g tl ! le entre 

of the sheaf. 
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PKOJECTIVE GEOMETRIC F0KM8. 

39. By means of projection from a centre we obtain from 
a range a flat pencil, from a flat pencil an axial, pencil, from a 
plane of points or lines a sheaf of lines or planes. Con- 
versely, by the operation of section by a transversal plane 
we obtain from a flat pencil a range, from an axial pencil a 
flat pencil, from a sheaf a plane figure. The two operations, 
projection from a point and section by a transversal plane, 
may accordingly be regarded as complementary to each other ; 
and we may say that if one geometric form has been derived 
from another by means of one of these operations, we can con- 
versely, by means of the complementary operation, derive the 
second form from the first. And similarly for the operations : 
projection from an axis and section by a transveraal line. 

Suppose now that by means of a series of operations, each of 
which is either a projection or a section, a form f^ has been 
derived from a given form /j, then another form_;'g from Z^, and 
BO on, until by n—l such operations the form f„ has been 
arrived at. Conversely, we may return from/„ toy^j by means 
of another series of k— 1 operations which are complementary 
respectively to the last, last but one, last but two, &c. of the 
operations by which we have passed from/j to/„. The aeries 
of operations which leads from /^ to f^, and the aeries which 
leads from _/„ to /j , may be called complementary, and the 
operations of the one series are complementary respectively to 
those of the other, taken in the reverse order. 

In the above the geometric forms are supposed to lie in 
space (Art. 31). If we confine ourselves to plane Geometry, the 
complementary operations reduce io ^ojection Jrom a centre und 
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section ly a transversal line. In the Geometry of the sheal', 
section by a plane and projection from an axis are comple- 
mentary operations. 

40. Two geometric prime form-i uf the same dimensions 
are said to be projectively related, oi simply projective, when one 
can be derived from the othei by anj fuute number of projec- 
tions and sections (Arts 2, 3, 7) 

For example, let a range u he given; project it from a 
centre 0, thus obtaining a fiat pencil ; project this flat pencil 
from another centre 0', by which means an axi^ pencil with 
00' as axis is produced ; cut this axial pencil by a straight 
line «2, thus obtaining a range of points lying on m^; project 
this range from an axis, and cut the resulting axial pencil by a 
plane, by which means a flat pencil ia produced, and so on ; then 
any two of the one- dimensional geometric forms which have 
been obtained in this manner are projective according to 
definition. 

When we say that a form A,B,C,J),... is projective with 
another ^ona A',S',C',D',,.. we mean that, by help of the 
same series of operations, each of which is either a projection 
or a section. A' is derived from A, B' from B, C from C, &c. 
The elements A and A', B and B', C and C',... are termed 
correspondmg elements*. 

For example, a plane figure is said to be projective with 
another plane figure, when from the points ^i, .5,(7,... and from 
the straight lines AB, AC ..., BO, ... of the one are derived 
the points ^',-B',C', ... and the straight lines A' B', A' C, ... 
B'C',...oithe other, by means of a finite number of projections 
and sections. 

In two projective plane figures, to a range in the one cor- 
responds in the other a range which is projective with the 
first range ; and to a fiat pencil in the one figure corresponds 
in the other a flat pencil which is projective with the first 
pencil. 

41. From what has been said above it is easy to see 
that two geometric forms which are each projective with 

* Two projective forma are termed kowographlc when the elementB of whicli 
thej are constituted are of the same kind ; i. e. when the elements of both are 
points, or linea, or planes. It will be seen later on (Art, 67) that this definition of 
lioniographyiaequivaleiittu that given by CHASl:ES((;Aini^ir!e»Kp^™M!-e, Art. 99). 
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a third are projective with one another. For if we first go 
through the operations which lead from the first form to the 
third, and then go through those which lead from the third to 
the second, we shall have passed from the first fonn to the 
second. 

42, Geometric forms in perspective. 

The following forms are said to be in perspeetive : 





Fig. 19. Fig. io. 

Two ranges {Fig. ig), if they are sections of the same flat 
pencil (Art. 12). 

Two flat pencils (Fig. 20), if they project, from different 
centres, one and the same range ; or if they are sections of 
the same axial pencil. 

[Note. — If we project a range m= ABO ... from two different centre a 
and 0' not lying in the same plane with it, we obtaia two flat 
pencils in perspective. These pencils, again, may be regarded as 
sections of the same axial pencil made by tte transversal planes Ou, 
Oil'; the axial pencil namely which is composed of the planes 00' A, 
OO'B, 00'C,...,s.nd which has for axis the straight line 00'. This 
is the general case of two flat pencils in perspective ; they have not the 
same centre and they lie in different planes, at the same time they 
project the same range and are sections of the same axial pencil 
There are two exceptional cases : (i) If wc project the low u from 
two centres and 0' lying in the stme plane with h, then the 
two resulting flat pencils lie in the same plane and are consequpntly 
no longer sections of an axial pencd , (a) If an axiil pencil is cut by 
two transversal planes which pass through a common point on the 
axis, we obtain two flat pencils which have the same centre 0, and 
which conaec[uently no longer project the same range.] 

7ho axial pencils, if they project, from two different centres, 
the same flat pencil. 

A range and a fiat pencil, a range and an aasial pencil, or a fiat 
pencil and an axial pencil, if the first is a section of the 
second. 
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Two plane figures, if they are plane sections of the same 
sheaf. 

Two sheaves, if they projeetj from two different centres, the 
same plane figure. 

A plane figure and a sheaf, if the former is a section of the 
latter. 

From the definition of Art. 40 it follows at once that two 
(one-dimensional) forms which are in perspective are also pro- 
jectively related ; but two projective forms are not in general 
in perspective position. 

43. Two figures in homology are merely two projective 
plane iSgnres superposed one upon the other, in a particular 
position ; for by Art. 21 two homological figures may always 
be regarded (and this in an infinite number of ways) as pro- 
jections of one and the same third figure. 

If two projective plane figures are superposed one upon the 
other in such a manner that the straight line connecting any 
pair of corresponding points may pass through a fixed point ; 
or, again, in such a manner that any pair of corresponding 
straight lines may intersect on a fixed straight Une ; then the 
two figures are in homology (Arts. 19, 20). 

In two homological figures, two corresponding ranges are in 
perspective (and therefore of course are projectively related) ; 
and the same is the case with regard to two corresponding 
pencils. 

44. Theorem. Two one-dimensional geometric forms, eaoh eon- 
suiinf/ of three elements, are always projective. 

To prove this, we notice in the first place that it is 
enough to consider the case of two ranges ABC, A'B'C; for, 
if one of the given forms is a pencil, flat or axial, we may 
substitute for it one of its sections by a transvei^al. 

(1) If the two straight lines ABC, A'B'C lie in difierent 
planes, join AA', BB', CC, and cut these straight lines 
by a transversal «*. Then the two given forms are seen 
to be simply two sections of the axial pencil sAA', sBB', 
sCC. 

(2) If the two straight Hnes lie in the same plane (Fig. ai), 
join AA', and take on this straight line any two points 5, S' ; 

* To do this, we have only to draw through any point of AA' a straight line 
which meets BS' and CC (Prob, 8, Art, 3i), 
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draw SB, S'B' io cut in S", and SC , S'Ctocufc in C", and join 
B"C", cutting SS' in A". Tiien A'B'C may be derived from 





ABC by two projections, viz, we first project ABC from S 
into A"B"C", and then A"B"C" from 5' into A'B'C 

(3) In the case where the two points A and -^ ' coincide (Fig. 
22), the two given forms arc directly in perapeetive ; the centre 
of perspective is the point where BB' and GC intersect. 

(4) If the two setaof points ^5C,^'^C lie on the same straight 
line (Fig. 23), it is only necessary 

to project one of them A'B'C on 

to another straight line A^B^C^ 

(from any centre 0); then let 

any two centres .S" and S^ be 

taken (as in Fig. 21) on AA^, 

and let the straightline A"B"C" 

be constructed in the manner 

already shown in eaae (2). Then 

A'B'C' may he derived from 

ABC hy three projections, viz. 

we first project ABC from S '^'■^?,-n- 

into -^"5"(?", then ^"5"C" from 

Sy into A^B-fi-^, and lastly A^B^C^ from into A'B'C. 

(5) If A coincides with A', and B with B', we may make 
use of a centre 6" and two transversals s^, g^ drawn through A 
in the plane SABCC. If the triad ABC be projected from S 
upon «j (giving A^BiCj), and the triad A'B'C be projected 
from S upon »g (giving A^B^C^); then the triads A^B^C^ and 
AJi^^ will be in perspective, because A^ coincides with A^ (in 
the point AA'\ 

In every case, then, it has been shown that the triads 
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Fig. 24. 



ABG,A'B'C' can be derived from each other by a finite 
number of projections and sectiona; therefore by Art. 40 
they are projective. 

As a particular case, J5Cmust be projective with BAC, for 
example. In order actually to project one of these triads into 
the other, take {Fig. 24) any two points B and 7^ collinear 
with C. Join AL,BN, meeting 
in K^ and BB , AN, meeting in 
M. Then BAC can be derived 
from ABC by first projecting 
ABC from K into LNC, and then 
LNC from M into BAC. 

In order to project J ,B(7 into 

BCA, we might first project 

ABC in BAC, and then BAC 

into BCA. 

45. Theoeem. An^ one-dimensional ffeometric form, consuUng 

of four elements, ii projective mth any of ike forms derived from it 

hy interchanging the elements in. pairs. For instance, ABGB is 

projective with BABC. 

Let A,B ,C ,B he four given points (Fig. 35), and let 
^ B B- f_ ^-fG^i) be aprojection of these points 

from a centre 3/ on a straight line 
-ZJi'"' passing through 5. liAF,CM 
meet in N, then MNGC will be a 
projection of EFGB from centre A, 
' and BABC a projection of MNGC 

Fig- J6- from centre F; therefore (Arts. 

40, 41) the form BABC is pro- 
jective with ABCB. In a similar manner it can be shown 
that CDAB and BCBA are projective with ABCB*. 

From this it follows for example that if a flat pencil ahcd is 
projective with a range ABCB, thei^it is projective also with 
BABC, with CBAB, and with BCJ^, i.e. if two geometric forms, 
each consisting of four elements, are protectively related, then the 
elements of the one can he made to correspond respectively to the 
elements of the other in four different ways, 

* Staddt, Geornetrie der Lage, Art. 59. 
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48. Theoeem*. 

Giveu three points A, B, G on 
a. straight line » ; if a complete 
quadrangle {KLMN) be eoa- 
structed {in any plane tlirough s) 
in such a manner that two oppo- 
site aidea {KL , MN) meet ia A, 
twootheroppositesides(A'iV^,3/Z) 
meet in B, and the fifth side(ZA') 
passes through C, then the sixth 
aide [JiM) will cut the straight 
line s in a point D which is de- 
termined by the three given 
points ; i.e. it does not change iia 
position, in whatever manner the 
arhitrary elements of the quad- 
rangle are made to vary {Fig. 
a6). 



Ctiven ill a plane three straight 
lines a, b, c which meet in a point 
S; if a complete quadrilateral 
{Mrtm) be constructed in such a 
manner that two opposite vertices 
(kl, mn) lie on a, two other oppo- 
site vertices {kn , ml) lie on 6, and 
the fifth vertex (nl) lies on c, 
then the sixth vertex (km) will 
lie on a straight line d which 
passes through .S", and which is 
determinate ; t. e. it does not 
change its position, in whatever 
manner the arbitrary elements of 
the quadrilateral ai-e mjde to 
vary {Fig. 27). 




complete For if a second complete 

quadntngle {K'L'M'N')h^ con- quadrilateral {k'l'm'n') be con- 
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stracted {either in tlie same plane, 
or in any other plane through *), 
which satisfies the prescribed con- 
ditions, then the two quadrangles 
will hase five pairs of coweaponii- 
ing sides which meet on the given 
straight line ; therefore the sisth 
pair will also meet on the aame 
Une {Art. 36, No. 5, left). 

From this it follows that if the 
first quadrangle he kept fixed 
while the second is made to vary 
in every possible way, the point 
D will remain fixed ; which 
proves the theorem 

The four points ABOB ire 
called harmomc or we ma^ ^ay 
that the group or the gpvmftrw 
form constituted hj these foui 
points is a kaimonic one oi that 
ABGD form a harmonto iange 
Or again: Four points ABGD of 
a straight line taken vn this order 
a/re coiled harmonic, %f it ts pos- 
sible to consfmet a complete quni- 
•eanqlc suck that two opposite sides 
pa?s through Ay two other opposite 
sides through B, the jift}i aide 
through G, and the sixth through D. 
It follows from the preceding theo- 
rem that when such a quadrangle 
exists, i.e. when the form ABCB 
is harmonic, it is possible to con- 
struct an infinite number ofolhcr 
quadrangles satisfying the same 
conditions. It further follows that, 
given three points ABC of a 
range (and also the order in which 
they are to be taken), the fourth 
point 1), which makes with them 
a harmonic form, is dttermtnate 
and untqiie and is iound bv the 
con=tiuction of one of the quad- 
1 angles {see below Ait 58 1 



structed which satisfies the pre- 
scribed conditions, then the two 
quadrilaterals will have five pairs 
of corresponding vertices cotlinear 
respectively with the given point ; 
therefore the sixth pair will also 
lie in a straight line passing 
through the same point (Art. 36, 
No. 5, right). 

From this it follows that if the 
first quadrilateral be kept fixed 
while the second is made to vary 
in every possible way, th straight 
line d will remain fixed ; which 
pi ves the theorem 

The four straight lines oi lais 
abed are called hm monic oi we 
may say that the gioup or the 
gpometr c form const tuted by 
these four hnea is a Jtarmome 
one 01 ihsXabcdi torm a karmoni 
pencil Or again Four rays 
abed of a pencil taken tn this 
order, are called harmome, tf it i$ 
possible to eonstrvct a com^dete 
quadrilateral such t/iat ttvo oppo- 
site vertices lie on a, two other 
opposite vertices on b, lite fifth 
vertex on e, and t!ie sixth on d. It 
follows from the preceding theo- 
rem that when such a quadri- 
lateral exists, *'. e. when the form 
abed is harmonic, it is possible to 
construct an infinite number of 
other qjifedri laterals satisfying the 
same' >"■ conditions. It further 
follow? that given three t&ys abo 
of a.pencil {and also the order in 
whiclj#they are to be taken), the 
fourth ray d, which makes with 
them a harmonic form, is def^- 
minate and unique, and is found 
by the construction of one of the 
quadrilaterals (see below. Art. 58). 
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47. If from any point S the harmonic range ABCD he projected 
upon any other straight line, its projection A'B'C'D' will aho be a 
harmonic range (Fig. 28), 

Imagine two planes drawn one througli each of the straight 
lines AB, A'S', and suppose that in the first of these planes 
is constructed a complete quadrangle ^ 

of which two opposite sides meet in 
A, two other opposite sides meet in B, 
and a fifth side pass^ through C; 
then the sixth side will pass through 
I) (Art. 46), since by hypothesis ABCB Fig. jg. 

is a harmonic range. Now project 

this quadrangle from the point S on to the second plane; then 
a new quadrangle is obtained of which two opposite sides 
meet in A', two other opposite sides meet in B', and whose 
fifth and sixth sides pass respectively through C and B' \ 
therefore A'B'C'B' is a harmonic range. 

48. An examination of Fig. 37 will show that the harmonic 
pencil ahcd is cut by any transversal whatever in a har- 
monic range. For let S be the centre of the pencil and m be 
any transversal ; in a take any point 'R ; join ^ to .D by the 
straight line h and to B by the straight line l\ and join A to 
kb or P by the straight line n. As abed is a harmonic pencil 
and five vertices of the complete quadrilateral Mmn lie on a, h, 
and (I, the sixth vertex In or Q must lie on the fourth ray c. 
Then from the complete quadrangle PQBS it is clear that 
ABCB ia a harmonic range. 

Conversely, if the harmonic range ABCB (Fig. 27) be given, 
and any centre whatever of projection S be taken, then the 
four projecting rays 8{A ,B ,C ,B) will form a harmonic 
pencil. 

For draw through A any straight line to cut SB in P and 
SC in Q, and join BQ, cutting AS in R. The quadrangle PQRS 
is such that two O2>posite sides meet in A, two other opposite 
sides in B, and the fifth side passes through C ; consequently 
the sixth side must pass through J) (Art. 46, left), since by 
hypothesis the range ABCB is harmonic. But then wc have 
ft complete quadrilateral htmn which has two opposite vertices 
A and R lying on SA, two other opposite vertices B and P on 
SB, a fifth vertex Q on SC, and the sixth B on SB; therefore 
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(Art. 46, right) the four straight lines which project the range 
ABCJ) from S are harmonic. We may therefore enunciate the 
following proposition : 

A harmonic pencil is cut hy any transversal whatever in a 
harmonic range ; and, conversely, the rays which pr<^ect a harmonic 
range from any centre whatever form a harmonic! pencil. 

Corollary. In two homo logical figures, to a range of four hairmonic 
points corresponda a range of four harmonic points ; and to a pencil 
of four harmonic rays corresponds a pencil of four harmonic rays. 

49. The theorem on the right in Art. 46 is correlative to 
that on the left in the same Article. In this latter theorem 
all the quadrangles are supposed to lie in the same plane ; but 
from the preceding considerations it ia clear that the theorem 
is still true and may be proved in the same manner, if the 
quadrangles are drawn in different planes. 

Considering accordingly this latter theorem (Art. 46, left) 
as a proposition in the Geometry of space, the theorem corre- 
lative to it will be the following : 

ff three planes a ,j3 ,y all pass through one draight line s, and if 
a complete fotir-f at (see Art. 37) Kk\iv be constructed, of which two 
opposite edges KX,}ivlie in the plane a, two other opposite edges kv , Aft 
liein tlie plane ^, and the edge's]! lies in the plane y ; then the sixth 
edge Kft. will always lie in a fixed plane 8 (passing through »), wMch 
does not change, in whatever taanner the arbitrary elements of the 
four-fiat he made to vary. 

For if we construct (taking either the same vertex or any 
other lying on s) another complete four-flat which satisfies the 
prescribed conditions, the two four-flats will have five pairs of 
cojTesponding edges lying in planes which all pass through 
the same straight line s ; therefore (Art. 3?, left) the sixth pair 
also will lie in a plane which passes through s. The four 
planes, a , , y , 8 are termed harmonic planes ; or wo may 
say that the group or the geometric form constituted by 
them is harmonic; or again that they form a harmonic (axial) 
pencil, 

60. If a complete four-flat KA/iu be cut by any plane not 
passing through the vertex of the pencil, a complete quadri- 
lateral is obtained ; and the same transversal plane cuts the 
planes o , /J , y , 5 in four rays of a flat pencil of which the flrrit 
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two rays contain each a pair of vertices of the quadrilateral 
while the other two pass each through one of the remaining 
vertices. Consequently (Art. 46, right) an axial pencil of four 
harmonic planes is cut by any transversal plane in a flat pencil 
of four harmonic rays. 

Similai-ly, if the harmonic axial pencil of four planes 
a, (3, 7, h is cut by any transversal line in four points ^, .B, C, I), 
these form a harmonic range. For if through the transversal 
line ^ plane be drawn, it will cut the planes a, j3,y, 5 in foui' 
straight lines a , b ,c, d. This group of straight lines is har- 
monic, by what has just been proved; but ^.BCiJ is a section 
of the flat pencil a,b,c,4; consequently (Art. 48) the four 
points A , B ,C , D are harmonic. Conversely, if four points 
forming a harmonic range be projected from an axis, or if four 
rays forming a harmonic pencil be projected from a point, the 
resulting axial pencil is harmonic. 

51. If then we include under the title oi harmonic form the 
group of four harmonic points (the harmonic range), the group 
of four harmonic rays (the harmonic flat pencil), and the 
group of four harmonic planes (the harmonic axial pencil), we 
may enunciate the theorem : 

'Every projection or section of a harmonic form is itself a harmonic 
form: or, 

jEvery form which is projective tdtJi a harmonic form is itself 
harmonic. 

Conversely, two harmonic forms are always projective with one 
another. 

To prove this proposition, it is enough to consider two 
groups each of four harmonic points ; for if one of the forms 
were a pencil we should obtain four harmonic points on cut- 
ting it by a transversal. Let then ABCD, A'B'C'D' be two 
harmonic ranges, and project ABCirAo A'B'C in the manner 
explained in Art. 44; the same operations (projections and 
sections) which serve to derive A'B'C from ABC will give for 
1) a point B^ ; from which it follows that the range A'B'C'D^ 
will be harmonic, since the range ABCD is harmonic. But 
A'B'C'D' are also four harmonic points, by hypothesis ; there- 
■fore By must coincide with B', since the three points A'B'C 
determine uniquely the fourth point which forms with them a 
harmonic range (Art. "ll), left). 
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We may add here a consequence of the definitions given in 
Alts, 49 and 50 : 

The form which is correlative to a harmonic form is itself 
harmonic. 

52. U a ,b, c, d are rays of a pencil {Fig. 38}, then a and S 
are said to be separated by c and d, when a straight Hne pass- 
ing through the centre of the pencil, and rotating so aa to 
come into coincidence with each of the rays in turn, cannot 
pasa from a to b without coinciding with one and only one of 
the two other raya c and d *. The aame definition appliea to 
the case of four planes of a pencil, and to that of four points of 
a range (Fig. 26) ; only it must be gi-anted that we may pass 
from a point ^ to a point S in two different ways, either by 
describing the finite segment AJS or the infinite segment which 
begins at A, passes through the point at infinity, and ends at £. 
, ^ This definition premised, the follow- 

ing property may be enunciated aa at 
once evident : Four elements of a one- 
rig. 19. dimensional geometric form (i. e. four 
points of a range, four rays of a 
pencil, &e.) can always be so divided into two pairs that 
one pair is separated by the other, and this can be done in 
one way only. In Fig. 26, for example, the two pairs which 
separate one another are AB , CD ; and if A'B'C'B' is a form 
projective with ABCD, the pair A'B' will be separated by the 
pair C'l)' ; for the operations of projection and section do not 
change the relative position of the elements. 

63. Let now .^5CiJ (Fig. 3o)befourharmonicpoints, f. e. four 
points obtained by the construction of Art. 46, left. Tliis 
allows us to draw in an infinite number of ways a complete 
quadrangle of which A and B are two diagonal points 
(Art. 36, No. 2, left), while the other two opposite sides pasa 
through C and I). It is only necessary to state this con- 
struction in order to see that the two points A and B are 
precisely similar in their relation to the system, and that the 
same is true with regard to C and B. It follows from this 
that if ABCl) is a harmonic range, then BACB, ABBC, BADC, 
which are obtained by permuting the letters A and B 01 C 
and B, or both at the same time, are harmonic ranges also. 

* a and li, n and rf, may also be termed oJtitnatt pairs of rays. 
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CoDsequently (Art. 5 1 ) the harmonic range ABCD for example 
ia projective with BACD, i. e. we can pass from one range to the 
other by a finite number of projections and sections. In fact 
if the range ABCD be projected from K on CQ, we obtain the 
range LNCQ, which when projected from M on AB gives 
BACD. 




Fig, 30, 




54. If A , B , C , D are four harmonic pmttts, then A and B are 
necessarily separated ly C and D. 

For if (Fig, 30) the group ABCDhe projected on the straight 
line KM, first from the centre B and then from the centre iV, 
the projections are K3IQD 
and MKQB respectively. 
These two groups 
points, consisting a 
do of the same elements, 
must show the same kind 
of arrangement; therefore 
the points K and M are pj^. ^i. 

separated by Q and i>, 
and therefore A and B are separated by C and D. 

55. Let the straight lines AQ , BQ be dra-wn (Fig. 31), the 
former meeting MB in U and NB in S, while the latter meets 
KL in Tand 3IN in V. The complete quadrangle LTQ,U has 
two opposite sides meeting in A, two other opposite aides 
meeting in B, and a fifth aide {LQ or LN) passes through C ; 
therefore the sixth side UT will pass through D (Art. 46). In 
like manner the sixth side VS of the complete quadrangle 
NVQ,S must pass through D, and the sixth sides of the com- 
plete quadrangles KSqT , MUQ V through C. We have thus a 
quadrangle STJIV two of whose opposite sides meet in C, two 
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other opposite sides in B, while the flftli and sixth sides pasa 
respectively through A and B. This shows that the relation 
to -which tiie points G and B are subject (Art. 53) is the same 
as the relation to which the points A and B are auhject ; or, 
in other words, that the pair A , B may be interchanged 
with the pair C , B. Accordingly, if ABCB is a harmonic 
range, then not only the ranges BACB , ABBC , BABC, but 
also CBAB , BCAB , CBBA , BOB A are harmonic *. 

The points A and B are termed conjugate points, as also are 
C and B. Or either pair are said to be harmonic conjugates 
with respect to the other. The points A and B are said to be 
harmonically separated by the points C and B, or the points C 
and B to be harmomcally separated by A and B. We may 
also say that the segment AB is divided harmonically by the 
segment CB, or that the segment OB is divided harmonically 
by AB. If two points A and B {Fig. 30) are separated har- 
monically by the points C and B in which the straight line 
AB is cut by two straight lines QC and Qi), we may also say 
that the segment AB is divided harmomcally by the straight 
lines QC , §i>, or by the point C and the straight line (^B, &c. ; 
and that the straight lines Qfl , Q,B are separated harmonically 
by the points A, B; &c. 

Analogous properties and expressions exist in the case of 
four baiinonic rays or fom- harmonic planes. 

[JFofe.— Ill future, whenever mention is made of the harmonic 
system ABCD, it la always to he understood tliat A and Jt, C and D, are 
conjugate pairs ; it being at the same time remembered that (Art. 54) 
A and B, C and D, are necessarily alternate pairs of points.] 

56. The following theorem is another consequence of the 
proposition of Art. 46, left : 

Ik a complete quadrilateral, each 

diagonal m divided harmonicalli/ h/ 

the other two f. 

Let A and A', B and B', C 

and C be the pairs of opposite 

vertices of a complete quadri- 
*'^' ^'" lateral (Fig. 32), and let the 

diagonal AA'hs cut by the other diagonals £B' and CC in F 

* Kete, Geometrie der Lage (HanoTer, r866), vol, J. p. 34. 
t Carnoip, Qiomiieie deposition (Paris, 1803), Art. 325. 
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and ^respectively. Consider now the complete quadrangle 
BB'CC; one pair of its opposite sides meet in A, another 
such pair in A', a fifth side passes through B, the sixth 
through F. The points A , A' are therefore harmonically 
separated by F and E. Similarly a consideration of the two 
complete quadrangles CC'AA' and AA'BB' will show that 
B , B' are harmonically separated by F and I); and (?,(?' by 
D and E. 

57. In the complete quadrangle BB'CC the diagonal points 
are A , A', and 1) ; also since the range BB'FJ) is harmonic, so 
too is the pencil of four rays which project it from A (Art. 48} ; 
therefore : 

In a complete gnadran^le, any two sides which meet in a diagonal 
point are divided harmonically hy the two other diagonal jtoints. 

This theorem is merely however the correlative (in accord- 
ance with the principle of Duality in plane Geometry) of that 
proved in the preceding Article. 

68. The theorems of Art. ■^G can he at once applied to the 
solution, by means of the ruler only, of the following pro- 



Oiven three points of a liar- Given three rays of a Tiar- 

monic range, to find the fourth. monic pe-ndi, to co^istruct the 

fotirth. 

Solulion. Let A , B ,0 (Fig.. Solution. Let a , b , c (Fig. 

33) be the given points (lying 34} be the given rays (lying in 
on a given straight line) and let one plane and passing through a 





Fig- 33. 
A and S be conjugate to each 
other. Draw any two straight 
lines through A, and a third 
through C to cut these in L and 



Fig- 34. 
given centre S), and kt a and 6 
be conjugate to each other. 
Through any point Q lying on c 
draw any two straight lines to 
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j\^ respectively. Join SL cutting 
AN in M, and BN cutting AL in 
K ; then if KM !» joined It will 
cut the given straight line in the 
required point D, conjugate to 



cut a in ^ and R, and 6 in P 
and jB, respectively. Join ^ Band 
MF ; these will cut in a point D, 
the line joining which to 5 is the 
required ray d, conjugate to e. 




Fig- 35- 



68, In the problem of Art, 58, left, let G lie midway between A 
and B. We can, in the solution, so arrange the arbitrary elements 
that the points K and M shall move off 
to infinity ; to effect thia we must con- 
struct (Fig. 35) a parallelogram ALBS 
on AB as diagonal ; tten since the other 
diagonal LN passes through C, the point 
D will lie at infinity. 

If, conversely, the points A , B , D are 
given, of which the third point D Kes 
at infinity, we may again construct a 
parallelogram ALBN on AB as diagonal ; then the fourth pomt C, 
the conjugate of D, must be the point where LN meets the given 
straight line : that is, it must be the middle point of AB. Therefore : 
Jf in. a 7uwmonie range ABCD 
the point lies midway between the 
two conjugates A and B, then, the fourth 
point D lies at an infinite distance; 
and conversely, if one of the points D 
lies at infinity, its conjugate C is the 
jioint midway between the two ot/ters, 
A and B. 

60. In the problem of Art. 58, 

right, let c be the bisector of the 

angle between a and 6 (Fig. 36). If 

e, the segments AB , PB become equal to 

one another and lie between the parallels 

AP , BE ; coasequently the ray d will be 

perpendicular to c, i.e. giv&n a harmonic 

penoil of four rays, abed; if one of 

them e bisect the angle between the two 

conjugates a and b, the fourth ray d 

will be at right angles to c. 

Conversely : if in a harmonic pencil abed 

e at rigJU angles, then they are the 

mgle between the other two rays 




Fig. 36. 



Q be taken at infinity 




Fig- n- 

(Fig. 37) two conjugate rays c 
bisectors, internal and external, of if, 



> De la Hike, Seclionea Cosicae (Par 



S85), lib. i, prop, i 
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00] HARmONIC FORMS. 49 

For if tiie pencil be cut by a transversal AB drawn parallel to d, 
the section ABCD will be a harmonic range (Art, 48); and as D 
lies at infinity, C must lie midway between A and B {Art. 59) ; conse- 
quently, if S be the centre of the pencil, ASB is an isosceles triangle 
and SG the bisector of its vertical angle. 
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CHAPTEK IX. 

ANHAEMONIC RATIOS. 

61, Geometrical propositions divide themselves into two 
classes. Those of the one claas are either immediately con- 
cerned -with the magnitude of figures, as Euc. I. 47, or they 
involve more or less directly the idea of quantity or measure- 
ment, aa e.g. Euc. I. i2. ^uch propositions are called metrical. 
The other class of propositions relate merely to the position 
of the figures with which they deal, and the idea of quantity 
does not enter into them at all. Such propositions are called 
descripUve. Most of the propositions in Euclid's Elements are 
metrical, and it is not easy to find among them an example of 
a purely descriptive theorem. Prop. 2, Book XI, may serve 
aa an instance of one. Projective Geometry on the other 
hand, dealing with projective properties (i. e. such as are not' 
altered by projection), is chiefly concerned with descriptive 
properties of figures. In fact, since the magnitude of a geo- 
metric figure is altered by projection, metrical properties are 
as a rule not projective. But there is one important class of 
metrical properties (anharmonic properties) which are pro- 
jective, and the discussion of which therefore finds a place in 
the Projective Geometry. To these we proceed; but it is 
necessary first to estabhsh certain fundamental notions. 

62. Consider a straight line ; a point may move along it in 
two different directions, one of which is opposite to the other. 
Let it he agreed to call one of these the positive direction, and 
the other the negative direction. Let A and B be two points 
on the straight line ; and let it be further agreed to represent 
by the expression AB the length of the segment comprised 
between A and B, taken as a positive or as a negative number 
of units according as the direction is positive or negative in 
which a point must move in order to describe the segment ; 
this point starting from A (the first letter of the expression 
AB) and ending at B. 
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In consequence of this convention, which is termed the rule 

of signs, the two expressions AB , BA are quantities which are 

equal in magnitude but opposite in sign, so that BA = -~ AB, or 

AB+BA = o (1) 

Now \QiA,B, (7 he three points lying on a straight line. If 
C lies between A and B (Fig. 38 a), 



(af 


= 


» 








(«)" 


B 


C 








(=>° 


^ 


B 



we have AB = AC+CB; 

whence -CB~-AC+AB = 0, 

or BC + CA + A£ = 0. 

Again, if B lies between A and (7 (Fig. 38 i), 
AC=AB+BC; 
whence BC—AC+AB = 0, 

or BC+CA-\-AB=0. 

Lastly, if A lies between B and C (Fig. 38 c), 

whence — CB+C^+^.S = 0, 

or £C~[-CA + AB=0. 

Accordingly : 

2/A,B, C are three coUinear points, then whatever their relative 
positions may be, the identity 

BC + CA+JB = a (2) 

always AokU good. 

From this identity may be deduced an expression for the 
distance between two points A and B in terras of the distances 



Hosted by 



Google 



53 ANHAKMONIC EATIOS. [63 

of these points from an origin chosen arbitrarily on the 
straight line which joins them. 

For since OA + AB-k-BO = 0, 

.: AB= OB-OA\ (3) 

or again, AB = A0+ OB *. 

The results (l) and (2) may be extended; tliey are in fact 
particular cases of the following general proposition : 
If A^, A^,... A^ he n coUinear points, then 

A^A^+A^A^-\- ... +A„_-tA„ + A„Ai = 0, 
the truth of which follows at once from (3), since the expres- 
sion on the left hand is equal to 

{0A2~0A^} + (0As-OA.^)+,.. + {0Ai~0A„), 
which vanishes- 

Another useful result is that i£ A, B, C, J) be four collinear 
points, BC.AB+CA.BB + AB.CB= 0. 

This again follows from (3), since the left-hand side 
= (J)C-I)B)AB+. .. + ... 
= 0. 
Many other relations of a similar kind between segments 
might be proved, but they are not necessary for our purpose. 
We will give only one more, viz. 

If A, B , C , be an,^ four collinear pointe, then 

oa:'.bg^os'.ca+oc^.ab = -bc.ca. ab. 

For by (3) the left-hand side is equal to 

( OA"" - OC^) BC +{0B^- OC^) CA 

= CA(OA+OC)BC+CB{OB-\-OC)CA 
= BC.CA{OA-OB) 
= -£C.CA.AB. 
It may be noticed that this last theorem is true even if do 
not he on the straight line ABC, but be any point whatever. 
For if a perpendicular 00' be let fall on ABC, 
OA^.BC+ OB'. CA+OC^.AB 
= (0O'^ + O'A^)BC+... + ... 
= O'AKBC+O'B^.CA+O'C^.AB 

+ O0'^(BC + CA + AB) 
= ~BC.CA.AB, 
by what has just been proved. 
63. Consider now Fig. 39, which represents the projection 

* MoBlDS, Barycentrisclie Catcal, § 1. 
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from a centre S of the points of a straight line a on to another 
straight line a'; let us examine the relation which exists 
between the lengths of two corresponding segments A£, A'B'. 



— VV^^ 



w 



u 




From the similar triangles SJJ, A' SI' 
JA-.JS-.-.rS-.I'A';* 
so from the similar triangles SBJ , B'SI', 
JB-.JSi-.I'S-.I'B'; 
.-. JA.rA' = J£.r£' = JS.I'^:, 
i.e. the rectangle JA.I'A' h&e a constant value for all pairs 
of corresponding points A and A'. 

If the constant JS.l'S be denoted by i, we have 

therefore by subtraction, 

But I'B'-I'A' = A'B', and JA-JB = BA =- AB; 

If we consider four points A , B , C , 2) (Fig. 40) of the 
straight line a and their four projections, A', B', C, B', we 
obtain, in a similar manner, 

• We luppose that in all equations involving aegments the rule of eigna is 
obaerred. See MoBlus, Baryc. Calcal, § r ; Townsend, Modern Qeoinetry, 
chapter v. 
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A'3' 



JA.JD 



whence by division 

A'C\A'D' _ AC_AJ) 
B'C'''B'i)'~BC'BI}' 
This last equation, which has heen proved for the case of 
projection from a centre S, holds also for the case whore 
ABCD and A'B'C'Il' are the intersections of two transversal 
lines s and / (not lying in the same plane) with four planes 
<* . (3 1 y J 8 which all pass through one straight line it ; in other 
words, when A'B'C'I)' is a projection of ABCB made from an 
axis M (Art. 4), For let the four planes a , /3 , y , 8 be cut in 
A", B", C", D" respectively by a straight line «" which meets 
s and /. The straight lines AA", BB", CC", BB" are [the 
intersections of the planes a , /3 , y , S respectively by the plane 
ss", and therefore meet in a point S ; that namely in which 
the plane ss" is cut by the axis w. So also A' A", B'B", CC", 
B'B" are four straight lines lying in the plane «Y' and 
meeting in a point S' of the axis « (that namely in which the 
plane «V' is cut by the axis ;(.) Therefore A"B"C"B" \& a 
projection of ABCB from centre S and a projection A'B'G'B' 
from centre S' ; so that 

A"C'\A"B" _AC_AB _ A'C\A'B' 
B"C" " B"B" ~ BC BB~ B'C ' B'B' ' 

The number -^:-^ 

is called the anharmonic ratio of the four coUinear points 
A, B , C , B. The result obtained above may therefore be 
expressed as follows : 

The anhaTmowie ratio of four coUinear points is utiaUered iy any 
jrryection whatever *. 

* Pappds, Mnihemaikae CoUecliones, book vii. prop. 129 (ed. Hultsch, Berlin, 
l8?7, yol.ii.p.870. 
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Or again : 

If two rangeg, each ^ four points, are projective, they have the 
same anharmonic ratio, or, as we may say, are equianharmonio *. 

64. Dividing one by the other the expreasions for A'C and 
B'C, we have 

A'C _ AC AJ 

WC'~ bc''b3' 

In this equation the right-hand member is the anharmonic 
ratio of the four points A,B ,C ,J; conaequently the left-hand 
member must be the anharmonic ratio of A', B', C, J'; thua 
the anharmonic ratio of four points A', B', C, J', of which the last 
lies at infinity, is merely the simple ratio A'C : B'C, 

This may also be seen by observing that if A' and B' 
remain fixed while B' moves off to infinity on the line A'B', 
then 

limiting value of srij/ = 1 i 

,. .,. , . A'C A'D' A'C 

■■■ Wtmg value of ^^,:^^,= _,. 

Similarly, on the same aupposition, 

,. ... , , A'J)' A'C B'C' 

l.n„tmg value of ^,y : ^^, = _,-, ; 

i.e. the anharmonic ratio of the font points A', B', B', C, of which 
the third lies at infinity, is equal to the simple ratio B'C : A'C. 

65. From this results the solution of the following 
Pkoblem, — Given three coUinearpoiMig A, B, C; to find a fourth 

I) so that the anharmonic ratio of the range ABCD may he a 
number A given in sign and maffnitwle (Fig. 41). 

Solution. — Draw any transversal through C, and take on 
it two points J[', 5' such that the 
ratio CA': CB' is equal to A: I, the 
given value of the anharmonic 
ratio; the two points A' and B' 
lying on the same or on oppos 



sides of C according as A is positi 
ornegative, Join.^.^',.55',meet] 



ing 



iS\ the straight line through S parallel io A'B' will cut AB 
in the point I) required t- For if D' be the point at infinity on 

* TowuaBWD, Modem Oeotnetry, Art. 278. 

+ Chasles, Giomitrie anpirieure (Paris, 1852), p. 10. 
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A'£% and we consider ABCD as a projection of A'B'C'D' 
{C coincides with C) from the centre S, then the anhannonic 
ratio of ABCD is equal to that of A'B'C'D', that is, to the 
simple ratio A'C : B'C or A. 

The above is simply the graphical solution of the equation 
AC _AI} _ 
BC' BB~ ' 
AD AC 
"' Bl)=BC'-^ = ^- 

or in other words of the problem : 

Given two joints A and B, to find a point B coUinear with them 
such that the ratio of the segments AD, BD to one another may be 
equal to a nwrnher given in sign and magnitude. 

As only one such point D can be found, the proposed 
problem admits of only one solution ; this is also clear 
from the construction given, since only one line can be drawn 
through S parallel to A'B'. Consequently there cannot be 
two different points D and D^ such that ABCD and ABCD-^ 
have the same anharmonic ratio. Or : 

If the groups ABCD, ABCDi are equiankarmonic, the point D^ 
must coincide with D. 

66. Theorem. (Converse to that of Art. 63.) If two ranges 
ABCD, A'B' CD', each of four points, are equiankarmonic, thm/ are 
projective with one another. 

For (by Art. 44) we can always pass from the triad 
ABC to the triad A'B'C by a finite number of projections or 
sections ; let D" be the point which these operations give as 
corresponding to D. Then the anharmonic ratio of A'B'C'D" 
will be equal to that of ABCD, and consequently to that of 
A'B'C'D'; whence it follows that i>"coincides withi>',andthat 
the ranges ABCD , A'B'C'D' are projective with one another. 

67. It follows then from Arts. 63 and 66 that the necessary 
and sufficient condition that two ranges ABCD , A'B'C'D', 
consisting each of four points, should be projective, is the 
equality (in sign and magnitude) of their anharmonic ratios. 

The anharmonic ratio of four points ABCD is denoted by 
the symbol (ABCD)*; accordingly the projeetivity of two 
forms ABCD and A'B'C'D' is expressed by the equation 
(ABCD) = (A'B'C'D'). 

* MoBiiTs, BarijccntrUebc Calcul, § 183. 
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From what has been proved it ia seen that if two pencila 
each consisting of four rays or four planes are cut by any two 
transversals in ABCD and j4'5'CiJ'respectively, the equation 
[ABCJ)) = {A'B'C'D') is the necessary and auffieient condition 
that the two pencils should be projective with one another. 

The an-harmonio ratio of a pencil of four rays a ,b ,e ,d or 
four planes a , ^ ,y , S may now be defined as the constant 
anharmonic ratio of the four points in which the four elements 
of the pencil are cut by any transversal, and may be denoted 
by {a&cd) or (a^yS). 

This done, we can enunciate the general theorem ; 

If two OTie-flimemional geornetric forms, consisting each of fowr 
elements, are pr(Qective, they are equianharmonic ; and if they are 
eqiiiankarmonie, th^ are pr(yective. 

68. Since two harmonic forms are always projeetively 
related (Art. 51), the preceding theorem leads to the con- 
clusion that the anharmonic ratio of four harmonic elements 
is a constant numher. For if A£CB ia a harmonic system, 
BACD is also a harmonic system {Art. 53), and the two 
systems ACBD and BCAB are projeetively related*; thus 

(ACSS) = {BCAB), 
AB AI) _BABI>_ 
*'^' C£'CB~Ca''CB'' 

AC AB__ 

bc'bj)~ ' 

i.e. (ABCB) = -1; 

therefore the anharmonic ratio of fowr hai-monie elements is equal 

to -l^. 

69. The equation {ABCD) = - 1, or 

AC AD „ 

W^B-D = '- <'> 

wMch expresses that the range ABCD ia harmonic, may be put into 
two other remarkable forma. 

Sijice AD = CD-CA (Art. 62) and BD = CD~CB, the equation 
(1) gives 

CA {CD- CB) + CB {CD- CA) = o, 

UD = i^k^^'>' t^> 

« In Fig. JO ACBD may be projected (from K oa NC) into L CNQ ; and then 
LCNQ may be projected (from M on AD) into BCA D. 
t MQbiub, loe. at. p. 259. 
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[70 



t. e. OD is the harmonic mean between CA and CB ; a formula whicli 
determinea tte point D when ^ , .S , C are given. 

Again, if is the middle point of the Begmeni CD, so that we have 
0-D = CO = -OC, then 

AG=OC~OA; AD = OD-OA = -{OC+OA) ; 
BC=OC-OB; BD = -{OC+0B). 
Substituting these values in (1) or in 
AC , BC 



AD^BD 

00^0 A __ OB- 

OC+OA~ OB 

00 



= 0, 



■ OC 



OB 

OA^OC' 



n, the distal 



(3) 



or OC =0A.OB, 

i. e. half the segmmt CD is a mean proportio 

of A and B from the middle point of CD. 

The equation (3) shows that the segments OA and OB must have 

tie same sign, and that therefore can never lie between A and B. 
If now a circle be drawn to i)ass 
through A and B (Fig, 42), O will lie 
outside the circle, and OC will be the 
length of the tangent from to it * 
(Euc. III. 37). The circ'le on CD as 
diameter will tlierefore cut the first 
circle (and all circle=! through A and B) 

orthogonally. Conversely, if two circles cut each other orthogonally, 




they will cut any diameter of o: 
points f. 




) of them in two pairs of harmonic 

70. The same formula (3) gives 
the solution of the following pro- 
blem: 

Given two eollinear sec/mentg AB 

and A'B' ; to deUrinine another 

segment CD which shall divide each 

rig. 43, oftli.emharm<mMallg{Fig3.42,44). 

Take any point G not lying on 

the common base i5', and draw the circles GAB , GA'B' meeting 

* If ticough a, point any chord be drawn to out a circle in P and Q, the 
rectangle OF . OQ ie called the pou/er of the point with regard to the circle. 
Steiner, Crdle's Jovmal, vol. i. (Berlin, iSa6) ; Collected Works, vol. i. p. 21. 
We may then say that 06" is the pou-a- of the point O with regard to the circle 
in Fig. 41. 

+ PoNCELET, Propr. pmj. Art. ^9. 
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59 



II H. Join Gil *, and prod. 

OA .OB = OG.OH (El 



it to cut the axis in 0. Then 




again ii 
from the fi 

■. m. 36), 

and from the second 

OA'. OB' =09. Oil; 
: OA.OB = OA'.OB'. 

IS therefore the middle point of the segment required; the 

points C and D will be the -s, . 

intersections with the axis 
of a circle described from 
the centre with radius 
equal to the length of the 
tangent from to either of 
the circles (?i5,GM'£'. 

The problem admits of a 
real solution when the point p. 

falls outside both the 

segments AB, A'B', and consequently outside both the circles GAB, 
GA'B' (Figs. 43, 44). There is no real solution when the segments 
AB, A'B' overlap (Fig. 45) ; in this case lies within both segments. 

71. Let ABOD be a harmonic 
range, and let A and B (a pair of 
conjugates) approach indefinitely near 
to one another and ultimately coin- 
cide. If C lie at an infinite distance, 
then D must coincide with A and B, 
since it must lie midway between these 
two points (Art. 59). If C lie at a 
finite distance, and assume any position not coinciding with that of A 
or B, then equation (2) of Art. 69 gives CD = CA = CB, i. e. D coincides 
with A and S. 

Again, let A and C (two non-conjugate points) coincide, and B 
(the conjugate of A) lie at an infinite distance. In this case A must 
lie midway between C and 2), so that D will coincide with A and C. 
If 5 lie at a finite distance , and assume any position not coinciding 
with that oSA or C, then equation (1) of Art. 69 gives AD = 0, i.e. 
the point D coincides with A and C. So that : 

If, of four jxnnts forming a Aartnonie range, any two coincide, one 
of the otfier two points will also coincide witk them, and the fourth 
is indeterminate, 

73. The theorem of Art. 45 leads to the following result ; given 
four elements A , B , C , J) ot a. one-dimensional geometric form, the 




Fig. 45- 



* OH" is the radical axis o£ the 
power with regard to the circles. 
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anharmonic ratios {ABCB) , {BADC} , {CDAE) , {DCBA) are all equal 
to one another. 

I. Four elements of such a form can be permuted in twenty-four 
different ways, so as to form the twenty-four different groups 



ABOD 


, BABC , GDAB , 


BCBA , 


ABDO 


, BACH , BOAB , 


CBBA . 


ACBB 


, OABB , BDAC , 


BBCA , 


ACDB 


, CABD , DBAC , 


BBCA , 


ABBO- 


, BACB , BCAB , 


CBBA , 


A DOB 


. BABO , CBAB , 


BCBA , 


here arranged in sis 


lines of four eacli. The 


four gro 



line are projective with one another (Art. 45), and have therefore 
the same anharmonic ratio. In order to determine the anharmonic 
ratios of all the twenty-four groups, it is only necessary to consider 
owe group in each line ; for example, the six groups in the first 
column. These six groups are so related to each other that when 
any one of them is known the other five can be at once determined. 

II. Consider the two groups ABCD and ABDC, which are derived 
one from the other by interchanging the last two elements. Their 
anharmonic ratios 



{ABCD) 
and {ABDC) 



AC_ AD 

'bg''Td 

AD AC 

bd''bg 

are one the reciprocal of the other ; thus 

{ABCD) (ABDC) = I (t) 

Similarly, {ACBD) (ACDB) = 1, (2) 

and {ADBG){ADCB) = l (3) 

III. Now it A, B, C, D are four collinear points, it has been seen 
(Art. 62) that the identical relation 

BC.AD + CA.BD + AB.GD = 
always holds. Dividing by BC .AD, we have 
ACBD AB.CD _ 
BG.AD ^ CB.AD~ ' 
AG AD AB AD _ 
*" Bc'' BD Gb'' GD~ ' 

that is (Arts. 63, 67), 

(ABCD) -^^ {ACBD) = \ (i) 

Similarly, {ABDC)^{ADBC) = \, (5) 

and {ACDB)\{ADCB)^\ (6> 
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IV. If X denote the anharmonic ratio of the gtwup ABCD, 
(ABCD) = X, 


the formula (1) gives 


(,Al>DC)=i^, 


and (4) gives 


{ACSI>) = -l-X; 


then by (2) 


^€DB) = ^^. 


and by (6) 

and finally, by (3) or 


(6) 



V. The six anharmonic ratios may also be expressed in terms of 
the angle of intersection 6 of the circles described on the segments 
A£, CD as diameters ; it being supposed that A and B are separated 
by C and D. It will be found that 

{ABCD) = -tan*|, {ABDC) = -cot»|, 

(ACBD)= sec'l- (ACDB) = cos'^, 

(ADCB) = sin= I , {ADBC) = cosec^ | ■ + 

VI. If in the group ABCD two points A and B coincide, then 
AC = BC,AD = BD, and therefore 

{ABCD) = (AACD) = 1. 

But if X ^ 1, the other anharmonic ratios becoioe 

{ACAD)=\-l=(i,&i^d{ACDA)= c= ; 
thus when of four elements two coincide, the anharmonic ratios have 
the values I, 0, qo. 

If {ABCD) = — 1 , i. e. if the range ABCD is harmonic, the formulae 
of (IV) give (ACBB)=2»^i{ACDE) = i; 

SO that when the anharmonic ratio of four points has the value 2 or 
^, these points, taken in another order, form a harmonic range. 

VIL Conversely, the anharmonic ratio of a range 45Ci>,inone of 
whose points lies at infinity,"; cannot have any of the values 0, 1, 0=, 
without some two of its points coinciding. 

For if in (IV) A = 0, ^ : ^ = , and either AC or BD must 

vanish ; i. e. either A coincides with C, or B with D. 

* MiJBins, loc. cit, p. 249. 

t Casey, On Cydides and Sphero-qmHki (Pliil. Trans, 1871), p. 704. 
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If X= 1, (ACBD) = 1-X = 0, 80 that either J cdncldes with 5, 
or with D. 

And if X = 00, (ABDC) = - = 0, so that either A coincides with 
D, or B with C. 

VIII, By oonaidering the expressions given for the six anharmonio 
ratios in (IV) it is clear that whatever be the relative positions of the 
points A, B , C , D , two of the ratios (and their two reciprocals) are 
always positive and a third (and its reciprocal) negative ; and thus we 
see that the anharmonic ratios of four points no two of which coincide 
may have aU values positive or negative except+ 1, 0, or oo. 

73. From the theorems of Arts. 63 and 66, 'whicti express 
the necessary and sufficient condition that two ranges, each 
consistiDg of four elements, should be projectively related, we 
conclude that 

If two geomelric forms tf one dimemitm are projective, then any 

two corresponding groups of four elements are eqtcianMrtaonic *. 

As a particular case, to any four harmonic elements of 

the one form correspond foui- 

harmonic elements of the other 

.4\^,-''''^ (Art. 51). 

74. Let -4,^' and 5, ii' be any 
two pairs of corresponding points 
"^ Fig 46 of two projective ranges (Fig, 

46) ; let / be the point at infinity 
beiongrog to the first range, and I' the point corresponding 
to it in the second range ; so let J' be the point at infinity 
belonging to the second range, and / its correspondent in 
the first range. By Art. 73 

(ASFJ) = (A'B'I'J') ; 
.-. {BAJl) = (A'B'I'J') (Art. 72); 
from which, since I and /' lie at infinity, 

BJ:AJ=A'r:B'r (Art. 64), 
and JA.I'A' = IB.rB'; 

i.e. the product JA.I'A' has a constant value for all pairs of 
corresponding points f- 

[This proposition has already been proved in Art, 63 for 
the particular case of two ranges in perspective.] 

* Stbineb, SytUmatkche EiitvAekelung . . (Berlin, 183s), p. 33, S 10; Collected 
Works, ed, Weierfltrasa (Berlin, 1881), vol. i. p. 262. 

+ Stbimeii, Ioc. cit. p. 40, 5 la. Collected Worlo, vol. i. p. J67. 
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75. In two homological figures, four collinear points or 
four concurrent straight lines of the one figure form a group 
whicii is equianharmonic with that consisting of the points or 
lines corresponding to them in the other figure (Art. 73), Let 
be the centre of homology, 31 and M' any pair of corre- 
sponding points in the two figures, N and N' another pair of 
corresponding points lying on the ray OMM', and X the 
point in which this ray meets the axis of homology. Since 
the points OMNX , OM'N'X correspond severaDy to one 
another, 

{OXMN) = {OXM'N'l 

OM ON _ OM^ ON^ 

°^ MX ■ IVX ~ W^' WX ' 

OM CM' _ ojv; orr 

■■■ MX'M'X~ NX' N'X' 
and consequently the anharmonic ratio {0X3IM') is con- 
stant for all pairs of corresponding points M and M' taken on 
a ray OX passing through the centre of homology. 

Next let Ii and L' be another pair of corresponding pointe, 
and Y the point in which the ray OLL' cuts the axis of 
homology. Since the straight lines LM , L'M' must meet in 
some point Z oi the axis AT, it follows that OTLL' is a pro- 
jection of OXMM' from Z as centre, and therefore 

{01LL') = {OXMM.'); 
consequently the anharmonic ratio (OXMM') is constant for 
all pairs of coiTesponding points in the plane. 

Consider now a pair of corresponding straight lines a and 
a', the axis of homology «, and the ray o joining the centre of 
homology to the point aa'. The pencil osaa' is cut by 
every straight line through in a range of four points 
analogous to OXMM'; consequently the anharmonic ratio 
{osaa') is constant for all paire of corresponding straight 
lines a and a', and is equal to the anharmonic ratio 
{OXMM'). 

Thw anharmonic ratio is caUod the coefficieTit or parameter 
of the homology. It is clear that two figures in homology 
can be constructed when, in addition to the centre and axis, 
we are given the parameter of the homology. 

78. When the parameter of the homology is equal to •— 1, 
all ranges and pencils similar to OXMM', oma', ai'e haiTaonic. 
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In this ease the homology is called harmonic* or invohtorial, 
and two corresponding points (or lines) correspond to one 
another doubly; that is to say, every point (or line) has the 
same correspondent whether it be regarded as belonging to 
the first or the second figure. (See below. Arts. 122, 123.) 

Harmonic homology presents two cases which deserve special 
notice: (i) when the centre of homology is at an infinite distance, in 
the direction perpendicular to the axis of homology; (2) when the 
axis of homology is at an infinite distance. In the first case we have 
what is called syrmnetry teitk respect to an axis ; the axis of homology 
(in this case called also the axis of aymmet^) hisects orthogonally 
the straight line joining any pair of corresponding points, and bisects 
also the angle included by any pair of corresponding straight lines. 
The second case is called symraetry with, respect to a centre. The 
centre of homology (in this caae called alao the centre of sytmnetry) 
biBeota the distance between any pair of corresponding points, and 
two corresponding straight lines are always parallel. In each of 
these two cases the two figures are equal and similar (congnient) + ; 
oppositely equal in the first case, and directly equal in the second. 

77. Considering again the general ease of two homological 
figures, let a , 6 ,«?.,« be four rays of a pencil in the first 
figure, and a', I', m', n' the straight lines corresponding to 
them in the second. Then 

(«~j) = K«vs'). 

Now let an arbitrary transversal be drawn to cut mnab in 
MNAB, and draw the corresponding (or another) transversal 
to cut m'n'db' in M'N'A'B' ; then 

{MNAB) = {M'N'A'B'), 
MA M'A' _ NA N'A' 

"' mb'm'b'^nb' WW ■ 

Consequently, the ratio -^^ : --jt>-s-, depends only on the 

straight lines ab (and a'6'), and not at all on the straight line 
m (or m'). 

The ratio MA : NA is equal to that of the distances of the 
points M, A" from the straight line a, which distances we may 
denote by {M , a), {N, a) ; thus 

* Bella viTis, Saggio di Qmmetria denvata {Nuovi Saggi of tbe Academy of 
Padoa, Tol. iv. 1838), S jO, 

+ Two figures are said to be eongrmnt when the one may be auperposed upon 
the other so as exactly to coincide with it. 
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77] ANHARMONIC RATIOS, 65 

(M,a) (M',a') , ^ 

' - ,i : ' ,, ,,; = constant, 
(M, b) {M', b') 

that 13 to say * : 

In two hotnological figures {or, more generally, *« ^^f' projective!^ 
related figures) the ratio of the distances of a variahle poifd Mfrom 
tmo fixed straight lines a ,h in the first figure bears a constant ratio 
to the analogous ratio of the distances of the correaj)onding point 
M' from the correspokding straight lines a' , b' in tite other 
figure. 

Suppose S to pass through the centre of homology 0; then 
iff and M' are coilinear with and b' coincides with b, so that 

{M,b):{M',V) = OM:OM'; 
and therefore 

OM (M,a) , , 

„ - .,, : ,,^> -- , ! = constant. 
OM' {M',a') 

If N and N' are another pair of corresponding points, we 
have then 

OM (M.a) _ ON , {iy,a) 
031' ' {M', a') ~ ON' ' {N', a'}' 
Now suppose the straight line (/ to move away indetinitely ; 
then a becomes the vanishing line in the first figure ; the ratio 

TTTT^ — ?7 will in the limit become equal to unity, and thus 
{N\a') ^ 



OM''^ ' '~ ON' 

= constant ; 
in other words f : 

In two homological figures, the ratio of tlie distances of any pomt 
in the first figure from the centre of homology andfrom the vanishing 
line respeetivelg, bears a constant ratio to the distance cf the corre- 
sponding jioint in the second figure from the centre of homology, 

Irt. 6la- 



Hosted by 



Google 



CHAPTER X. 




CONSTRUCTION OF PEOJECTITE FORMS. 

78. Let ABC and A'B'C be two triads of corresponding 
elements of two projective forms of one dimension (Fig. 47), 
and imagine any series of operations (of projection and section) 

by which we may have 

"^v»" g, ^. passed from ABC to 

A'B'C. Then whatever 
this seriea be*, it will 
also lead from any other 
element J) of the first 
form to the element D' 
which corresponds to it 
in the second. For if D 
Fig. 47. could give, as the result 

of these operations, an 
element Ji" different from D', then the anharmonic ratios 
(ABCB) &nd {A'B'C'B") would be equal; but by hypothesis 
(ABCI)} = {A'B'C'B') ; therefore {A'B'C'D') = {A'B'C'D"), 
which is impossible unless B" coincide with D' (Art. 65). 

79. Theoeem (converse to that of Art. 73) : 
Givetitwoforms of one dimension.; if to the elements A , B , C,I),... 

of the one correspond respeetivel^ the elements A', B', C, B', ... 
of the other in such a manner that an^ four elements of the first form 
are eqtiianharmonic with the four corresponditig elements of the second, 
then the two forms are projective. 

For every series of operations (of projection or section), 
which leads from the triad ABC to the triad A'B'C, leads at 
the same time from the element B to another element I)" such 
that {ABCI)) = {A'B'CB'y But {ABCB) = {A'B'C'B') by 
hypothesis ; therefore {A'B'C'B') = {A'B'C'B"), and B" must 

■ations is ; a projection from S, a section bj ti", 
n by «'. 
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coincide with S' (Art, 65). And since the same conclusion is 
true for any other pair whatever of coiTesponding elements, it 
follows that the two forms are projective (Art, 40). 

80- From Art. 78 the following may be deduced aa a par- 
ticular case : 

If among the elements of two projectwe formg of one dimension 
there are two corres^onAing triads ABC and A'B'C which are in 
j)erspective,'ihen. the two forms themselves are in perspective. 

( 1 ). If, for example, the forms are two ranges ABCB . . . and 
A'B'C'D' ... ; then if the three straight lines AA', BB', CC 
meet in a point S, the other analogous lines -Z>i)', ... will all 
pass through S (Figs. 19, 40). 

Suppose, as a particular case, that the points .^,-4' coincide 
(Fig. aa), so that the two ranges have a pair of corresponding 
points A and A' united in the point of intersection of their 
bases*. The triads ABC, A'B'C are in perspective, their centre 
of perspective being the point where BB' and CC meet; 
accordingly : 

^ two projective ranges have a self-corresponding point, tkeyare in 
perspective. 

Conversely it is evident that two ranges which are in per- 
spective have always a self-corresponding point. 

(2). Again, if the two forms are two flat pencils alcil ... and 
a'b'c'd'... lying in the same plane; then if the three points 
aa', hh', cc lie on one straight line s, the analogous points dA' . . . 
will all lie on the same straight line (Fig. 20). If the line s 
lie altogether at infinity, wc have the following property : 

y, in two projective fiat pencils, 
three pairs of corresponding rays 
are parallel to one another, then 
every pair of corresponding rays are 
parallel to one another. 

The hypothesis ia satisfied 
in the particular case where the p,- g_ 

rays a and a' coincide (Fig. 48), 
so that the two pencils have a self-corresponding ray in the 

* In the case of two prnjectiTe forma we shall iu future employ ths term 
sdf-correaponding to denote an element which is such that it ooiocideB with its 
correapondent ; fhas A or A' above jns.j he Q&lled a self -cori-espoadinij point of Ihe 
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straight line which joins their centres ; then s is the straight 
line joining il^ and ci/. Accordingly : 

Wim two j)rojective flat pencih (^«^ in the same plane) have a 
self-corregponMng ray, they are in perspective. 

Conversely, two coplanar flat pencils which are in perspec- 
tive have always a self-corresponding ray. 

(3), If one of the systems is a range ABCD ... and the other 
a flat pencil ahcd ... (Fig. 38), the hypothesis amounts to 
assuming that the rays a ,h ,c pass respectively through the 
points A,B,C; then we coneludo that also (^, ... will pass 
through D,... &c. 

81. Two ranges may be superposed one upon the other, so as 
to lie upon the same straight line or base, in which case they 
may be said to be coUinear. For example, if two pencils (in 
the same plane) S = ale . . . and = a'b'<f. . . (Fig. 49} are cut 
by the same transversal, they will 
determine upon it two ranges 
AUG ... , A'B'C ... which wiU be 
projectively related if the two 
pencils are so. The question arises 
whether there exist in this case 
'^' any self-corresponding points, i. e. 

whether two corresponding; points of the two ranges coincide 
in any point of the transversal. 

If, for instance, the transversal « be drawn so as to pass 
through the points aa' and bb', then A will coincide with A', 
and B with B' ; in this case 
consequently thero are tieo 
self-corresponding points. 

Again, if a range u be 
projected (Fig. 50) from two 
centres S and (lying in 
the same plane with u), 
two flat pencils a/jo ... and 
a'SiY. , . will be formed, which 
have a pair of corresponding rays a , a' united in the line SO. 
And if a transversal s be drawn through the point in which 
this line cuts u, we shall obtain two projective ranges ABC ..., 
A'B'C... lying on a common base s, and such that they have 
one self-corresponding point AA'. 
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And lastly, we shall see hereafter (Art. 109) that it is possible 
for two collinear projective ranges to be such as to have no 
self-corresponding point. 

So also two flat pencils (in the same plane) may have a 
common centre, in which case they may be termed concentric ; 
such ponciia are formed when two different ranges are pro- 
jected from the same centre (Fig. 51). And two axial pencils 
may have a common axia; such pencils 
are formed when we project two dif- 
ferent ranges from the same axis, or 
the same flat pencil from different 
centres. Again, if two sheaves are cut 
by the same plane, two plane figures 
are obtained ; if, on the other hand, 
two plane figures are projected from 

the same centre, two concentric sheaves are formed. In all 
these cases the forms in question may be said to be gnperpoaed 
one upon the other; and the investigation of their stlf- 
corresponding elements, when the two forms are projectively 
related, is of great importance. 

82. Theorem. Two superposed projective (pne-dhnensional) 
forms eitker have at most two self-corresponding elements, or else 
every element coincides with its correspondent. 

For if there could be three self-corresponding elements 
A, B , C suppose ; then if J) and B' are any other pair of cor- 
responding points, we should have (Ai-t. 73) {ABCIJ)={ABGB'), 
and consequently (Art. 65) I) would coincide with I)'. Unless 
then the two forms are identical, they cannot have more than 
two self -cor responding elements. 

83. Theorem (converse to that of Art. 63). If a one-dimen- 
uonalform cotmsfinff offowr elements A,B ,C ,D is projective with 
a second form deduced front it hy interchanging two of the elements 
{e.g. BACS), then the form will be a harmonic one, and the two 
mterchanged elements will be conjugate to each other. 

Fird Proof If {ABCB) = {BACH), then (Art. 72. IV) X = ^ ; 

.-. X^ = I, and since we cannot take X = + i (Art. 72. VIII) 
■we must have X — — i, i.e. the form is a harmonic one. 

Second Proof. Suppose, for example, that A,B ,C ,1) are four 
collinear points {Fig. 52). Let K , 31 , Q, B has. projection of 
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these points od any straight line through B, made from an 
arbitrary centre L. Since ABCD is projective with KMQD 
and also {by hyp.) with BACD, the forma KMQD and £ACD 
are projective with one another. 
And they have a self-corre- 
sponding point 5 ; consequently 
they are in perspective (Art. 
80), and KB, MA, QC will meet 
"p. in one point N. But this being 

the case, we have a complete 
quadrangle KLMN, of which one pair of opposite sides meet in 
A, another such pair in J5, while the fifth and sixth sides pass 
respectively through C and D. Accordingly (Art, 46) ABCD 
is a harmonic range. 

84. Let there be given two projectively related geometric, 
forma of one dimension. Any series of operations which suf- 
fices to derive three elements of the one from the three corre- 
sponding elements of the other wiH enable us to pass from 
the one fona to the other*(Art. 78); and any two given triads 
of elements are always projective, i.e. can be derived one from 
the other by means of a certain number of projections and 
sections. Hence we conclude that : 

Given three pairs of corresponding elem^is ^ two projective forms 
of one dimension; an^ number of other pai^s of corresponding elements 
can he eomtrueted. 

We proceed if* illustrate this by two examples, taking 
(i) two ranges and (2) two flat pencils; the forms being 
in each case supposed to He in one plane. 

Given (Fig. 53) three pairs of Given (Fig. 54) three pairs 

corresponding points A and A', of corresponding rays a and a', 
B and B', C and C", 0/ the 2>ro- b and b', c and e', of the projec- 
jeetive ranges u and u' ; to con- tive jMncils U and U' ; to con- 
sPruct these ranges. struct these pencils. 

We proceed as in Art. 44, On Through the point of inter- 

the straight line which joins any section of any two of the corre- 
two of the corresponding points, sponding rays, say a and a', 
say A and j^', take two arbitrary draw two arbitrary transversals 
points S and S', Join SS , S'B' e and /. Join the points sh and 
cjittiag one another in B", and /6' by the'straight line 6", and 
SG , S'O' cutting one another in the points sc and // by tho 
G"\ join B"C", and let it cut straight hnec"; and let o" be the 
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AA'inA". The operations wliick straight line joining the points 
enable us to pass from ABC to .h"c" and aa'. The operations 




^'^V^are: i. a projection from 
iS ; a . a section by it" (tlie line on 
which lie the points J", £", 0") ; 
3. a projection from iS" ; 4. a 
section by m'. The same opera- 
tions lead from any other given 
point I) on u to, the correspond- 
ing point D' on 1*', so that the 
rays SD and S'O' must intersect 
in a point D" of the fixed straight 



In this manner a range 
u"=A"B"C"I)"... 
is obtained which is in perspec- 
tive both with u and with m'. 



which enable us to pass from ale 
to a'b'</ are: i. a section by s ; 
2. a projection from the point 
U" where a", i", c" meet; 3. a 
section by / ; 4. a projection 
from U'. Thf same operations 
lead from any other given ray d 
of the pencil U to the correspond- 
ing ray d' of the pencil U'; so that 
the points sd and s'd' must lie on 
a straight line d" which passes 
through the fixed point U". 
In this manner a pencil 
U"=a"b"</'d"... 
is obtained which is in perspec- 
tive both with U and with U'. 

In the preceding constmction (left), D is any arbitrary poiat on w. 
If B be taken to be the point at infinity on u, then (Fig, g3) SB 
will be parallel to it ; in order therefore to find the point on vf 
which corresponds to the point at infinity on u, draw &1" parallel to 
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[85 



u to cut u" in /" ; then join S'l", wliich will cut u' in tlie required 
point /'. Similarly, if the ray through S' parallel to w' cuts u" in 
J", and SJ" be joined, this will cut v, in J, the point on u which 
corresponds to the point at infinity on vf. 

K i) be taken at P, the point In the preceding construction 



where m and v." meet, then D" 
also coincides with P, and the 
point P' on u' corresponding to 
the point 2* on M is found as the 
intersection of S'P with u'. 

Similarly, if Q' be the point of 
intersection of u' and v.", the 



(right), d is any arbitrary ray 
passing through U. If it be taken 
to be p, the line joining U to V", 
then the corresponding ray f' of 
the pencil U' is the line joining 
the point V to the point ^p. 

Similarly, if q' be tiie ray 

U'U" of the pencil U', the ray q 

point on v, cori'esponding to Q' corresponding to it in the pencil 



8 Q, where SQ' cuts w. 

85. The only condition to 
which the centres S and S' are 
subject is that they are to lie 
upon the straight line which joins 
a pair of coiTesponding points ; 
in other respects their position ia 
arbitrary. We may then for in- 
stance take S at A' and S' at A 
(Fig. 55). Then the ray S'P co- 
incides with M, and P' is accord- 



i that which joins the points 
U and sq'. 

The only condition to which 
the transversals s and s' are sub- 
ject is that they are to pass 
through the point of intersection 
of a pair of corresponding rays ; 
in other respects their position ia 
arbitrary. We may then for in- 
stance take a' for s and a for s 
(Fig. 56), Then the point /p 
coincides with U, and ^ is ac- 
ingly the point of intersection of cordiugly the straight line (JV. 



i and m'. So too the ray SQ' 
coincides with u, and Q also lies 
at the point uu'. 

If then we take the points A' 
and A as the centres S and S' 
respectively, the straight line m" 
will out the bases u and u' re- 
spectively in P and Q,', the points 
which correspond to the point 
uu' regarded in the first instance 
as tho point P' of the line u' and 
in the second instance as the 
point Q of the line m. 

Now in the construction of 
the preceding Art., the straight 
line V." was found as the locus of 
the points of intersection of pairs 



too the point sq' coincides 
with U', and o also must be the 
straight line UU'. 

If then we take the rays a' 
and a as the transversals a and 
s' respectively, the point U" will 
be the intersection of the rays }> 
and q' which correspond to the 
straight line UU', regarded in 
the first instance as the ray pi' of 
the pencil U', and in the second 
instance as the ray q of the 
pencil U. 

Mow in the construction of the 
preceding Art., the point U" was 
found as the centre of pi 
of the ranges in perspectiv 
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of corresponding rays of the 
pencils in perspective 
S{ABCP..) and S'{A'B'C'D'..). 
The straight line u" obtained by 
the conatruction of the present Art. 
is in like manner the locus of the 
points of intersection of pairs of 
corresponding rays of the pencils 
A'iABCD..) and A{A'B'C'J>'.), 
i.e. the locus of the points in 
which the pairs of lines A'B and 
AB', A'C and AC, A' J) and 
AH', ... intersect. 



g (aScrf . . .) and s' (a'h'c'if ..^. 



The point JJ" obtained bj the 
construction of the present Art. 
is in like manner the centre of 
perspective of the langes 

a'(aied . . .) and a {o'l/c'd' ), 
i.e. the point in which the lines 
joining the pairs of corresponding 
points a'b and ah', a'e and ac', 
a'd, and adf , ... meet. 




Fig. h^- 



If in place of A' and A any 
other pair of points B' and B, or 
C' and C, ... be taken as centres 
of the auxiliary pencils S and S' , 
the straight line m" must still 
cut the two bases u and m' in the 
points P and Q'; i.e. the straight 

If then ABC ... MN ... and 
A'B'C ...M'N' ... are two pro- 
jective ranges (in the same plane), 
every pair of straight lines such 
as MN' and jI/'jV intersect in 
points lying on a fixed straight 
line. This straight line passes 
through those points which cor- 



h. in place of a' and a any 
other pair of ravs V and 6, or c' 
and c be taken as tiinsveisala, 
the point U" must siiU be the 
intersection of }) and q i e the 
point I " 



of 



If then abc ... inn ... and 
a'h'c' ... m'n' ... are two projec- 
tive pencils {in the same plane) 
every straight line which joins a 
pair of points such as mn.' and 
m'n passes through a fixed point. 
This point is the intersect: 
tfiose rays wliich correspoi 
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respond iji each range to the 
point of intersection of their hasee 
when regarded as a point of the 
other range. 

88. If the two rangea w and u' 
are in perspective (Fig. 57) the 
points -P and Q' will coincide 
with the point in which the 
bases u and i/ meet ; and since 
,he straight lino which is the 
of the points {AB', A'B), 
AC, A'C), {AD', A'B), ... and 
,he straight line which is the 
locus of the points (SA', B'A), 
BG', B'C), (BD',B'D), ... have 
points in common, viz. and 
AB', A'B), these straight lines 
must coincide altogether. This 
being so, AA'BB' is a com- 
plete quadrangle, whose diagonal 
points are 0,5 (the point where 
AA',BB', ... meet), and M (the 
point of intersection of AB' and 
A'B); consequently (Ai-t. 57) the 
straight lines u and u' are har- 
monic conjugates with regard to 
the straight lines u" and OS. If 
therefore two transversals m and 
u' cut aflat pencil («,6,c,... )in the 
^<Aais{A,A'),{B,B'),{G,C') ..., 
then the points of intersection of 
the pairs of straight lines AB' and 
A'B , AG' and A'G , BC' and 
B'C, ... lie on one and the same 
straight line u", which passes 
through the point mm' ; and the 
straight line joining mm' to the 
centre of the pencil is the har- 
monio conjugate of u" with re- 
spect to M and m'. 

From this follows the solution 
of the problem : 

To draw the straight line con- 
neciinff a given point M with the 



each pencil to the straight line 
joining the centres of the pencils 
when regirded -js a ray of the 
othei pencil 

If the two pencils U and U' 
are in pei'jpective (Fig. 59) the 
ray? p and if will coincide with 
the striight hue UU'; and since 
through the point of intersection 
of the 11JS {al/ a'b), {at/ , a'c), 
{ad' a'd) and through the 

point of intersection of the rays 
{ha' ,b'a\{h</ ,h'e),{ld' ,h'd),... 
pass two different straight lines, 
viz. UU' and {ab', a'b), these 
points must coincide. This being 
so, aa'hl/ is a complete quadri- 
lateral, whose diagonals are UU', 
s (the straight line on which 
at/ , 66', ... intersect), and m. (tbe 
straight line which joins ab' and 
a'b) ; consequently (Art. 56) the 
points U and U' are harmonic 
conjugates with regard to U" and 
the point in which $ meets UU'. 
If therefore a range be projected 
from two points U and U' by the 
rays (a , a'), (6 , b'), (c , t/) ..., then 
the straight lines which join the 
pairs of points (ab' , a'b), {ao , a'c), 
{be' , b'e), ... meet in one and the 
same point U", which Hea on the 
line UU' ; and the point where 
the straight line UU'cixts the base 
of the range is the harmonic con- 
jugate of U" with respect to U 



From this follows the solution 
of the problem ; 

To construct the point where a 
given straight line in would be in- 



Hosted by 



Google 



CONSTRUCTION OF PROJECTIVE FOKMS. 



inaeeessible 2>o>Mt of intersection of 
two given straight lines u and v,'. 



75 

[ straight line ( U U') 
which cannot be drawn, hut which 
is determined by its pissing 
through two given pomts U amd 




Through M (Figs. 57 and 58) On m, (Fig. 59) take two points, 

draw two straight lines to cut u and join them to U hy the 
in A and B, and u' in B' and A' straight lines a and b, and to U' 



Fig. 58. 

respectively; 'y3ia.AA',BB'\ns%i- 
ing in S. Through S draw any 
straight line to cut u m C and 
m' in C, and Join BC , B'O, 
intersecting in N. The straight 
line joining M and N will be the 
line fi" required. 




by the straight lines h' and a' ; 
let s be the straight line joining 
the points of intersection oi a,a' 
and b , b'. On s take any other 
point and join it to U, U' by the 
straight lines c , c' respectively. 
The straight line n which joins 
the points 5c' and Vc will cut m 
in the point U" required. 
e parallel to one aaother (Fig. 58) 
f construction gives the solution of the prohlem : given 

ivio parallel straight lines, to draw through a given 2)oint a straight 

line parallel to ih»m, maMng use of the ruler only. 

87. If in the theorem of the If in the theorem of the pre- 

irticie the flat pencil ceding article the range consist 



If the straight lines u and u 
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[88 



consist of only three rays, the 
theorem may be enunciated as 
follows, with reference to the 
three pairs of points AA', BB', 
CC: 

If a hexagon (six - point) 
AB'C A'BC (Fig. 60) has its ver- 
tices of odd order (ist, 3rd, andgth) 



of only three points, the theorem 
may be enunciated aa follows 
with reference to the three pairs 
of rays aa', 66', cc' : 

If a hexagon (six-side) ah'ea'W 
(Fig. 61} be such that its sides of 
odd order (ist, 3rd, and 5th) 





on one straight line u, and its ver- 
tices of even order (and, 4th, and 
6th) on another straight line m', 
then the three pairs of opposite 
sides {AB' and ^* , B'C and 
BC, CA' and C'A) meet in three 
points lying on one and the same 
straight 



Fig. 6 J. 

meet in one point XJ, and its sides 
of even order {2nd, 4th, and 
6th) meet in another point JJ', 
then the three straight lines 
which join the pairs of opposite 
vertices (c6' and a'&, 6'c and 6e', 
ea' and i/a) pass through one and 
point TJ". 




Fig. 63. 

88. Returning to the con- Returning to the construction 

struction of Art. 84 (left), let the of Art. 84 (right), let the straight 

* Pappus, loa. cit. Book yii. prop. 139. 
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centre S be taken at tlie point 
wLere AA' meets BB and the 
centre iS" at the point where A A 
meets CC (Fig. 62) Then since 
SB , S'B' meet in B' and SC 
S'C in G, therefore B'C 13 the 
straight line u" Conaequenth 
any other pair of coixe&pindmg 
points D and D' aie coistructed 
by obserTing tliat the straight 
lines SD, S'D' must meet on B'C 



From a c one 1 delation of the 
figure SS'ODDB nhieh is a 
hexagon, we derive the theoiem 

In a hexagon, of which two 
aides are segments of tlte bases of 
two projective ranges, andtkefov/r 
others are the straight lines eon- 
g fowr pairs of eorrespond- 



hne joiiung the point? ai' ci/ he 
tiken as the tiana^eisal s and 
that joining the points a/ 6&* 
as the transversal / (Fig 63) 
Then since the line jommg the 
points ab a 6' 18 6 and the line 
joining the points st sc" la e' 
therefore S/ n the point L' 
Consequently any othei pair of 
conesponding rays d and d are 
constructed by observing that the 
points sd sd must be collinear 
mth 6/ 

Fiom a consideration of the 
cddb which IS a hexi 
side) vi e derive the 



figuie s 
gon (six 
theoj em 



exagon, of which two ver- 
tices a/re the centres of two pro- 
jective penfAls, and the fm/r others 
are the points of interseeti(m of 
fowr pairs of corresponding rays, 

ing 'points, the straight lines which the three points in which Hie pairs 

join the three pairs of opposiie of opposite sides meet one another 

vertices are concurrent. 

89. K in the problem of Art. 

84 (left) the three straight lines 

A A', BB', C7' passed through the 

same point S (if, for example, A 

and A' coincided), then the two 

ranges would be in perspective ; 

we should therefore only have to 

draw rays through S in order to 

obtain any number of pairs of cor- 
g points (Fig. 19). 



'/ opposite sides meet & 
are eollinear. 

If the three points aa', hh', cd 
in Art. 84 (right) lay on the 
same straight line s (it tor ex- 
ample, a and a' coincided), then 
the two pencils would he in per- 
spective ; we should therefore 
only have to connect the two 
centres of the pcnciK with e\ery 
point of s in oidei to obtain any 
number of pairs ot corresponding 
rays {Fig. 20). 

00. If tie two ranges m and m' (Art. 84, left) are superposed one 
upon the other, i.e. if the six given points AA'BB'CC he on the 
same straight line {Fig. 64), we first project m' from an aibittary 
centre S' on an arbitrary straight line «,, and then proceed to make 
the construction for the case of the ranges v^{ABC ) and 
Mj= {^jjS|Cj ...), i.e. to construct with regard to the pans of points 
(AA^i, (BB,), {CO,) in the way shown in Art. 84. A pair of corre- 
sponding points B and 2J, of the ranges w and u, having beeii found. 
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the ray S'D^ determines upon u' the point JD' which 
to D. 

The construction' is simpler in the case where two corresponding 
points A and A' coincide (Fig, 65). 
When this is so, if m, be drawn 
through ^jthe range m, will be in per- 
spective with w ; thus, after having 
projected u' upon u^ from an arbi- 
trary centre S', if 5 ha the point 
where BB' and CC/ meet, it is 
only necessary further to project u 
from S upon u^, and then Mj from 
S' upon u'. J 

The two collinear ranges u and 
m' have in general two self-corre- 
sponding points; one &t AA', and 
a second at the point of int«r- 
I^g- 64' section of their common base line 

with the straight line SS'. 

If then 5^ passes through the point utt, , the two ranges u and vf 
have only one self-corresponding point. If it were desired to con- 
struct upon a given straight line two collinear ranges having 
A and A' for a pair of corresponding points, and a single self-corre- 
sponding point at M (Fig. 66), we should proceed as follows. Take 





Fig. 65. 



any point S', and draw any straight line Mj through jif; project <!' from 
S' on M,; join the point A^ so found to A, and let AA^ meet S'Mm S, 
Then to find the point on 11' which corresponds to any point .B on «, 
project B from S into Bj, and then £, from S' into B' ; this last is 
the point required. 

If the two pencils U , U' (Art. 84, right) are concentric, i.e. if the 
six rays aa'bVcc' pass all through one point, we first cut a'b'e' by 
a transversal and then project the points of intersection from an 
arbitrary centre U,. If aibjC, are the projecting rays, we have then 
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only to consider the non-concentric pencils U and U^'^iafi^c^. Or 
we may cut ahc by a transversal in the points ABC, and a'h'(/ by 
another transversal in A 'B'C, and tben proceed with the two ranges 
ABG ..., A'B'C .- in the manner explained above. 

The figures corresponding to these constructions are not given ; 
the student is left to draw them for himself. He will see that in 
these cases also the constructions admit of considerable simplification 
if, among the given rays, there be one which is self- corresponding ; if, 
for example, « and a' coalesce and form a single ray, &c. 

91. Consider two projective (homographic) plane figures ir and 
■n' ; as has already been seen (Art. 40), any two corresponding straight 
lines are the bases of two project g d y tw orrespond- 
ing points are the centres of two ] j t p 1 

If the two figures have three s If-c n p ding po t lying in a 
straight line, this straight line s II rrpdt tit for it will 
contain two projective ranges wl h 1 tl It responding 

points, and every point of the str ght 1 11 th t e (Art. 82) 

be a self-corresponding point. Consequently every pair of corresponding 
straight lines of n- and t/ will meet in some point on s, and therefore 
the two figures are in perspective (or in homology in the case where 
they are coplanar). 

92. If two projective plane figures which are coplanar have three 
self- corresponding rays all meeting in a point 0, this point will be 
the centre of two corresponding (and therefore projective) pencils 
which have three self-corresponding raya ; therefore (Art. 82) every 
ray through will be a self-corresponding one. Hence it follows 
that every pair of corresponding points will be collinear with ; 
therefore the two figures are in homology. 

93. If two projective plane figures loTtieh are coplanar have four 
sdf'COTrenpoTiding points A , B , G , D, no three of which are collinear, 
iJien imli every point coincide with its correspondent. 

For the straight lines AB , AC, AD, BC, BD, CJD arc all self- 
corresponding; therefore the points of intersection of AB and CD, 
AC and B-D, BC and AD, i. e. the diagonal points of the quadrangle 
ABCD, are all self-corresponding. Since the three points A , B, and 
{AB) {CD) are self-corresponding, every point on the straight line 
AB coincides with its correspondent ; and the same may he proved true 
for the other five sides of the quadrangle. If now a straight line he 
drawn arbitrarily in the plane, there will he six points on it which 
are self-corresponding, those namely in which it is cut by the six 
sides of the quadrangle ; and therefore every point on the straight 
line is a self-corresponding one ; which proves the proposition. 

In a similar manner it may be shown that if two coplanar pro- 
jective figures have four self -corresponding straight lines a, b, c, d. 
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forming a complete quadrilateral (i.e. such that no three ofthmn are con- 
current), then every straight line will coincide with its correspondent. 

84. Thbobbm. Two plane quadrangles ABCB , A'B'G'D' are 
alvm/a projective. 

(I). Suppose the two quadrangles to lie in different planes ir , jt'. 
Join AA', and on it take an arbitrary point S {different from^'), and 
through A draw an arbitrary plane ir" (distinct from w) ; then from 
S as centre project A',£', G',D' upon j/' and let A",B",C",D" 
be their respective projections {A" therefore coinciding with A). 

In the plane it join AB , CD, and let them meet in ^ ; so too in 
the plane jt" join A"S'' , G"D", and let these meet in B". The 
straight lines ABB, A"B"E" lie in one plane since they meet each 
other in t!ie point A = A" ; therefore BB" and EE" will meet one 
another in some point i\. 

Now let a new plane t/" {distinct from ir) be drawn through the 
straight line ABE, and let the points A", B", C", D", E" be pro- 
jected from iSj as centre upon w'". Let A'", B'", C'" , B"', E' 
be their respective projections, where A'", B'", B'" are coUineai- and 
coincide with A ,B,E respectively, and G'" , B'", E'" are collinear 
also, since their correspondents G", B", E" are collinear. The straight 
lines GDE , G"'B"'E"' lie in one plane since they meet each other 
in the point E = E"'; therefore GG'" and BB'" will meet one 
another in some point S^. If now the points A'", B'", G'" , B'" be 
projected from S^ as centre upon the plane n, their projections wOl 
evidently be ii , B , G ,B. 

The quadrangle ABCD may therefore be derived from the quad- 
rangle A'B'G'D' by first projecting the latter from S as centre upon 
the plane ir", then projecting the new quadrangle so formed in the 
plane n" from S^ upon si"', and lastly projecting the quadrangle so 
formed in the plane ir"' from S^ upon -n ; that is to Bay, by means 
of three projections and three sections*. 

{2). The case of two quadrangles lying in the same plane reduces 
to the preceding one, if we begin by projecting one of the quadrangles 
upon another plane. 

{3). If the two quadrangles {lying in different planes) have a pair 
of their vertices coincident, say B and J)', then two projections will 
suffice to enable us to pass from the one to the other ; or, what 
amounts to the same thing, a third quadrangle can be constructed 
which is in perspective with each of the given ones ABCD, 
A'B'G'D'. 

For let there be drawn through T) two straight lines s and /, one 
in each of the planes ; let s cut the sides of the triangle ABC in 

* GBASSM4KN, Die stelTomrfriacAen GfefciliBijjen drilitn Grades und die dadureh 
eneuglen Ober^iioken; Crelle's Journal, vol. 49. S 4 (Berlin, 1855), 
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Z,i/",jV respectively, and let / cut the sides of the triangle A'B'C'\n 
L', M', N' respectiyely. Then in the plane s*' the straight lines LL', 
MM', NN' will form a triangle which is in perspective at once with 
ABC and with A 'B'C. 

(4). If the quadrangles (still supposed to He in different planes) 
have two pairs of their vertices t7^ C, J) = D' coincident, then if 
the straight lines AA ', BB' meet one another the qnadrangles will be 
directly in perspective, the poiot of intersection of AA' and BB' 
being the centre of projection ; so that we can pass at once from, the 
one quadrangle to the other by one projection fronf 0. If AA', BB' 
are not in the same plane, so that they do not meet one another, then 
through CD let an arbitrary plane )t" be drawn, and in it let the 
straight line be drawn which meets AS and A'B'. If in this straight 
line two arbitrary points A", B" Vie taken, then A"B"C"D" will be 
a quadrangle wMch ia in perspective at once with ABCD and with 
A'B' CD'. 

95. From the theorem just proved it follows that two projective 
plane figures ir and j/ can be constructed when we are given two 
corresponding quadrangles ABCD, A'B'C'D'; for the operations 
(projections and sections) which serve to derive A'B'C'D' from 
ABCD will lead from any point or straight line whatever of n to the 
corresponding point or straight line of ^ ; and vice verm. 

Or, again, it may be supposed that two corresponding quadrilaterals 
are given. For if in these two corresponding pairs of opposite ver- 
tices be taken, we have thus two corresponding quadrangles ; and the 
operations (projections and sections) which enable us to derive 
one of these quadrangles from the other will also derive the one 
quadrilateral from the other. 

96. Two plane figures may also be made projective in another 
manner ; leaving out of consideration the relative position of the 
planes in which they lie, we may operate on each of the figures 
separately *. Suppose that we are given, as corresponding to one 
another, two complete quadrilaterals ahcd, a'l/t/d'. We begin by 
constructing, on each pair of corresponding sides, such as a and a', 
the projective ranges which are determined hy the three pairs of 
corresponding points ab and a'b', ac and <i'c', ad and a'd'. This 
done, to every point of any of the four straight lines a, b, c, d will 
correspond a determinate point of the corresponding line in the 
other figure. 

(l). Now let in the first figure a transversal wi be drawn to cut 
a, b, c,d in A, B , C , D respectively; then the points .4', B', C, D' 
which correspond to these in the second figure will in like manner lie 



sight line n 



!(■ La(ie, Alt. 
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For, considering the triangle ahc, cut Ly the transversals d and m, 
the product of the three anharmonic ratios 

a {bcdm) , b {cadm) , e {aldm) 
is equal to + i (Art. 140); but these anharmonic ratios are equal 
respectively to the following : 

a'{b'c'd').A' , b'{c'a'd').B' , e'{a'b'd').C', 
EO that the product of these last three is also equal to + i. And 
therefore, sincD the points a'd', b'd', c^d' are coUinear, the points 
A', B', C are also collinear (Art. 140). 

By considering in the same manner the triangle abd, cut by the 
transversals c and m, it can be shown that A', B' , D' are collinear ; 
it follows then that the four points A', B', C, I)' all lie on the 
same straight line «t', the correspondent of m. 

This proof holds good also when m, passes .through one of the 
vertices of the quadrilateral <^cd ; if for example m pass through 
cd, the anharmonic ratios c(a6dm),rf(a6cwi) will each be equal to + i ; 
the reasoning, however, remains unaltered, 

Ttus every pair of corresponding vertices of the quadrilaterals 
abed , a'b'c'd' (for example cd and a'd') become the centres of two 
projective pencils, in which toe ,d, (cd)[ab) correspond i/, d', {e'd'){a'b') 
respectively, and to any ray cutting a , 5 in two points P , Q cor- 
responds a ray cutting a', b' in the two corresponding points /'', Q'. 

(2). The two ranges ABCB , A'B'C'D' in which the sides of the 
quadrilaterals ahcd, a'b'c'd' are respectively cut by two corresponding 
straight lines m, m' are projective. 

For, considering the triangle b(ym,, cut by the transversals a and d, 
the product of the anharmonic ratios of the three ranges 
be , B , ba , hd 
, cb , ca' , ed 
B , C , A , B 
is equal to + i- And considering in iike manner in the other plane 
the triangle 6Vmt', cut by the transversals a' and d', the product of 
the anharmonic ratios of the three ranges 

h'e', B' , b'a, b'd' 

C ,c'b',c'a',c'd' 

B' , C , A' , D' 

is also equal to + i. But the range in which 6 is cut by the pencil 

cntad is equianharmonic with the range in which 6' is cut by the 

pencil c'm'a'd' ; is. the ranges 

be , B , ba , bd 
b'c', B', b'a', b'd' 
are equianliannonic ; and for a similar reason the ranges 
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are eq^uianharmonic. Therefore the ranges 
B , C , A , B 
I I i D 
will h? equa J 11 nonic 11 d t5 ei fuie piDjectne wl ence it folk; a 
that the projective langcs m and m' iie dctunined 1> n e^n'f ff 
the pairs of oonespoiding p mta limg on « and a b and 6' 
c and 1/ 

(3) If the stiai„ht Ime ti turn round a fixed point M thtn m' 
also mil 1 evolve round i fixed point. 

Foi bj hypothesi'i the points A ind B in whnJi it cuts a and 6 
describe two ranges in perspective whose self corresponding point 13 
ab Similarly the points A' B describe two ranges which, being 
respectively projective with the nnges on a 6 are projective with 
one anothei and which are further -^een to be in perspective 
Bince they hive a telf coirespondmg point a'b' Consequently the 
straight line m' wil! ilwiys pais thiough a fised point M', the 
correspondent of M and will therefore trace out a pencil The 
pencils gciieiated by m and m aie prcjective since the ranges 
are piojective m which they are cut by a pair of coiresponling 
sides of the quidnlaterals e p" bj a and a To the lajs of the 
pencil M which piss respectively through the vertices »' ac ad 
he M cd of the quadnlateial ahci conespond the rays of the pei til 
W which pass icpectively through the vertices a b\ aV, ad, be', 
b'd't c'd' of the quadrilateral a'h'a'df . 

This reasoning holds good also when the point M, round which 
m, turns, lies upon one of the sides of the quadrilateral, on c for 
example ; because we still obtain two ranges in perspective upon two 
of the othei sides Since c is now a ray of the pencil M, c' will be 
the corresponding lay of the pencil M'; that is to say, M' will lie on 
C*. If J/ be t ^ken at one of the vertices, as ed, then M' will coincide 
with e'd', &i 

(4). No^s uuppiie the pencil Mto be cut by a transversal n, and the 
pencil M' to be <.ut bj the corresponding straight line »'. While the 
point rtm describes the lange «, the corresponding point m'n' will 
describe the range n' ; and these two ranges will be projective since 
they are sections of two projective pencils. When the point mn falls 
on one of the sides of the quadrilateral abed, the point in'ii' will fal! 
on the corresponding side of the quadrilateral a'V(fd' ; therefore the 
two projective ranges are the same as those which it has already 
been shown may be obtained by starting from the pairs of ci 
ing points on a and a', b and I/, c and c'. 
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lu this manner the two planes hecome related to one another in 
such a way that there corresponds uniquely to every point in the one a 
point in the other, to every straight line a straight line, to every 
range a projective range, to every pencil a projective pencil. The 
two figures thus obtained are the same as those which can be obtained, 
as CKplained above {Art. 95) by means of successive projections and 
sections, so arranged as to lead from the quadrilateral abed to the 
quadrilateral a'b'c'd'. For the two figures i/ derived from tr by 
means of these two processes have four self-corresponding straight 
lines a', h', c', d' forming a quadrilateral, and therefore (Art. 93} 
every element {point or straight line) of the one must coincide 
with the corresponding element in the other; i.e. the two figures 
must bo identical. 

97. Theokem. Any tioo jiTojective j'lane figures [the straight lines 
at infinity in ibkich are not corresponding lines) can be sujXT^aed 
one upon the oQitr so as to become homological. 

Let i, y be the vanishing lines of the two figures — i.e. the 
straight lines in each which correspond respectively to the straight 
line at infinity in the other. In the first place let one of the figures 
be superposed upon the other in such a manner that i and j' may be 
parallel to one another. Since to any point M aa i corresponds a 
point at infinity in the second figure, to the pencil of straight lines 
in the first figure which meet in M corresponds in the second figure 
a pencil of parallel rays. Through M draw the straight line m 
parallel to these rays ; then m will be parallel to its correspondent m'. 
Similarly let a second point N be taken on i and through N let the 
straight line n be drawn which is parallel to its correspondent n' ; 
let wi and n meet in S, and m' and n' in &' . If through S a straight 
line I be drawn parallel to i, its correspondent I' will pass throagh S' 
and will also be parallel to i, since the point at infinity on i corre- 
sponds to itself. The corresponding pencils S and 8' are therefore such 
that three rays I ,m ,n of the one are severally parallel to the three 
corresponding rays /', m', «.' of the other; and consequently (see 
below. Art. 104) the two pencils are equal. Now let one of the planes 
be made to slide upon the other, without rotation, until iS" comes 
into coincidence with S \ then the two pencils will become concentric ; 
and since they are equal, every ray of the one will coincide with the 
ray corresponding to it in the other. This being the case, every 
pair of corresponding points will be collinear with S, and the two 
figures will he homological, iS' being the centre of homology, 

98. Suppose that in a plane jt is given a quadrangle ABGD, and 
in a second plane i/ a quadrilateral a'b'</d'. By means of construc- 
tions analogous to those explained in Arts, 94-96, the points and 
straight lines ol the one plane can he put into unique correspondence 
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with those of the other, ro that to any range in the first plane cor- 
responds in the second plane a pencil projective with the said range, 
and to any pencil in the first plane corresponds in the second plane a 
range projective with the said pencil. Two plane figures related to 
one another in this manner are called correlative or reciprocal. 
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CHAPTER XI. 

PARTICULAR CASES AND EXERCISES. 

89. Two ranges are said to be similar, when to the points 
A, B,C,D,... of the one correspond the points A',B',C',D%... 
of the other, in such a way that the ratio of any two corre- 
sponding segments AB and A'B', AC and A'C" , ... is a coa- 
stant. 

If this constant is unit^, the ranges are said to bo equal. 
Two similar ranges are j>rofeeiive, every anharmonic ratio 
such as [ABCB) being equal to the corresponding ratio 
{A'B'C'B'). For suppose the 
bases of the two ranges to lie 
in the same plane (Fig. 67) 
and let their point of inter- 
section be denoted by i" when 
considered as a point be- 
longing to »' and by Q when 
Y- 5._ considered aa a point belong- 

ing to w. Let A, A' be any 
pair of corresponding points ; P that point of w which corre- 
sponds to F', and Q' that point of u' which corresponds to Q. 
Draw AA" parallel to it', and A' A" parallel to n. 

The triangles JPQQ,', FAA" have the angles at Q and A 
equal and the sides about these equal angles proportionals, 
since by hypothesis 

FQ__PJ_ _ PA 
F'Q,'~ F'A'~ AA"' 
Therefore the tiiangles are similar, and the angles QFQ' and 
^*^" are equal; and consequently the points P,Q', ^" are 
coUinear. If then the range ABC. ..he projected upon FQ', 
by straight lines drawn parallel to w', we shall obtain the 
range A" B" C" ... ; and from this last, by projecting it upon 
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w ' by straight lines drawn parallel to u, the range A' B'C ... 
may be derived. 

If FQ=I"Q', i.e. if the straight line PQ,' makes equal 
angles with the bases of the given ranges, the ranges are 
equal. 

To the point at infinity of v, corresponds the point at infinity 
oiu'. 

100. Conversely, ^ the points at infinity I and I' of two 
projective ranges v, and ■d correspotid to each other, the ranyes 
will he smilar. For if (Fig. 67) u be projected from /', and u' 
from / (as in Art. 85, left), two pencils of parallel rays will be 
formed, corresponding pairs of which intersect upon a fixed 
straight line n". The segments A"£" of «" will be propor- 
tional to the segments AB of u and also to the segments A'B' 
of u' ; consequently the segments AB of m will be proportional 
to the segments A'B' of u'. 

Otherwise: if AA^, BB' , CC are three pairs of corre- 
sponding points, and 1 , 1' the points at infinity, we have (by 
Art. 73) 

(ABCI) = A'B'C'I') ; 

or (by Art. 64), since /and /' are infinitely distant, 
AC A'C 
BC" B'C 
an equation which shows that corresponding segments are 
proportional to one another. 

Examples. If a flat pencil whose centre lies at a finite distance 
be cut by two parallel straight lines, two similar ranges of points wUl 
be obtained. 

Any two sections of a flat pencil composed of parallel rays are 
p imil a.r ranges. 

In these two examples the ranges are not only projective, but also 
in perspective ; in the first case the self-corresponding point lies at 
infinity ; in the second case it lies (in general)" at a finite distance. 

101. Two flat pencils, whose centres lie at infinity, are pro- 
jective and are called similar, when a section of the one is 
similar to a section of the other. When this is the case any 
other two sections of the pencils will also be similar to one 
another, 

lOa. From the equality of the anharmonic ratios we con- 
clude that two equal ranges are projective (Art. 79), and that 
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conversely two projective ranges are equal {Art. 73), when the 
corresponding segments which ai-e bounded by the points of 
two corresponding triads /(^Cand^'5'(7' are equal; i.e. when 
A'B'^AB, A'C'^AC, (and consequently B'C'=BC). 

Examples, If a flat pencil coti'iistui^ of pirtdlel rajs be cut by 
two transversals wMch are equallj inclined to the direction of the 
rays, two directly equal ranges of points will be obtained *. 

If a flat pencil of non-parallel lays ha cat by two transversals 
which are parallel to one another and equidistant from the centre of 
the pencil, two oppositely equal langes will be obtained*. 

103. Two similar ranges lying on the same base, and which have one 
self-corresponding point N at hifinity, have also a second such point 
M, which is in general at a iinite distance. If AA', BB' are two 
pairs of corresponding points, 

MA : MA' = AB : A'B' = a constant. 
To find M therefore it is only necessary to divide the segment A A' 
into two parts MA , MA' which bear to one another a given ratio. 

This ratio MA : MA' is equal (Art. 64) to the anharmonic ratio 
(AA'MN). If its value is — i, the points AA'MN are harmonic 
(Art. 68), i.e. M is the middle point of AA', and similarly also that of 
every other corresponding segment BB',... ; in other words, the two 
ranges, which in this case are oppositely equal, are composed of pairs 
of points which lie on opposite sides of a fixed point M, and at equal 
distances from it. 

But if the constant ratio is equal to -H i, i.e. li MA and MA' are 
equal in sign and piagnitude, the point M will lie at infinity. For 
since {AA'MN)=t, .-. {NMA'A)=-i {Art. 4S) ; consequently the 
points M and N coincide. 

It follows also from the construction of Art. 90 (Fig. 66) that two 
ranges on the same base, which have 
a single self-coi-resjionding point lying 
at infinity, are directly equal. 

For if in Fig. 66 the point M 
move off to infinity, the straight lines 
SS' and A^B^ become parallel to the 
given straight line m or v.' on which 
the ranges lie (Fig. 68), and as 
the triangles SA,B^ and S'A^B^lie 
3 and between the same parallels, the s 




■ace out a range ABC. . . and its oorreBpondent 
ont simultaneously the equal range A'B'C... Tien if J> and P' 
I ranges are Baid to be directly equal ; if P 
a opposite directions, the rangea are said to be opposiidy equal. 
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wliich they intercept upon any parallel to tlie base are equal ; tJius 
AB=.A'B', or two corresponding segments are equal', consequently 
AA''=-BB', i.e. the segnient bounded by a pair of corresponding points 
is of constant length. We may therefore suppose the two ranges to 
have been generated by a segment given in sign and magnitude, 
which moves along a given straight line ; the one extremity A of 
the segment describes the one range, and the other extremity A' 
describes the other range. 

Conversely it is evident that if a segment AA', given in sign and 
magnitude, slide along a given straight line, its extremities A and A' 
will describe two directly equal (and consequently projective) ranges, 
which have a single self-corresponding point, lying at an infinite 
distance. 

104. Two flat pencils are eaid to be equal when to the 
elements of the one correspond the elements of the other in 
such a way that the angle included between any two rays 
of the first pencil is equal in sign and magnitude to the angle 
included between the two coiTesponding raya of the second. 

It is evident that two such pencils can always be cut by 
two transversals in such a way that the resulting ranges are 
equal ; but two equal ranges are always projective ; therefore 
also (wo equal fiat pencils are always •projective. 

Conversely, two projective fiat p&itdU abed... and a'h'<?d' ... will 
he equal if three rays abc of the one make wUk each other angles 
which are equal respectively to those which the three corresponAing 
rays make with each other. 

This theorem may be proved by cutting the two pencils 
by two transversals in such a way that the sections ABC 
and A'B'C of the groups of rays abc and a'b'c' may be equal. 
The projective ranges so formed will be equal (Art. 102); con- 
sequently also the other corresponding angles ad and a'd', ... of 
the given pencils must bo equal to one another, 

105. Since two equal forma (ranges or flat pencils) are 
always projective with one another, it follows that if a range 
or a flat pencil be placed in a different position in space, 
without altering the relative position of its elements, the form 
in its new position will be projective with regard to the same 
form in its original position. 

106. Consider two equal pencils abed... and a'b'c'd' ... in the 
same plane or in parallel planes ; and suppose a ray of the 
one pencil to revolve about the centre and to describe the 
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. pencil ; then the corresponding ray of the other pencil will 
describe that other pencil, by revolving about its centre. 
This revolution may take place in the same direction as 
that of the firat ray, or it may bo in the opposite direction ; 
in the first case the peneils are said to be directly equal, and in 
the second case to be oppositely/ equal to one another. 

In the first case the angles aa', hb', cc',... are evidently all 
equal, in sign as well as in magnitude ; consequently a pair 
of corresponding rays are either always parallel or never 
parallel. 

In the second case two corresponding angles are equal in 
magnitude, but of opposite signs. If then one of the pencils 
be shifted parallel to itself until its centre coincides with that 
of the other pencil, the two pencils, now concentric, wUl atUl 
be projective (Art. 105) and will evidently have a pair of 
corresponding rays united in each of the bisectors (internal 
and external) of the angle included between two correspond- 
ing rays a and a'. It follows that these rays are also the 
bisectors of the angle included between any other pair of 
corresponding rays. If the iirst pencil be now replaced in its 
original position, so that the two pencils are no longer con- 
centric, we see that t&ere are in each pencil two rays, each of 
which is parallel to its correspondent in the other pencil; and these 
two rays are at right angles to each other, since they are parallel 
to the bisectors of the angle between any pair of correspond- 
ing rays. 

107. If two flat pencils ahcd. . . and a'b'(/d'. . . are projective, and 
if the angles ad, W, c/ included Jiy three pairs of corresponding rays 
are equal in magnitude and of the sarae sign, then the angU dd' 
included by any other pair of corresponding rays will have the same 
sign and magnitude. 

For if we shift the first pencil parallel to itself until it 
become concentric with the second, and then turn it about the 
common centre through the angle aa', the rays a,h,c will coin- 
cide with the rays a', h', c' respectively. The two pencils, which 
are still projective (Art. 105), have then three self-correspond- 
ing rays; consequently (Art. 82) every other ray will coincide 
with its correspondent. If now the first pencil be moved back 
into its original position, the angle dit will be equal to aa'. 

108. As the angles aa', bh' , cc', ... of two directly equal 
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pencils are equal to one another, such pencils, when eoncentrrie 
and lying in the same plane, may be generated by the rotation 
of a constant angle aa' round its vertex 0, supposed fixed ; the 
one arm a traces out the one pencil, while the other arm a' 
traces out the other pencil. 

Conversely, if an angle of constant magnitude turn round 
its vertex, its arms will trace out two (directly) equal and 
therefore projective pencils. Evidently these pencib have no 
self -corresponding rays. 

A transversal cutting these two pencils determines on 
itself two collinear ranges having no self-corresponding points. 

Wliat has been said, in Arts. 104-108 with respect to two pencils 
in a plane might be repeated without any alteration for the case of 
two axial pencils in space. 

109. (I). Let ABC ..-, A'B'G'... be two projective ranges lying 
upon the same base, and let them, by means of the pencils abc..., 
a'b'i/..., be projected from different points U, V. Let i,j' be those 
rays passing through U, U' respectively, which are parallel to the 
given base, and let i' , j be the rays corresponding to tiiem. The 
points /', J in which these last two rays cut the given base will then 
be those points which correspond to the point at infinity (7 or J') of 
the base, according as that point is regarded as belonging to the 
range ABO ... or to the range A'B'G'.. . 

Tte fact that the two corresponding groups of points are pro- 
tectively related gives an equation between the anharmonic ratios, 
from which we deduce (as in Art. 74) 

/4./'^'=-/5./'5'=: a constant; .... (1) 
i.e. the product J A . I' A' is constant for every ]>a!r of points A, A'. 

Let be the middle point of the segment JI', and 0' the point 
corresponding to regarded as a point belonging to the first range. 

Since the equation (1) holds for every pair of corresponding points, 
and therefore also for and 0', we have 

JA.rA'=JO.I'0', (2) 

or {OA - 0.T) (OA'- or) + O.T{00'- 01') = o ; 

or since 01' =-0 J, 

0A.0A'-0r(0A~-0A'+00') = o (3) 

Let us now enquire whether there are in this case any self- 
corresponding points. If such a point exist, let it be denoted by jS ; 
then replacing both A and A' in (3) by E, we have 

0E^=0r.00'. (4) 

■\Ve conclude that when 0!'. 00' is positive, i.e. when does not 
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lie between /' and 0', there are two self-corresponding points S and 
F, lying at equal distances on opposite sides of 0, and dividing the 
segment I'O' harmonically (Art. 69). 

When lies between /' and 0', there are no such points, 

"When 0' coincides with 0, there is only one Buch point, viz. the 
point ItBelf 

(2), Imagine each of the given ranges to be generated by a point 
moving always in one direction*. If the one range is described in 
the order ^5C, the other range will be described in the order ^'^'C; 
this order may be the same as the first, or may be opposite to it. 

If the order of A3G is opposite to that of A 'S'C, the same will be 
the case with regard to the order of /"J^ and that oH'J'A', and again 
with regard to the finite segment JA and the infinite segment J'A'; 
i.e. the finite segments JA and I'A' have the same sign. In con- 
sequence therefore of equation (2), JO and I'O' have the same sign ; 
BO that does not fall between I' and 0' (Fig. 6ga) ; there are there- 
fore two self-corresponding points. And these will lie outside the 
finite segment //', since 0£! is a mean proportional between 01' and 
00'. 

If the order of ASC is the same as that of A 'B'C, we arrive in a 
similar manner at the con- 

a { "Z' — ^■— ' =f; ^T — sr elusion that J A and I'A ', 

and again JO and I'O', have 
IS. In this case 



Eig, 69. then,self-corresponding points 

exist if does not lie be- 
tween /' and 0'; that is, if 0' lies between and /' (Fig. 69 h). And 
these will lie within the segment JI', since OE is a mean proportional 
between 01' and 00'. 

(3). Suppose that there are two self-corresponding points E and 
i^{Fig. 70); draw through E any straight line, on which take two 
points 5, 5'; and project one of 
the ranges from S and the 
other Irom S'. The two pencils 
which result are in perspective, 
since they have a self-corre- 
sponding ray SES'; accordingly 
the corresponding rays SA and 
S'A', SB and S'B', ...SF and 
F'g- 70- S'F' will intersect in points 

lying on a straight line u' 
which passes through F. 

Let E" be the point where this straight line u" meets SS'. Then 
* Steineb, loc. cit. p. 61, 5 16, II. Collected Works, yol. i, p. iSo. 
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EFAA' and EFBB' are the projections of EE"SS' from the centres 
^"and£" respectively; therefore £/'ii' and ^7PS£' are projective 
with one another ; thus the aaharmonic ratio of the system consisting 
of any two corresponding points together with the two self-corre- 
sponding points is constant. 

In other words : two jrrojectvoe forma which are sv/perjiosed one upon 
the other, and which have two self-correspondinff drnnents, are composed 
of pairs of ekmetUs which give with two fixed tmes a constant anhar- 
monic ratio *, 

(4). Next suppose that there are no self-corresponding points ; so 
that lies between O'and T' (Fig. Jr). Draw from Ob. straight line 
Of/ at right angles to the given hase and make OU the geometric 
mean between I'O and 00'] thus I'TJO' will be a right angle. 

Again, draw through fthe straight line /iV parallel to the given 
base; then the angle JUT' will be equal to JtJ.I', and tlie angle 
OUO' wOl be equal to OI'U and 
therefore to lUI'. Thus in the 
two projective pencOs which pro- 
ject the two given ranges from U, 
the angles lUI', JUJ', OUO' 
included by three pairs of cor- 
responding rays are all equal; ^ 
consequently (Art. 107) the angles 

A UA', BUB', ... are also all equal to them and to one another, and 
are all measured in the same directiont- 

Thus : Pwo collinewr ranges which Jiave no self- cor responding points 
can alwat/s be regarded as generated iy ilie intersection of their base 
line with tlic arms of an angle of constant magnitude which revolves, 
always tn the same direction, about its vertex. 

110. We have seen {Art, 84) the general solution of the problem : 
Given three pairs of corresponding elements of two projective one- 
dimensional forms, to construct any desired number of pairs ; or, in 
other words, to construct the element of the one form which corre- 
sponds to a given element of the other. The solution of the following 
particular cases is left as an exercise to the student; 

I. Suppose the two forms to be two ranges m and w' which lie on 
different bases ; and let the given pairs of elements be 
(a) P and P', Q and Q''„ A and A'; 

* The above oonatmction ^Tea the Bolution i>f the problem : Given two pairs 
A, A and JJjB'of corresponding points, and one of the aelf-oorresponding points 
E, to find the other aelf-correspooding point. 

+ Chasms, loc. cU. p. iig. 

t P,P', Q,(i', I.I', /, J' have the same meaning ai( in Art. Hi; ^,B,,.. are 
any given points. 
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(b) P and P', A and A', B and j 

(c) / aBd /', / and /', P and P'\ 

(d) / and /', / and J' , A and A' 

(e) I and /', P and P' , Q and G' 

(f) / and /', P and P\ A and ^' 

(g) / and /', A and A', £ and ^. 

2. Solve problems (d) and (g), supposing tbe ranges to be collinear. 

3. Solve tbe problems correlative to (a) and (b) when tbe two given 
forms are two non-concentric pencils. 

4. Suppose one of tbe pencils to have its centre at infinity. 
g. Suppose both the pencils to have their centres at infinity. 

111. He may also prove for himself the following proposition : 

If the three vertices A, A', A" of a variable triangle slide respectively 
on three fiaxd straight lines u, v,', u" whieh meet in apoint, ivkUe two 
of its sides A' A", A" A turn respectively rov/ad two fixed points and 
0', then will also the thvrd side AA' always petsa throiigh afseed point 
0", collinear with and 0'. 

It is only necessary to show that the points A, A', il " in moving 
describe three ranges which are two and two in perspective. Or the 
theorem of Art. 16 maybe applied to two positions of the variable 
triangle. 

This proposition proved, the following corollary may be at onoe 
deduced : 

If the four vertices A,A',A",A"' of a variable quadrangle slide re- 
spectively upon four fixed straight lines 
which all pass through the same point 0, 
vjhiletkreeofit3sidesAA',A' A", A" A'" 
turn respectively round three fixed points 
C, B'", B', ihen will the fomrth side 
A'" A and the diagonals AA", A' A'" 
•pass respectively through three other fixed 
fointa C", C", B", which are deter- 
mined by the three former ones. The six 
fixed points wee the vertices of a complete 
quadrilateral, i.e. they lie three by three 
on four straight lines (Fig, ya). 

In a similar manner may be deduced the ; 
relating to a polygon of m vertices. 

112. Theorem. If a triangle ^0 ^0 , circumscribes another trianyle 
U, U^ U^, there exist an infinite number of triangles each of whidt is 
circumscribed about the former and in^scribed in the latter (Fig. 73}. 

The two pencils 

0^{U„U^,U,...) and 0^{U,, 11^,(1^...) 




Fig. 71. 



corollary 
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obtained by projecting the range UJJ^ ... from 0^ and from 0^, are 
evidently in perspective. Similarly the pencUa 

0, {U^, U^, U^ ... ) and 0^ {U^, U^, U^ ... ) 
obtained by projecting the range U,U^... from Oj and from 0=,, are 
in perspective. Therefore tlie pencils 

Oj {U^, Cj, P, ... ) and 0^ (f7„ U^, U, ... ) 
are projective (Art. 41); but the raya 0-,U^ and OjP'j coincide; 
therefore (Art. 62) the pencils are in perspective, and their corre- 
sponding rays intersect in pairs on PiPj. 
There are then three pencils Oj, 0^, 0,, 
which are two and two in perspective ; 
corresponding rays of the first and 
second, second and third, third and first, 
intersecting in pairs on the straight lines 
UJ7„ UJJ^, U^U^ respectively. This 
showa that every triad of corresponding 
raya will form a triangle which is cir- 
cumscribed about the triangle 0,0^0^, 
and inscribed in tbe triangle f/j^/j U^". F'g- 7S- 

118. Theorem. A variable straight 
line turning about a fixed point U cuts two fixed strai/jht lines m and 
u' in A and A' reepeotively ; if S , S' are two fiaxd points coliinear 
with uu\ and SA , S' A' he joined, the locus of their povrtt of intersection 
M will be a straight line t. 

To prove this, we observe that the points A and A' trace out 
two ranges in perspective with one another, and that consequently the 
pencils generated by the moving rays SA , S'A' are in perspective 
(Arts. 41, 80). 

The demonstration of the correlative theorem is proposed as an 
exercise to the student. 

114. Theobbm. U,S,S' are three coliinear points ; a transversal 
burning about U cuts two fixed straight lines m and u' in A and A' 
respeedvely ; if SA , S'A' he joined, their point of intersection M will 
describe a straight line passing through the point mw'J:. 

The proof is analogous to that of the preceding theorem. 

The proposition just stated may also be enunciated as follows : 

If the three sides of a variable triangle AA 'M turn resjiectively about 
three fixed coliinear points U, S , S', while two of its vertices A, A' 

* STSllfEB, he. Hit. p. 85. 5 23, IL Collected Works, vol. i. p, 2gj. 
+ PiFFDS, loe. cit., book VII. props, uj, 133, 141, 143. Chasleb, loc, cU. 
pp. 241, 242. 

t Chasles, lof, cit. p. 242. 
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slide res2>ectively upon two Jtxed straight lines u , u', then will the 
third vert&c M also describe a straight line *. 

In a like manner maj be demonstrated the more general theorem r 
Jf a fc^ygon ofn aides dis2)laees itself in sach a manner that each of 
its sides passes through one of n fixed collinear }>oi-nts, while n—i 
of its vertices slide each, on one of n—i fixed straight lines, iTien will 
also the remaining vertex, and the point of inlersec^on of any two 
Tton-consecuCive sides, describe straight lines t. 

The correlative proposition is indicated in Art. 8S. 
115. Problem. Given a parallelogram ABCD anda point P in its 
plane, to draw through P a 2>araUel to a given straight line EF also 
lying in the plane, making use of t/ie ruler only. 

First Solution. — Let F and F (Fig, 74) he the points where the 
given straight line is cut by AB and 
AD respectively. On AC take any 
point K; join EK, meeting CJJ in 
G, and FK, meeting BC in JI. 

The triangles AEF , CGH are 
horaological (Art. 18), since ^C, £■(?, 
FH meet in the same point K ; and 
the axis of homology is the straight 
line at infinity, since the sides 
.e are parallel respectively to the cor- 
g sides C&, CH of the second. Therefore also the remaining 
sides EF and Gil are parallel to one another X- 

The problem is thus reduced to one already solved {Art. 86), viz. 
given two parallel straight lines EF and GH, to draw through a 
given point P a parallel to them. 

Second Solution^^VvoAaufi (Fig. 75) the sides AB, BO, CD, DA 
a f and a diagonal AC of the 

given parallelogram to meet 
the given straight line EF in 
E, F, G, M, I respectively, and 
join EP, GP. Through / draw 
any straight line cutting EP in 
A' and GP in C, and join HA', 
FC ; if these meet in Q, then 
will PQ be the required straight 




Fig. 14. 
AE , AF of the first trianj 




Fig. 76- 
For if B' denote tl 



point where EP cuts FQ, and D' the 



mt 



* ThiB is one of Euolid'e poriEmg. See Pappus, loe. cil., preface to book VII. 

•^ This 13 one of the porisma of PiPPUS; loc. dt., preface to book VII. 

J PoBCELET, Pi-oprUUi projeclives, Art. 198. 

5 LiMBBaT, Freie Perspective (Eiirich, i;74), vol. ii. p. 169. 
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where (?/* cuts HQ, the paraDelograms ABCD and A'B'O'D' are 
homological, BF heing the axis of homology. The point P corre- 
sponds to the point of interBection of AB and OD, and the point Q 
to that of BG and AD ; therefore PQ corresponds to the liae at in- 
finity in the first figure ; accordingly it is the vanishing line of the 
second figure, and consequently PQ is parallel to EF (Art. 18), 

116. Pboblem. Given a eirele ciTtd its centre/ to draw a perpen- 
dicular to a given straight line, making use of the ruler only. 

Draw two diameters AO , BD of the circle (Fig. 76) ; the figure 
ABC'S is then a rectangle. Accordingly, if any point K be taken on 
the circumference, then hy means of the last 

proposition (Art. 11 5) a parallel KL can be '^ 

drawn to the given straight line BF. If 

the point L where this parallel again meets 

the circumference be joined to the other 

extremity M of the diameter through K, 

then evidently ZM will be perpendicular 

to KL, and therefore also to the given c 

straight line. Kg, yg. 

117. Pboblem. Given a segment AO and 

iis poimt of bisection B, to divide BG into n equal parts, maUng use 
of the ruler only. 

Construct a quadrilateral ULDlf (Fig. 7;) of which one pair of 
opposite sides DL , NU meet in A, the other pair LU , DN in G, and 
of which one diagonal IKI passes through B ; the other diagonal LN 
will be parallel to AC (Art. 59), and will be bisected in JK" by i> U. 




Kg. 77. 



Now construct a second quadrilateral YMEO which satisfies the 
same conditions as the first, and which moreover has M for an 
extremity and S for middle point of that diagonal which is parallel 
to AC. To do this it is only necessary to join AM and BN, meeting 
in B, and to join GE ; this last will cut LN produced in a point 
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such that NO-=MN=.LM. Now construct a third quadrihiteral 
analogous to the first two, and which has N for an extremitj- and 
for middle point of that diagonal which is parallel to AC. HP is 
the other extremity of this diagonal, then OP=^NO=MN^LM, 
Proceed in a similar manner, until the number of the equal segments 
LM ,MN ,NO,OP, ... is equal to n. 

li PQ is the segment last obtained, join LB, meeting QC in 2; 
the straight linee which join ^ to the points M , N , , P, ... will 
divide £C inte n equal parts *. 

118. The following problems, to he solved by aid of the niler only, 
are left as exercises to the student : 

Given two parallel straight lines AS and u ; to bisect the seg- 
ment AB (Art. 59). 

Given a segment AB and its point of bisection C; to draw through 
a given point a parallel to AB (Art. 59). 

Given a circle and its centre ; to bisect a given angle (Art. 60). 
GHiven two adjacent equal angles .AOC, COB; to draw a straight 
line through at right angles to OC (Art. 60). 

lie. Theokem. If two triangles ABO t A' B'C, lying in different 
2>laries o , a, are in perspeelive, nnd if the plane cf one of tTiem be made 
to t-am round an', then the point in which the rays AA', BB', CO' 
meet will change its position, and will describe a circle lying in a 
plane perpendicvlar to the line in/t. 

Let D, E, F (Fig. 78) be the points of the straight line ircr' 
in which the pairs of corresponding sides 5C and i?'C',Cy and C'A',AB 
and A 'B' meet respectively (Art. 18). First consider the planes of the 
triangles to have any given definite posi- 
tion, and let bo the centre of projection 
for that position. Through draw 
OG , Off, OK parallel respectivdy to the 
sides of the triangle A'B'C" , 'ks the'^e 
parallels lie in the same plane (parallel 
to ./)they will meet the plane o- m three 
points G , H , K oi the line wo- 
rig. 78. Now suppose the plane </ togethei 

with the triangle A'B'C to turn lound 
the line o-o-'. The range BCDG is in perspective with the range 
B'C'DG' (where G' denotes the point at infinity on B'C) , there 
fore the anharmonic ratio (BCDG) is equal to the anharmonio ratio 
(B'C'DG'), i.e. to the simple ratio B'D : CD (Art. 64) which is 

* These and other problems, to be anlved by aid of the ruler only will I e fr tii 
in the work of Lambest quoted above. 

t CHASLBS.iiW.flfl., Arts. 368, 369. Apropositioii equivalent to thialiaaalready 
been proved by a different method in Art. 22. 
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constant. Since then B, C, D are fixeil points, G must also be a 
fixed and invariable point (Art. 65). From tlie similar triangles 
OBG ,B-BD 

00 -.B'D-.-.BG: BD, 
B'D ■ BG 
BD ' 



OG^- 



i. e. OG is constant. The point therefore moves on a sphere whose 
centre is G and whose radius is the constant value just found for 06. 

In a similar manner it may be shown that moves upon each of 
two other spheres having tlieir centres at II and K respectively. 

Since then the point must lie simultaneously on several spheres, 
its locus must be a circle, whose plane is perpendicular to the line 
of centres of the spheres, and whose centre lies upon this same line. 

This line GUK is the line of intersection of the planes jr and o- 
and is consecinentlj parallel to at/ (since tt and a' are parallel planes) ; 
it is the vanishing line of the iigure o-, regarded as the perspective 
image of the figure o' {Art. 13). 

120. Theoeem. Two concenbric projective pencils lying in the same 
plane, ivhicli have no sdf-corresp07)ding rays, may be regarded as Uie 
perspective image of two directly equal pencils *. 

Let be the common centre of the two pencils. Cut them by a 
transversal a, thus forming two collinear projective ranges ABC ... 
3,iidA'B'C'... which have no self-corresponding points. Draw through 
s any plane a' ; we can determine in this plane (Art. 109) a point 1/ 
such that the segments AA', BB', CO', ... subtend at it a constant 
angle ; thus if the two ranges be projected from U as centre, two 
directly equal pencils will be obtained. Now let the eye be placed at 
any point of the straight line U, and let the given pencils be pro- 
jected from this point as centre on to the plane o-'. In this way two 
new pencils wiD be formed ; and these are precisely the two directly 
equal pencils mentioned in the enunciation. 

* Chasles, he. cil., Art. i8o. 
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ISVOIUTIOS. 




121. Consider two projective flat pencils (Fig. 79) having a 

common centre ; let them be cut in corresponding points by 

the transversals u and «', thus giving two projective ranges 

n ABC ... and A'H'C ... ; and let m" bo 

the straight line on which the pairs 

of lines ^5' and A'B,... (Art. 85, left) 

intersect. Through draw any ray 

(not a aelf-eorresponding ray) ; it will 

cut it and w' in two non- corresponding 

rig. 70. " points A and B' and will meet a" in 

a point of the line A'B. To the r&yOA 

of the first pencil corresponds accordingly the ray OA' of the 

second, and to the ray OB' of the second pencil corresponds 

the ray OB of the first. In other words, to the ray OA or OB' 

correspond two different rays OA' , OB according as the first 

ray is regarded as belonging to the first pencil or to the 

second. Por the line A'B must -cut AB' on m", and cannot 

pass through so long aa this point does not lie on »". We 

see then that 

M two evjierposed projective forms* [of one diwenston) there 
correspond, in general, to any given element two different elements, 
aeeording as the given element is regarded as one lelongimg to the 
first or to the second form. 

We say in general, because in what precedes it has been 
assumed that does not lie upon u". 

* We Bay two forms, because the reasoiiiiig which we have made use of in the 
case of two concaniric flat pencils may equally well be applied in the case of two 
collinear raises, and of two asial penoiJs having a common axis. The same result 
may be arriTed at by cutting the two flat pencils by a transverBUl, and by pro- 
jecting them from a point lying outside their plane. 
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122. But in the ease where lies upon u" (Fig. 8o), if a 
ray be drawn through to cut m and u' in A and B' respec- 
tively, then will also A'B pass through ; in other words, to 
the ray OA or OB' corresponds 
the same ray OA' or 
This property may be e 
by saying that the two rays 
corresponA doubly to one another \ 
or we may say that the two rays 
are conjugate to one another. 

Now suppose, reciprocally, 
that two concentric projectivo Fig. So. 

fiat pencils have a pair of rays 

which correspond doubly to one another. Cut the pencils 
by two transvei-sala w and u', and let A and B' denote the 
points where these transversals intersect one of the given 
rays; then A' and B will denote the points where they 
intersect the other given ray. The straight hne u", the 
locus of the points of intersection of the paira of lines such 
as MN', M'N, formed by joining crosswise any two pairs of 
corresponding points of the ranges w , m' (Art. 85), will pass 
through 0, since the lines AB' , A'B meet in that point. If 
now there be drawn through any other ray, cutting the 
transversals say in C and B', then will C'B also pass through 
0, i.e. the rays OCB' and OBC also correspond doubly to 
each other We conclude that 

When two iuper^meil projecfne forms of one dimension are such 
that any one element has the same correspondent, to whichever 
form it he regarded ai belonging, then every element possesses this 
property 

123 This particular case of two superposed projective forms 
of one dimen&ion is called Involution*. We speak of an 
involution of pointy of rajs, or of planes, according as the 
elements are points of a range, rays of a flat pencil, or planes 
of an axial pencil 

In an miohtfion, then, the elements are conjugate to one 
another m pairs, i e each element has its conjugate. To 
whichever of the two forms a given element be considered to 

teraenU des reiicoiiiree iFmi* 
i, 1864), vol. i. p. 1:9. 
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belong, the element which corresponds to it is the same, viz. 
its conjugate. It follows from thia that it ia not necessary to 
regard the two forms as distinct, but that an inmlution may le 
considered as a set of elements which are conjugate to one another in 
jiairs. 

When AA', BB', CC\ . . , are said to form an involution, it is 
to be understood that A and A', 5and B', C and C',... are pairs 
of conjugate elements ; moreover, any element and its con- 
jugate may be interchanged, so that AjI' BB' CC ... and 
A'AB'BG'G... arc projective forms. 

124. Since an involution is only a particular case of two 
superposed projective forms, e^^eiy section and every projection of 
an involution gives another involution*. 

Two conjugate elements of the given involution give rise to 
two conjugate elements of the new involution. It follows 
(Art. 18} that the figure homological with an involution is 
also an involution. 

125. When two collinear projective ranges form an involu- 
tion, there corresponds to each point {and consequently also to 
the point at infinity I oi J') & single point {1' or J) ; i.e. the 
two vanishing points coincide in a single point. Let this point, 
the conjugate of the point at infinity, be denoted by 0. The 
equation (1) of Art. 109 then becomes 

OA , OA' = constant. 
In other words, an involution of points consists of pairs of 
points A, A' which possess the property that the rectangle 
contained by their distances from a fixed point 0, lying on 
the base, is conatantf. This point is called the centre of the 
involution. 

The self-corresponding elements of two forma in involution 
are called the double elements of the involution. In the case of 
the involution of points AA', BB',. . , we have 

0^ . OJ' = 05 . 05' =... = constant. 
If this constant is positive, i. e. if does not lie between two 
conjugate points, there are two double points ^andJ", such 
that 

052= OF'^^OA.OA' = OB.OB'= ...; 

' Desakgdks, Idc. dt. p. 147. 
f Ibid. pp. lit, rip. 
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therefore lies midway between E and F, and the segment 
SJ^ divides harmonically each of the segments AA',BB', ... 
(Art. 69. [3]). Accordingly: 

If a» mmlution Ms Iwo double elements, tMse separate har- 
monically an^pair of eonjugate elemenU; or: An involution is made 
■up of pairs of elements which are harmonically conjugate loith regard 
to two fixed, elements. 

If, on the other hand, the constant ia negative, i.e. if falls 
between two conjugate points, there are no double points. In 
this ease there are two conjugate points situated at equal 
distances from and on opposite sides of it, such that 
0E= — ON, and 

OE'' = 0^'2 = — OE. 0E'= — OA . 01'. 

If the constant is zero, there is only one double point ; 
but in this case there ia no involution properly so called. 
For since the rectangle OA. OA' vanishes, one out of every 
pair of conjugate points must coincide with 0. 

126. The proposition that if an involution has two double 
elements, these separate harmooieally any pair of conjugate 
elements, may also be proved thus : - 

Let EemdF be the double elements, ^and^' any pair of 
conjugate elements ; since the systems EFAA', EFA'A are pro- 
jective, therefore (Art. 83) each of them is harmonic. 

The following is a third proof. 

Consider BAA'... asi.^EA'A... as two projective ranges, and 
project them respectively from two points ySand^ collinear 
with E (Fig. 8i). The projecting pencils S{EAA'...) and 
S'fEA'A...) are in perspective (since 
they have a self-eorresponding ray 
in SS'^) ; therefore the straight line 
which joins the point of intersection 
of SA and S'A' to that of SA' and 
S'A will contain the points of inter- 
section of aU pairs of corresponding 
rays, and will consequently meet 
the common base of the two ranges at the second double 
point F. But from the figure we see that we have now a 
complete quadrilateral, one diagonal of which, AA', is cut by 
the other two in E and F; consequently (Art. 56) EFAA' is a 
harmonic range. 
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The proposition itself is a particular case of that proved in 
Art. 109(3). From this we conclude that the pairs of elements 
(pointa of a range, rays or planes of a pencil) which, with two 
fixed elements, give a constant anharmonie ratio, form two 
superposed projective forms, which become an involution in the 
case where the anharmonie ratio has the value — i (Art. 68). 

127. An involution is determined hy two pairs of conjugate 
elements. 

For let^,^'and5,iJ'be the given pairs. If any element C 
be taken, its conjugate is determinate, and can be found as in 
Art. 84, by constructing so that the form A'AB'C shall be 
projective with AA'BG. We then say that the- siw elements 
AA',BB',CC' are in involution; i. e. they are three pairs of an 
involution. 

Suppose that the involution with which we have to deal is 
an involution of points. Take any point G (Fig. 82) outside 
the base, and describe circles round G-iJ'and GBB'; if if is 
the second point in which these circles meet, join GH, and let 
it cut the base in 0. Since GHAA' he on a circle, 

OG.OII^OA.OA'i 
and since GRBB' lie on a circle, 

OG.OH=OB.OB'; 
.: 0A.OA'=0B.OB'. 
is therefore the centre of the involution determined by the 




pairs of points A , ^'and B , B'. If any other circle be drawn 
through Gandfl, and cut the base in CandC", we have 
OG.OH=: OC.OC'; 
.-. 0C.0C'=0A.OA' = 0B.0B', 
and C , C" are therefore a pair of conjugate points of the invo- 
lution. In other words, the circle which passes through two 
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conjugate points C ,C' or J3, J9' and through one of the points 
G , H always passes through the other. Accordingly : 

The pairs of conjugate points of the involution are the points of 
intersection of the liase with a series of circles passing through the 
points G and II. 

128. From what precedes it is evident that if the involution 
baa double points, these will bo the points of contact of the 
base with the two circles which can be drawn to pass through 
G and II and to touch the base. It has already been seen 
(Art. 125) that these points are harmonically conjugate with 
regard to A and A', and also 
with regard to B and B'. Con- 
sequently (Art, 70) the involution, 
has double points when one of th£ 
pairs AA', BB' lies entirely within 
or entire^ without the other, i.e. 
when the segments AA' and BB' 
do not overlap (Fig. 82); and the 
involution has no double points 
tahen one pair is alternate to the other, i.e. when the segments AA' 
and BB' overlap (Fig. 83)*. 

In the first case, the involution (as already seen) consists of 
an infinite number of pairs of points which are harmonically 
conjugate with regard to a pair of fixed points. 

In the second case, on the other hand, the involution is 
traced out on the base by 
the arms of a right angle 
which revolves about its 
vertex. For since (Fig- 
84) the segments AA ' and 
BB' overlap, the circles 
described on. A A' and BB' 
respectively as diameters 
will intersect in two points 
G and II which he symmetrically with regard to the base ; 
GE being perpendicular to the base, which bisects it at 0, 
the centre of the involution. It follows that 

■ * An involution of the kind which haa doable points is often callud a kyperholw 
involution ; one of the kind ivliicli haa no double points beii^ called an elUptia 
involution. 
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OG^- = OIP = AO.OA'=BO.OTi', 
and that all other cirelea passing through G and H and 
cutting the hase in the other pairs CC, 1)1)',,.. of the involution 
will have their centres also on the base, and will have CC, 
DB',... as diameters. If then we project any of the segments 
AA', BB', CC',... from G (or U) as centre, we shall obtain in 
each case a right angle AGA\ BGB', CGC, ... {or AHA', 
BHB', CSC',...). 

We conclude that when an involution of points ^^',5_S',... 
has no double points, i. e. when the rectangle OA . OA' is equal 
to a negative constant —k^, each of the segments AA',BB',... 
subtends a right angle at every point on the circumference of 
a circle of radius k, whose centre is at and whose plane is 
perpendicular o he has of t e n o u n, 

This last p p n a rt u a e that of Art, 109 (4). 

If then an an£t f an agm d -e in its plane about its 

vertex, its arm w 11 rm ne a fix d sveraal two projective 

ranges, which a a unmheaehre the angle is a right 

angle. 

129. Consider an involution of parallel rays ; these meet in a point 
at infinity, and the straight line at inflaity is a ray of the involution. 
The ray conjugate to It contains the centre of the involution of points 
which would be obtained by cutting the pencil by any transversal ; it 
may therefore be called the cental ray of the given involution. If, 
reciprocally, we project an involution of points by means of parallel 
rays, these rays will form a new involution, whose central ray passes 
through the centre of the given involution. 

When one involution is derived from another involution by means 
of projections or sections (Art. 124), the double elements of the first 
always give rise to the double eioments of the second. 

130. Since in an involution any group of elements is projective with 
the group of conjugate elements, it follows that if any four points of 
the involution be taken, their anharmonio ratio will be equal to that 
of their fotir conjugates. In the involution AA' , BB' , CC',. . . the 
groups of points .1^/1 'C and A'B'AC, for example, will he projective ; 
therefore 

AA^ AC _ A'A^A'G 
'BA' ■ BC ~ B'A " B'O ' 
whence 

AB'. BC. CA' + A'B. B'C.CA = o. 
Conversely, if this relation liold among the segments determined by 
six colhnear points AA'B£'CC',ihtBe will be three conjugate pairs of 
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an itivohition. For the given relation fihows that the anharmonic 
ratios {ABA'C) and {A'B'AC) are eijual to one anotliei"; the groups 
ABA'C a.nA A'B'AC aie therefore proiective. But A and A' corre- 
spond doublj to each other , theufoio (Art. 122) J-i', 55', CC are 
three conjugate pairs of an involution 

181. Theokbm The thef pairs Coekelative Theorem. 77ia 

of 02>po\ife sirfei of a eomplpte straiyht lines whick connect any 
<^ut hy any trans- point with the three pairs of oppo- 



versal in three pairs of 
points of an tnvolutton * 

Let QltST (Fig. 85) he a 
complete quadrangle, of which the 
pairs of opposite sides JiT and 
QS, ST and QR, QT and RS are 
cut by any transversal in A and 
A', B and B", G and C" respec- 



stte vertices of a complete quadri- 
lateral are three pairs of conjugate 
rays of an involution. 

Let qrst (Fig.86) be a com- 
plct« quadrilateral, of which the 
pairs of opposite vertices rt and qs, 
St and qr, qt and rs are projected 
from any centre by the rays a and 
a', h and 6', c ani 




fii'ely. If P is the point of 
intersection of QS and RT, tlien 
ATPR is a projection of AGA'B' 
from Q as centre, and ATPR is 
also a projection of ABA'C from 
S as centre ; therefore the group 
jlCyS'isprojectivewithJB^'C, 
and theref»re (Art. 45) with 
A'O'AB. And since A and A' 
correspond doubly to one another 
in the projective groups ACA'B' 




Let^ be the straight line wliich 
joins the points qs and rt. The 
pencils atpr andaca'fr' are in per- 
spective (their corresponding r<iys 
intersect in pairs on 5) , similatly 
atpr and aha!</ ate in perspec- 
tive (their eorre 'ponding nys 
intersect in paiia on s) The 
pencil aipr is theiefoie of course 
projective with each of the 
pencils aea'h' and 06a' ', and 



* Desarques, loc. cit. p, 171. 
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and A 'C'AB, it follows {Art. 1 22) tlierefore aca'h' is projective with 
tliatJJ'.iiB', Ware three con- ala'c or (Art. 46) with a'l/ah. 
jugate pairs of an involution. And since a and a' correspond 

doubly to one another in the 
pencils aadh' and a'c'ab, it ibllowa 
(Art. 122) that aa', W, cif are 
three pairi of conjugate rajs of 
an involution. 

The theorem jast proved may The theorem luat pioved may 

also be stated in the following aho be stated in the following 
form : form 

If a complete quadrangle move If a tompletf qitadtilatetal 

in suck a way that five of its sides move tn such a uay that five of its 
pass each through one of jvne fixed vertices slide each on one of five 
collinear poinds, then its sixth fixed eoTicurrenf straight lines, then 
tide will also pass through a fixed its sixth vertex vnll also move on a 
point coUinea/r udth the otJierfive, f^ed straight line, concurrent with 
and forming an involution with the other fim, and forming an in- 
tham. vohttion with them. 

182. By eombimng the preceding theorem (left) with that of Art. 
130, we see that 

If a transversal he cut by tlie three pairs of opposite sides of a com- 
plete quadrangle in A and A', B and B', C and C reapeeti/vely, these 
determine upon it segments which are connected by the relation 
AB'.BG'.CA' + A'B.B'C.C'A^o*. 

133. In' the theorem of Art. 1 31 (ri^t) let U and U', V and V, 
W and W denote respectively tho opposite vertices rt and qs, st and 
gr, qt and rs of the quadrilateral grst, and let AA', BB', CC' denote 
respectively the points of intersection of the rays aa', bh', cif with an 
arbitrary transversal. With the help of Art. 124 the following 
proposition may be enunciated ; 

yy^iAe threefairs UU', VV, WW of opposite vertices of a com^lae 
quadrilaterai be jtrqjected from any centre upon any straight line, the 
six points AA', BB', CO' so obtained will form an involution. 

Suppose now, as a particular case of this, that the centre of pro- 
jection G is taken at one of the two points ofintersectionof the circles 
described on UU', W respectively as diameters. Then AGA' and 
BGB' are right angles, and therefore also (Art. 128) CGC is a right 
angle ; therefore the circle on WW as diameter will also pass through 
G. Hence the three circles which have for diameters the three 
diagonals of a complete quadrilateral pass all through the same two 

* Pappus, he. cit., book VII. prop. 130. 
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; centres of 



points; that is, they have the same radical a: 
these circles lie in a straight line ; hence 

The middle points of the three diagonals of a com-pletn quadrilateval 
are colUnear *. 



184. The proposition of Art, 
131 (left) leads immediately to the 

Construction for the sixlJi point 
C of an invohdion of which Jke 
points A,A',B,B', C are given. 

For draw through C{Fig. 8g) 
an arbitrary straight line, on 
which take any two points Q and 
T, and join AT, BT, A'Q, B'Q; 
if AT, B'Q meet in R, and BT, 
A'Q in S, the straight line MS 
will cut the base of the involu- 
tion in the required point €'. 



The proposition of Art. 131 
(right) leads immediately to the 

Oonetruetion for the sixth ray 
c' of an involution of which Jive 
rays a,a',h,l',c are given. 

For take on c (Fig. 86) an arbi- 
trary point, through which draw 
any two straight linea g and (, 
and join the point ta to qh', and 
the point ib to qa' ; if the joining 
lines be called r , s respectively, 
then the straight line connecting 
the centre of the pencil with the 
point rs is the required ray c". 
If, iu the preceding problem (left), the point C lies at infinity, its 
conjugate is the contic U of the involution. In order then to find 
tJie centre of an involution of wMcTi two 
pairs AA', BE' of conjugate points are 
given, we (.onstruct (Fig. 87) a complete 
quadrangle QST2i of which one pair of 
opposite sides pass respectively through A 
and A', another such pair through B and B', 
and which has a fifth side parallel to the 
base ; the sixth side will then pass through 
the ceuti-e 0. 

The sixth point C' which, together with 
five given points AA'BB'C, forms an involution, is completely deter- 
mined by the construction ; there is only one point C" which possesses 
the property on which the construction depends (Art. 127). This 
may be otherwise seen by regarding 0' as given by the equation 
{AA'BC) = {A 'AB'C') between anharmonic ratios ; for it is known 
(Art, 66) that there is only one point C which satisfies this equation. 

135, The theorem converse to that of Art. 131 is the fol- 
lowing: 

If a transversal cut the sides of a triangle RSQ (Fig. 85) in 
three points A', B', C which, when taken together wUk three other 
points A , B , C lying on the same transversal, form three conjugate 

* Chasles, loc. eif., Arts. 344, 345, Gauss, Collected Works, vol. iv. p. 3^1. 
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paifsofan involution, tJten tJie three straigH lines It A , SB , QCmeet 
in the same point. 

To prove it, let JiA , SB meet in T, and let TQ, meet the 
transversal in C\. Applying the theorem of Art. 131 (left) to 
the quadrangle QRST, we have 

{AA'BCj) = (A'AS'C). 
But by hypothesis 

{AA'£C) = (A'AB'C'); 
.: {AA'BC^) = {AA'BC)\ 
consequently (Art. 64) C^ coincides with C, i.e. QC passes 
through T. 

The correlative theorem is : 

If a point S be joined to the vertices of a triangle rsq (Fig 86) h^ 
three rays </, U, <f which, when taken together with three other rays 
a,h,c passing also through 8, form three conjugate pans (f an 
involution, then the points ra , qh ,sc lie on the same straight line t 

136. Take again the figure of the complete quadrangle 
QBST whose three pairs of opposite sides are cut by a tians 
versal m A and A', B and B', C and C. Let (Fig. 88) SQ and 
BT meet in K', QR and ST in S', BS and QT in Q'. 




Fig. 88. 
Conaider the triangle B.SQ, ; on each of its sides we have a 
group of four points, viz. 

SQR'A', QRS'B', RSq'C. 
The projections of these from T on the transversal are 

BCAA', CABB', ABCC. 
The product of the anharmonic ratios of these last three 
groups is 

, BA BA/. .CB CB^s ,AC AC\ 
yCA' CA')yA£'A£'^\BC'BC'}' 
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CA'. AB'. BC 
^^ ~ BA'.CB'.AC' 

which (Art. 1 30) 19 equal to — i. Therefore : 

If any tramversal meet the sides of a triangle, and if moreover^ 
an^ point as centre each vertex beprojected upon the side opposite to it, 
the groups iffonr points thus obtained on each of the sides of the triangle 
will he such that the product of their anharmonic ratios is equal to 

Conversely, if three pavrs <f points S'A', S'B', Q'C he taken, 
one on each of the sides of a triangle BSQ, such that the product of 
the anharmonic ratio3{SQM'A'),{QBS'B'), (BSQ'C) is equal to — i 
then, if the straight lines MR', S8', QQ' are concurrent, the poind 
A', B', C will be colUnear ; and conversely, if the points A', B', C 
are collinear, the straight lines MB', SS', QQ' mil he concurrent, 

187. Suppose now the transversal to lie altogether at 
infinity; then the anharmonic ratios {SQB'A'), QMS'B'), and 
(MSQ'C) heeome (Art. 64) respectively equal to SB' : QM', 
QS':MS',B.ndMQ':SQ'; so that the preceding proposition re- 
duces to the following * : 

If the straight lines connecting the three vertices if a triangle 
MSQ with any given point T meet the respectively opposite sides 
in M'f S', Q', the segments which they determine on the sides will he 
connected by the relation 

SM'. QS'.BQ' _ _ 
QR'.MS'.SQ'~ ^' 
and conversely : 

If on the sides SQ ,QM, MS respectively of a triangle MSQ 
points M', 8', Q' be taken such that the above relation holds, then 
will the straight lines MM', SS', QQ' meet in one point T. 

138. Repeating this last theorem for two points T' and T", 
we obtain the following : 

If the two sets of three straight lines which connect the vertiees of 
a triangle MSQ with any two given points T' and T" meet the 
respectively opposite sides in B', S', Q' and M", S", Q", then will the 
product of the anharmonic ratios {SQB'M"), (QMS'S"), and 
(ESQ'Q") be equal to + i. 

[For each of the expressions 

SB'.qS'.RQ' SM". QS".BQ" 
QB'.BS'.SQ' ' qM".RS".SQ" 
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is equal to — i ; and the required result follows on dividing 
one of them by the other.] 

138, Considering again the triangle QBS (Fig. 88), and 
taking the transversal to be entirely arbitrary, let ST , Q2' be 
taken so as to be parallel to QR , SS respectively. Then the 
figure QEST becomes a parallelogram; the points S' and Q' 
pass to infinity, and B' {being the point of intersection of the 
diagonals QS , RF) becomes the middle point of SQ. Conse- 
quently {Art. 64) the anharmonic ratios {SQ^R'A'), (QBS'R'), 
(fii'Q V) become equal respectively to -( Q^ ': S^ '). (-S-S' = S-S'), 
and (SC : RC). Thus*: 

ff a transversal cut the sides of a triangle ESQ in A', B', C 
respectively, it determines upon them segments which are connected 
bv the relation 

QA'.EB'.SC _ 
SA'.qB'.BC ^'' 
and conversely: 

If on the sides SQ , QR , RS respectively of a triangle points 
A', B\ C le taken such that the above relation holds, then %-iU 
these three points le collinear. 

140. Repeating the last theorem of the preceding Article for 
two transversals, we obtain the following ; 

If the sides of a triangle RSQ are cut by two transversals in 
A', B', C and in A", B", C" respectively, the prodiiet of the 
anharmonic ratios {SQA'A"), {QRB'B"), and [RSC'C") will he 
equal to +i. 

[For each of the expressions 

QA'. RB'. SC QA-".R B". SC" 
SA'. qB'. BC ' SA". QB". BC" 
is equal to i ; dividing one by the other, the required result 
follows.] 

Reciprocally, if on the sides of a triangle RSQ three pairs of 
points A' A", B'B", CO" be taken such that the product of the 
anharmonic ratios {SqA' A"), [QBB'B"), [RSC'C") may be equal to 
+ 1; then,if the points A', B',C' are collinear, the poinds A", B", C" 
will also he collinear, and if thelites RA', SB', QC are concurrent , 
the lines RA", SB", QC" will also be concurrent. 

141, It haa been shown (Art. 12 ) that if two projective ranges 
* Theorem of Mbnelaus; Spkaerica, iii, i. Cf. MiiBius, lot: cil. 
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{ABC. ..)and (A'B'C..-), lying in the same plane, are projected from 
the point of intersection of a pair of lines such as AB' and A'B, AC' 
and A'0,...0T BC' and 5'C,.,, the projecting raya form an involution. 
The theorems correlative to this are as follows ; 

Given two projective, but not concentric, flat pencils (nftc.) and 
(a'6V...) lying in the same plane ; if they be cut by the straight line 
which joins a pair of points such as ab' and a'b, at/ and afe,... or 6/ 
and h'c..., the points so obtained form an involution. 

Given two projective axial pencils (o|3y...) and {a'jS'/...) whose 
axes meet one another ; if they be cut by the plane which is deter- 
mined by passing through a pair of lines such as ajS' and a'j3, ay and 
ay,..- ori3y' and /3'y.,., the rays so obtained form an involution. 

Given two projective flat pencils {abc...) and (a'6V...) which are 
concentric, but lie in different planes; if they be projected from the 
point of intersection of a pair of planes such as ab' and a'b, ae' and 
a'c,... or 6e' and b'c..., the projecting planes form an involution. 

142. Fortloular Cases, All points of a straight line which lie in 
pairs at equal distances on opposite ides of a fixed point on the line, 
foi-m an involution aince every pair is divided harmonically by the 
fixed point and the point at infinity 

Conversely, if the point at infinity is one of the double points of an 
involution of points then the othei double point bisects the distance 
between any point and its conjugate If in such an involution the 
segments AA ', BB foimed by any two pairs of conjugate points have 
a common middle point then will this point bisect also the segment 
CC formed by any othei pan of ccnjugites. 

All rectilineal angles which have a common vertex, lie in the same 
plane, and have the same fixed straight line as a bisector, form an in- 
volution, since the arms of every angle are harmonically conjugate 
with regard to the common bisector and the ray perpendicular to it 
through the common vertex. 

Conversely, if the double rays of a pencil in involution include a 
right angle, then any ray and its conjugate make equal angles with 
either of the double rays, K in such an involution the angles included 
by two pairs of conjugate raya aa' and hb' have common bisectors, 
these will be the bisectors also of the angle included by any other pair 
of conjugate rays cc'. 

All dihedral angles which have a common edge and which have the 
same fixed plane as a bisector, form an involution ; for the faces of 
every angle are harmonically conjugate with regard to the fixed plane 
and the plane drawn perpendicular to it through the common edge. 

Conversely, if the double planes of an axial pencil in involution are 
at right angles to one another, then any plane and its conjugate make 
equal angles with either of the double planes. 
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CHAPTER XIII. 




PROJECTIVE FORMS IN RELATION TO THE CIRCLE. 

143. Consider {Fig. 89) two directly equal pencils ahcd... 
and a'b'ifX... in a plane, having their centres at and 0' 
jvely. The angle contained by a pair of corresponding 
constant (Art. 106} ; the locus of the inter- 
section of pairs of corresponding rays 
is therefore (Eue. IIL 31) a circle 
passing through and 0'. The 
tangent to this circle at makes 
with 00' an angle equal to any of 
the angles 0A0\ OBO', OCO', &c.; 
but this iajust the angle which O'O 
considered as a ray of the second 
pencil should make with the ray 
corresponding to it in the first pencil ; 
therefore to O'O or q' considered as 
a ray of the second pencil corresponds in the first pencil the 
tangent q to the circle at 0. 

Imagine the circumference of the circle to ho described by a 
moving point A; the rays AO, AG' or «, a' will trace out the 
two pencils. As A approaches 0, tlie ray AO' will approach 
00' or q' and the ray AO will approach q; and in the limit 
when A is indefinitely near to 0, the ray AO will coincide with 
q or the tangent at 0. This agrees with the definition of the 
tangent at 0, as the straight line which joins two indefinitely 
near points of the circumference. 

Similarly, to the ray 00' or^ considered aa belonging to the 
first pencil corresponds the ray / of the second pencil, the 
tangent to the circle at 0'. 

144. Conversely, if any number of points A, B, C,D, ... ona 
circle be joined to two points and 0' lying on the same 
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circle, the pencils 0{d,B, C, D,...} and 0' (A, B, C, D,...)m 
formed will be directly equal, since the angle AOB is equal to 
AO'S, AOCUy AO'C,... HOC to BO'C, &c. But two equal 
pencils are always projective with one another (Art. 1 04). If 
then the points A, B, C, ... remain fixed, while the centre of 
the pencil moves and assumes different positions on the cir- 
cumference of the circle, the pencils so formed are all equal to 
one another, and consequently all projective with one another. 
The tangent at is by definition the straight line which joins 
to the point indefinitely near to it on the circle. It follows 
thatintheprojectivepencilsO(^,-S, C,...)andO'(^,_e,C,...)> 
the ray of the first which corresponds to the ray O'O of the 
second is the tangent at 0. 

145. It has been seen (Art. 73) that in two projective forms 
four harmonic elements of the one correspond to four harmonic 
elements of the other. If then the four rays {A, B, C, B) 
form a harmonic pencil, the same is the case with regard to 
the four rays 0' {A, B, C, I)), whatever be the position of the 
point 0' on the circle. By taking 0' indefinitely near to A, 
we see that the pencil composed of the tangent at A and 
the chorda AB, AC, AD will also he harmonic; so again the 
pencil composed of the chord BA, the tangent at B, and the 
chords BC, BB will be harmonic, &c. 

When this is the cose, the four poinU A, B, C, B ofUe circle 
are said to he harmonic *. 

146. The tangents to a circle 
determine upon any pair affixed 
tangents two ranges wMck are 
projective with one another. 

Let M (Fig. 90) be the 
centre of the circle, P.Q and 
P'Q' a pair of fixed tangents, 
and AA' a variable tangent. 
The part '^4' of the variable 
tangent intercepted between 
the fixed tangents subtends 
a constant angle at M; for if Q, P', T are the points 
contact of the tangents respectively, 

• SteINBB, Uc. dt., p. i=,T. i 4,1- Collected Works, vol. i. p. 345. 
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angle AMA' = JMT+TMA' 

= iQMF'*. 

Accordingly, as the tangent AA' moves, the rays MA, MA' 
will generate two projective pencils (Art. 108), and the points 
A, A' will trace out two projective ranges. 

Since the angle AMA' is equal to the half of QMP', it ia 
equal toeither of the angles QMQ', PMP' (denoting by P and 
Q' the same point, according as it is regarded as belonging to 
the first or to the second tangent). Consequently Q and Q,', 
P and P' are pairs of corresponding points of the two pro- 
jective ranges ; i. e. the points of contact of the two fixed 
tangents correspond respectively to the point of intersection of 
the tangents. 

Imagine the circle to be generated, as an envelope) by the 
motion of the variable tangent ; the points A, A' will trace out 
the two projective ranges. As the variable tangent approaches 
the position PQ, the point A' approaches Q', and A ap- 
proaches tlie point which corresponds to Q', viz. Q, ; and in the 
limit when the variable tangent is indefinitely near to PQ, the 
point A will be indefinitely near to Q or the point of contact 
of the tangent PQ. The point of contact of a tangent must 
therefore be regarded as the point of intersection of the 
tangent with an indefinitely near tangent. 

147. The preceding proposition shows that four tangents 
a,b, e,d to a circle are cut by a fifth in four points A, £, C, J) 
whoso anharmonic ratio is constant whatever be the position 
of the fifth tangent. 

This tangent may be taken indefinitely near to one of the 
four fixed tangents, to a for example ; in this case A will be 
the point of contact of a, and B, C, I) the points of intersection 
ab, ac, ad respectively, 

Asa particular ca8e,if a, i,e,'? meet the tangent PQ in four 
harmonic points, they will meet every tangent in four har- 
monic points. The group constituted by the point of contact 
of a and the points of intersection a!),ac, acl will also be har- 
monic. In this case, the four tangents a, S, c, d are mid to he 
Aai-mottic f, 

* PoNcstET, Propr. proj., Art. 461. 

■f StEInEh, /ao. dt., p. 15J. § 4;. Collected Works, vol. i. p. .54.i' 
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148. The range dei&rmmed upon any given tangent to a cirele hy 
any Kumber of fimed tangents is projective with the pewAl formed Jiy 
joining their points of contact to any arbitrary point on the drole. 

Let A, B, C,...X (Fig. 91) be points on the circle, and 
a, h, c, ... a; the tangents at these points respectively. If the 
points A', S', C, ... in ,. c b' k- \ 

vfhieh the tangent x is cut 
by the tangents a,h,e, ... 
be joined to the centre of 
the circle, the joining lines 
VFill be perpendicular re- 
spectively to the chords 
XA,X£, Xa,... and will 
therefore (Art. 108) form 

apencilequaltothepencill'(^,5,C,..,). The range 4'J 
is therefore proj ective with the pencil X (A, S, C,...). 

Corollary. If fowr points on a circle are harmonic, then the 
tangents also at these points are harmonic ; and conversely. 

For if, in what precedes, X (ABCD) is a harmonic pencil, 
A'B'C'B' will be a harmonic range; and conversely. 




WC. 
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CHAPTEE XIV. 

PROJECTIVE FORMS IN RELATION TO THE CONIC SECTIONS. 

149. Let the figurea be conatrueted whicli aro homological 
■with those of Arts. 144, 146, 148. To the pomts and tangents 
of the circle will correspond the points and tangents of a conic 
section (Art. 23). A tangent to a conic is therefore a straight 
line which meets the curve in two points which are inde- 
finitely near to one another ; a 'point on the cnrve is the 
point of intersection of two tangents which are indefinitely 
near to one another. To two equal and therefore projective 
pencils will correspond two projective pencils, and to two 
projective ranges will correspond two projective ranges ; for 
two pencils or ranges which correspond to one another in two 
homological figures are in perspective. We deduce therefore 
the following propositions : 

(1). If any number of points A, B,C,D,... on a conic are joined 
to two fixed jiointB and 0' lying on the same conic {Fig. 92J, the 
pencils {A,B, C,I/,...)and 




0' (A,£,C,D,...) s 
are pryective with one another. 
To the ray 00' of the first 
pencil corresponds the tangent at 
0', and to the ray O'O of the 
second pencil corresponds the 
tangent at 0. 

(2). Any number of tangents a , b,c,d,... to a conic determine en a 
pair of fixed tangents and 0' (Fig. 93) two projective ranges. To 
the point 00' or Qofl/te first range corresponds the point of contact 
Q' qfo', and to the same point o'o or P' of the second range corre- 
sponds the point of contact P qfo*. 

* Steinbh, loc. cit., p. 139. S 38. Collected Works, vol i. pp. 332, 333. 
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(3). The range wMcA a variable iangetd to a conic determines upon 
a jixed tangent ia projective with the pencil formed by joining the 




point of contact of the variable tangent to any fixed point of the 
conic. (Fig. 94.) 

160. We proceed now to the theorems converse to those of 
Art. 149. The proofs here 
given are due to Ml Ed. Dewulf. 

I. If two [non-concentric'] perwiU 
lying in the game plane are pro- 
jective with one another {but not 
in perspective), the locus of the 
points of mtersection of pairs of 
corresponding rays is a conic 
parsing through the centres of the 
ttco pencils; and the iat^ents to 
the locus at these points are the rays which correspond in the two 
pencils respectively to the straight line which joins the two centres. 

Let and A (Fig. 9 5 ) be the respective centres of the two 
pencUa, and let OM^ &-a.A AM-^,OM^ and^Jf^, Oitf^ and JlTj , . . . 
be pairs of corresponding rays. The locus of the points M-^ , 
M^,Mg,... wiU pass through 0, since this point is the inter- 
section of the ray AO oi the pencil A with the corresponding 
ray of the pencil 0. Similarly A will be a point on the 
locus. 




Fig, 94. 
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Let be that ray of the pencil which corresponda to tho 
ray -^ Oof the pencil A. Describe a circle touching o at 0, 




Fig. 95- 

andlet this circle cut OA in ^', and 0-Mj, OM^, Ollg, ...in the 
pointa Mj'fM^', M^',... respectively. 

The pencils {31/ M^ M/ ... ) and A' {M/ M/ 31/ ...) are 
directly eqtial to one another ; and since by hypothesis tho 
pencil (3f/ 31/ M/ ... ) or (M^ M.^ 31^ ... ) ia projective 
with the pencil A (3f^ M^ 3't^...\ therefore the pencils 
A' {M/ 31/ 31/ ... ) and A (J/i M^ -K, ... ) are projective. 
But thej are in perspective, since the ray A'O in the one 
corresponds to the ray AO in the other (Art. 80); therefore 
pairs of corresponding rays will intersect in points -S'^, S^, 
Sg, ... lying on a straight line s. In order, then, to find that 
point of the locus which lies on any given ray m of the pencil 
A, it is only necessary to produce m. to meet * in 5, to join SA' 
cutting the circle in J/', and to join 031' \ this last linewiU 
cut ws in the required point 3i. But this construction ia pre- 
cisely the same as that employed in Art, 23 (Fig. ii) in order 
to draw the curve homologieal with a circle, having given the 
axis s and centre of homology, and a pair of corresponding 
points A and A '. The locus of the points M is therefore a 
conic section. 

II. If two {non-BoUiftear) ranges lying m the »arm plane are pro- 
jective with one another {but not in perspective), the envelope of the 
ttraight lines joining pairs of corresponding points is a conic, i. e. the 
straight lines all touch a conic. This conic touches the loses of the 
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121 



two ranges at ike points whicA correspond in these re.ipectiveli/ to the 
point of intersection of their bases. 

Let « and / (Fig. 96) be the bases of the two ranges, and 
let A and A', S and _B', C and C, .. be paira of corresponding 




Fig. 96. 

points. The curve enveloped by the straight lines AA', BB', 
CC, ... will touch «, since this is the straight line joining the 
point ss' or S' of the second range with the corresponding 
point S of the first. Similarly, / will be a tangent to the 
envelope. 

Describe a circle touching s at S, and draw to it tangents 
a", h", c",.--*"froin thepointe^,.B, C, ... 5' respectively. The 
tangents «", 6", c", . . . will determine on /' a range which is 
projective with s and therefore also with /. But the point 5' 
corresponds to itself in the two ranges / and s" ; these are 
therefore in perspective (Art. 80), and the straight lines ^".^', 
B"B', C" C, ... will meet in one point 0. In order then to 
draw a tangent to the envelope from any given point M lying 
on the line s, it is only necessary to draw from M a tangent ni 
to the circle, meeting s" in M", and to join OM" ; this last line 
will cut / in that point M' of the range «' which corresponds 
to the point M oi the range s, and MM' will be the required 
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tangent to tho envelope. But this construction is precisely 
the same as that made use of in Art. 23 (Fig. 12) in order to 
draw the curve homological with a circle, taking a given tan- 
gent to the circle as axis of homology, any given point as 
centre of homology, and s', s" as a pair of corresponding 
straight lines. The envelope of the lines MM' is therefore a 
conic section. 

The theorems (I) and (II) of the present Article are correlative 
(Art, 33), since the figure foimed by the points of intersection 
of cori'esponding^ rays of two projective pencils is correlative 
to that formed by the straight lines joining corresponding 
points of two projective ranges. Thus in two figures which are 
correlative to one another {according to the law of dualitt/ m a 
plane), to jpoints lying on. a conic in one correspond tangents to a 
conic in the other. 

151. Having regard to Arts, 73 and 79, the propositions of 
Arts. 149, 150 may be enunciated as follows ; 

The anharmonic ratio of the four straight lines which connect 
four fiised points on a conio with a variable point on the same is 
constant. 

The anharmonic ratio of the four points in which fov,r fixed tan- 
gents to a conic are cut ly a variable tangent to the same is 
constant *. 

The anharmonic ratio offov/r points A, B, C , D lying on a conic is 
the anharmonic ratio of the pencil {A, B ,C , D) formed by joining 
them to any point on the conic. Tim anha,rm,oniB raiio of fov/r 
tangents a, b, c, d to a eonie is that of the four points {a, b , e, d), 
where o is an arbitrary tangent to the conic. 

If thia anharmonic ratio ia equal to — r, the group of four points 
or tangents is termed hwrmonic. 

The anharmonic ratio of four tangents to a conic is equal to that 
of their points of contact \. 

Consequently the tangents at four harmonic puints are harmonic, 
and vice versa. 

The locus of a point such that the rays Joining it to four given 
points ABC D form a pencil having a given anharmonic ratio is a 
conic passim/ through the given points. 

• Steihbb, loc. cit, p. 156. 6 43. Collected Works, toI, i, p. 344. 
t Chasles, Giora^rie Sa-p^ienre, Art. 663. 
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The tangent to the locus at one of these points, at A for 
example, is the straight line which forms with AB, AC, AJ) a 
pencil whose anharmonic ratio is equal to the given one. 

The curve enveloped by a straight line toMch is cut hy fowr given, 
straight linea in fowr points whose anharmonic ratio is given is a 
conic tov,eIi,mg the given straight lines. 

The point of contact of one of these straight lines, a for 
example, forms with the points alj, ac, ad a range whoso anhar- 
monic ratio is equal to the given one *. 



152. Through Jive given jwitUs 
0,0',A,B,Cinaplane(Fig.92), 
no three of which lie in a straight 
line, a coida can he described. 
For we have only to construct the 
two projective pencils which have 
their centres at two of the given 



points, and 0' for example, and the given lines. 



Given Jwe straight lines 
o, o', a, fi, in a plane (Fig. 93), 
jio three of which meet in a j'oint, 
a conic can he described to touch 
thmn. For we have only to con- 
struct the two projective ranges 
which are determined upon two of 



J and o' for e 



which three pairs of 
sponding rays OA and O'A, OB 
and 0'£, OC and O'G intersect 
m the three other points. Any 
other pair OD and O'J} of corre- 
aponding rays will give a new 
point D of the curve. 

To construct the tangent at any 
one of the given points, at for 
example, we have only to deter- 
mine that ray of the pencil 
which corresponds to the ray O'O 
of the pencil '. 

Through five given points only 
one conic can he drawn ; for if 
there could be two such, they 
would have an infinite number of 
other points in convmon (the 
interaections of ail the pairs of 
corresponding rays of the projec- 
tive pencils); which is impossible. 



ample, by the three others a, h,c, 
and of which three pairs of cor- 
responding points oa and o'a, ob 
and o'b, oa and o'c are given. 
The straight line d which joins 
any other pair of corresponding 
points of tlie two ranges will be a 
new tangent to the curve. 

To construct the point of con- 
tact of any one of the given 
straight lines, that of o for ex- 
ample, we have only to determine 
that point of the range o which 
corresponds to the point o'o of the 
range o'. 

Only one conic can be drawn to 
touch five given straight lines ; 
for if there could be two such, 
they would have an infinite num- 
ber of common tangents (all the 
etraight linea which join pairs of 
corresponding points of the pro- 
jective ranges) ; wHch is im- 



157, § 4.?- Collected Works, vol, i. pp. 344- 345- 
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From this we see also that : 



Through four given pointa ca 
be dtawn an infinite numher i 
conies ; and two such conica ha^ 
no common points beyond thet 



There can be drawn an infinite 
number of conies to touch four 
given straight lines ; and two such 
conies have no common tangents 
beyond these four. 



153, The theorems of Art. 88 may now be enunciated in the 
following manner : 

If a hexagon is eircumscribed to If a hexagon is inscribed in a 

a conic {Figs. 97 and 61), tlw cojm'c (Figs. 98 aod 6a), (lie three 





rig. 97. 



Fig. 98. 



straight lines vihichjoin the three pairs of opposite sides intersect 
pairs of op2)osite vertices are con- one anotlher in three coUinear 
current. points. 

This is known as Beiaschok's Tliia is known as Pascal's 

theorem *. theorem +. 

154. Pascal's theorem has reference to six points of a conic, 
Brianchon's theorem to six tangents ; these six points or tan- 
gents may be chosen arbitrarily from among all the points on 
the curve and all the tangents to it. Now a conic is deter- 
mined by five points or five tangents ; in other words, five 
points or five tangents may be chosen at wUl from among all 
the points or lines of the plane, but as soon as these five 

» This theorem was puhlished for the first tima by Bbianchon in 1806, and 
afterwarda repeated in his M^moiie sur fee lignes da second ordre (Paris, 1817: 
P- 34)- 

t This theorem waa given in PiscaL'i E'sai sur hi Coniquea, a small work of 
sis pages 8vo., puhliahed in 1640, when its anihor was only Biiteen years old. 
It waa repablished in the fEmres df Paeml (The Hague, 1779I and again more 
recently by H. Weissekbobh, m the prefa'^e to his book Du Projectioa inder 
Mene (Berlin, 1863). 
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elements have been fixed, the conic is determineii. Pascal's 
theorem then expresses the condition which aix points on a 
pSane must satisfy if they lie on a conic ; and Brianchon's 
theorem expresses eiroilarly the condition which six straight 
lines lying in a plane must satisfy if they are all tangents to 
a conic. And the condition in each case is hoth necessary 
and sufficient. 

That it is necessary is seen from the theorems themselves. 
For six points on a conic, taken in any order, may be re- 
garded as the vertices of an inscribed hexagon * ; but since 
Pascal's theorem is true for every inscribed hexagon, the three 
pairs of opposite sides must meet in three collinear points in 
whatever order the six points be taken. 

The condition is also sufficient. For suppose (Fig. 98) that 
the hexagon AB'GA'BC, formed by taking the aix points in a 
certain order, possesses the property that the pairs of opposite 
sides j6C" and J5'C', CJi'and f7'j!,.4J5'andji'_ff intersect in three 
coUinear points P, §, S. Through the five points AB'CA'B 
one conic (and one only) can be drawn ; if X be the point 
where this conic cuts AC' again, then AB'CA'BX is an in- 
scribed hexagon, and its pairs of opposite sides B'C and BX, 
XA (or C'A) and C^', A'B and AB' will meet in three coUinoar 
points. But the second and third of these points are Q and 
R ; therefore _ffXmuat meet B'C at the point of intersection of 
B'C and QB, i. e. at P. Both BC and BX thus pass through 
P, and they must therefore coincide. Since then the point X 
lie's not only on AC' but also on PC, it must coincide with 
the point C itself. 

The condition is therefore sufficient; and it has already 
been shown to be necessary. 

By taking the six points in all the different orders possible, 
sixtyt simple hexagons can be made. From the reasoning 
above, it follows that if any one of these hexagons possesses 
the property that its three pairs of opposite sides intersect in 
three colHnear points, the six points will he on a conic, and 
consequently all the other hexagons will possess the same 

* It is perhapa hardly necessary to remind the reader that the hexagons to 
which Pascal's and Briaaiohon'B theorems refer are not hesagons in Euclid's sense 
— i, e. they are not neoeRsarily convex (non-reentrant) figures. 

+ In general, a complete ii-gon includes in itself J (ii — 1) (" — 2) . . . i simple 
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property*. By analogous considerations having reference to 
Brianehon's theorem, properties correlative to those just catab- 
lished may be shown to be true of a system of six straight 
lines t. 

155, Consider the two triangles which are formed, one by 
the first, third, and fifth sides, the other by the second, fourth, 
and sixth sides, of the inscribed hexagon AB'C A'BC {Fig. 9S}. 
Let-SC'and5'C, C^'and C'A,AIB'2LD.AA'Sh% taken as corre- 
sponding sides of the triangles. By Pascal's theorem these 
sides intersect in pairs in three collinear points ; and there- 
fore (Art. 17) the two triangles are homologieal. Pascal's 
theorem may therefore be enunciated as follows : 

If two trianffles are m homology, the points of intersection of the sides 
of the one with the nonreorresponding sides of the other lie on a conic. 

Similarly, in a circnmaeribed hexagon ah'ca'b<f (Fig, 97) let 
the vertices of even order and those of odd order respectively 
be regai-ded as the angular points of two triangles, and let 
M and I'c, ca' and c'a, ah' and a'h be taken to be corresponding 
vertices. By Brianchon's theorem these vertices lie two and 
two on three straight lines which meet in a point ; therefore 
(Art. 16) the two triangles are homologieal. Brianchon'a 
theorem may therefore be enunciated as follows : 

If two triangles are in, homology, the straight lines joining the 
angular points qf tlie one to the non-corresponding angular points 
of the other all touch a conic. 

The two theorems may be included under the one enunciation : 

^ two triangles are in homology, the points of intersection of the 
sides of the one with the non-corresponding sides of the other Ue on 
a conic, and the straight lines joining the angular points of the one 
to the non-corresponding angular points of the of her all touch another 
conic ^. 

156. Returning to Fig. 98, let the points yl, £', C, A', _5 be 
regarded as fixed, and t" as variable ; Pascal's theorem may 
then be presented in the following form : 

If a triangle C'PQ, move in such a way that its sides PQ, QC, 
C'P twrn round three fixed points E, A, B respectively, while two 

* SlBINEa, ?oc. (ri(,, p. 3!i. § 60. No. 54. Collected Works, Tol. i. p. 450. 

t A system of sis points on a, conic thns deteimines sixty difieFent lines euch ss 
PQB in Fig. 98, or PaKal tines as they have lieen called. So too a system of six 
tangents to a conio determines fixty difierent Briundioii 2>oiiih. 

t MOEIUS, loe. clt. Art. 3;8. 
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of its vertices P, Q slide along two fixed straigM lines CB\ CA' 
respectwely, then the remaining vertex C will deseribe a conic which 
passes throngh the following fime points, viz. the two given jioints A 
and B, the point of intersection C of the given straight lines, the 
point of intersection B' of the straight lines AR and CB', and the 
point {^intersection A' of the straight lines BR and CA'*. 

So alao Brianchon's theorem may be expressed in the 
following form : 

If a triangle (fpq (Fig, 99) move in such a way that its vertices 
pq, g(f, (fp slide along three f^ed straight lines r,a,b respectively, 
while two of its sides p , q turn round two fixed ^^ 

points cUf ca' respectively, then the remaining 
side <f will envelope a conic which touches the 
following five straight lines, viz. the two given 
straight lines a and b, the straight line which 
Joins the fixed points, the straight line b' which 
joins the points ar and cV, and tfie straight 
line a' which joins the points hr and ca'. 

157. (1). If in the theorems of Art. 152 
(right) one of the tangents is 
to lie at infinity, the conic 1 
parabola (Art. 23). Thus a parabola is determined by four tangents, 
or (Art. 1 52, right) only one parabola can be drawn to touch fom given 
straight lines; and no two parallel tangents can be drawn to aparahola. 
(2). If the same supposition is made in theorem (2) of Art. 
149, it is seen that the points at infinity on the two tangents 
and 0' are correspondiag points of the projective ranges 
determined on these tangents ; for the straight line which 
joins them is a tangent to the curve. It follows (Art. 100) 
that 

The tangents to aparahola meet two fixed tangents to the same in 
points forming two similar ranges; or 

Two fixed tangents to a parabola are cut proportionally by the 
other tangents f , 

(3). Let A and A', B and B', C and C, ... be the points in 

* Thia theorem waa given by MaOLaUBIK, in 1721; cf- Phil. Ti-om. of the Eoyal 
Soeiets of London for 1735, and Chislbs, Aper^a kistorique ™r Vori^ne et le 
d^vdoppemenl des mithodea en Giomitrie (BruBsela, 1837 ; second edition, Paris, 
1875). If S lies at infinity, tie theorem becomes identical with lemma 20. 
book i. of Newtoh's Principia. 

+ Apollosii Pkbqabi Conieorum lib. iii. 41. 
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128 PROJECTIVE FORMS IN RELATION [158 

which the various tangents to the parabola meet the two 
fixed tangents (Fig. loo), and let P and Q' be the respective 
pointa of contact of the latter. The point of intersection of 




the two fixed tangents will be denoted by Q or P' according 
as it ia regarded as a point of the first or of the second tan- 
gent. We have then 

AB _ AC_ _ _ BC _ _ AP _ AQ _ _ PQ 
TB' ~ A'C B'C ~ A'T' ~ Aq ~ ~ P Q. 

(4). Conversely, given two straight hnes m a plmie mi uhick lie 
two similar ranges {wMch, are not in perspectite) fhe straight lines 
cimnecting pairs uf corresponding points mil envelope aparaiola wMch 
touches the given straight lines at the points whtch correspond m 
the two ranges respectively to their point of intersectiun 

For the points at infinity on the given straight line^ bcmg 
corresponding points (Art. 99), the straight hne which joma 
them will he a tangent to the envelope ; thus the envelope is 
a conic (Art, l.'iO (II)) which has the lino at infinity foi a 
tangent, i.e. it is a parabola. 

158. In theorem I of Art. 150 (Fig. 95) suppose that the 
point A lies at infinity, or, in other words that the pencil L 
consists of parallel rays. To the straight lino OA, considered as 
a ray a' of the pencil (viz. that ray which is parallel to the 
rays of the other pencil), corresponds that ray a of the pencil 
A which is the tangent at the point A. This ray a may be at 
a finite, or it may he at an infinite distance. 

In the first case (Fig. 101) the straight line at infinity is 
a ray/ of the pencil A, and to it corresponds in the pencil 
a rayy different from a' and consequently not passing through 
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A ; the conic will therefore be a hyperbola (Art. 23) having 
A(=aa') andj'f for ita points at infinity; the straight line a 
is one asymptote and^'' is parallel to the other. 





In the second case (Fig. 102) the line at infinity is the 
tangent at J to the conic, which ia therefore a parabola. 

159. If in this same theorem of Art. 150 the points J and 
are supposed both to lie at infinity (lig. 103), the two pro- 
jective pencils will each consist of parallel rays ; and since 
the conic which these pencils 
generate must pass through A and 
it is a hyperbola (Art. 23). The 
asymptotes of the hyperbola are 
the tangents to the curve at its 
infinitely distant points * ; they 
will therefore be the rays a and 0' 
of the first and second pencil which 
correspond to the straight line at 
infinity considered as a ray of the 
second and first pencil respectively. 

By the general theorem of Art. 149, the asymptotes of a 
hyperbola are cut by the other tangents in points forming 
two projective ranges, in which the points of contact (which 
are in this case at infinity) correspond respectively to the point 
of intersection Q of the asymptotes. The equation of Arts. 74 
and 109 (1), viz. 

J3I . I'M' = constant 
s therefore in this case 

QM. QM' = constant. 




Fig. 103. 






(, Priuci'pia. lib. i, prop, sj, t 



Hosted by 



Google 



180 PEOJECTITE FORMS IN THE CONIC SECTIONS. [160 

M and M' being the points of intersection o£ any tangent ■with 
the asymptotes. We conclude therefore that 

TAe seffmenis which are determined by any tangent to a hyperbola 
on tJie two asymptotes {meatured from the point of intersection of 
the asymptotes), are such that the rectangle contained by tfiem is 
constant. 

This may he stated in a different form as follows : 

2Ke triangle formed by any tangent to a hyperbola and the 
asymptotes has a constant area *. 

160. Again, let the theorem of Art. 149 be applied to the 
case of t'wo fixed parallel tangents which are cut by a variable 
tangent in M and M'. In the projective ranges thus generated 
the points which correspond respectively to the infinitely 
distant point of intersection of the two fixed tangents are 
their points of contact ; if these be denoted by / and /', we 
have by Art. 74 the equation 

JM. Z'Jf' =constant. 
Therefore, the segments which a variable tangent to a conic cuts off 
jrom two fixed parallel tangents {measured from the points of contact 
of these latter) are such that the rectangle contained by them is 
constant f- 

3, he. eit, iii. 43, 
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CHAPTER XV. 

CONSTRUCTIONS AND EXERCISES. 

161. By help of Pascal's and Brianclion'a theorems may be 
solved fhe iollo'wiTLg prot'ieiQs : 

Given Jive tangents a,i/,e,af, Given jiieB foints A ,B',G , A', 

h, to a conic, to draw from any B on a cotdc, to find the jtoint of 

given point S, lying on one of intersection of the curve with any 

these tangents a, another tangent given straight line r drawn through 

to the curve {Fig. 104). one of these ^inta A (Kg. 105). 




If c' be the required tangent, 
L to which 
Brianchon's theorem applies. Let 
r he the diagonal connecting one 
pair ah' and a'b of opposite ver- 
tices, and let q be the diagonal 
connecting another such pair ca' 
and c'a (where c'a is the given 
points) ; then the diagonalwhich 
connects the remaining pair hcf 
and h'e must pass through the 
point qr. If then p be the straight 




Fig. 105, 

If G' be the required point, 
AS'CA'BC is a hexagon to 
which Pascal's theorem applies. 
Lei JR he thepoint of intersection 
of one pair AB' and A'B of oppo- 
site sides, and let Q be the point 
of intersection of another such 
pair GA' and r\ then QR must 
pass through the point of inter- 
section of the remaining pair 
BG' and B'G. If then PB be 
joined, it will cut the given 
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line joinijig the points qr and h'c, 
tlie straight line which joins ph 
to the given point H is the re- 
quired tangent. 

By asauming different positions 
for the point M, all lying on one 
of the given tangents, and repeat- 
ing in each case the above con- 
struction, any desired number of 
tangents to the conic may he 
drawn. 

Brianchon's theorem therefore 
serves to construct, by means of its 
tangents, the conic which is deter- 
mined hy five given tangents*. 



straight lin* 
point C. 



erent positions 
for the given straigl t I all 

passing through one f th gi en 
points on the conic, and | at n 
in each case the aho n t -u 

tion, any desired numb i\ t 
on the conic may be found. 

Pascal's theorem therefore serves 
to construct, by means of its 
points, the conic which is deter- 
mined by five given points t. 
162. Partieiilar caesB of the problem of Art. 161 (right). 
I. Suppose the point B to lie at infinity ; the problem then 
becomes the following r 

Given fovT points A , B\ C , A' on a hyperbola and the direction 
of one asymptote, to pad the second point of mtereection C of the 
curve with a given straight line r drawn through A (Fig. io6}. 

Solution. This ia deduced from that of 
the general problem by taking the point 
B to he at infinity in the given direction. 
We dravr through A' a straight hne j» in 
this direction ; if then AB' meets »s in S, 
and A'C meets r in Q, we join QR meeting 
B'C in P, and draw through P a parallel 
to m. ; this parallel wih cut r in the re- 
quired point C 

n. Suppose the point A to lie at in- 
finity; the problem is then : 

Given fow points £', C , A', £ on a hyper- 
bola and the direction of one asymptote, to find the point of inter- 
section of the curve with a given straight line r drawn parallel to 
this asymptote (Fig. 107). 

Solution,. Drawthrough^'astraightlineparallelto the given 
direction. If this line meet A'B in B, and if A'O meet *■ in 

* Ehiahobon, lac. dl., p. 38 ; PoKCBij:r, loc. cil.. Art. 309. 
■f Newton, P/ineipia, prop. 22 ; Maolaubih, De Unearunt, geaiaeiriearum pro- 
pridalibus geaerdliiui (London, '748), § 44. 




Fig. 1 06. 
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Q, join QE cutting B'C in P. Then if BP be joined, it will 
cut r in the required point 6". 

III. Suppose the two points A' and B hoth to lie at infinity. 
The problem then becomes : 

Given three j>omU A ,B',C ona lyperlola and the directiom of 
loth a^rapfotes, to Jind the aeroml jtomt of mfmectwn of the carve 
Kdh a giien draiqU line r dratin through A (Fig. io8). 




Fig. loS. 

Solution. Through the point Q, where the given straight 
line r meeta a straight line drawn through C parallel ^to the 
direction of the first asymptote, draw a parallel to AB'. Let 
F be the point where this parallel cuts B'C \ then a parallel 
through P to the second asymptote will cut t in the required 
point C 

IV. If the two points A and B' both lie at infituty, the 



"Gilm three points C,A',B of a hyperUU amJ the dirediom of 
loth asymptotes, to find the point of ., ,•" ^ 

intersection of the curve tdth a given 
straight line r d/rawn parallel to o»c cf 
the asymptotes (Fig. 109). 

Solution. Through Q, the point of 
intersection of r and CA', draw a 
parallel to A'B ; let P be the point 
■where this parallel meets the straight 
line drawn through C parallel to the j.ig. 109. 

other asymptote. Then if BP be 
joined, it will cut r in the required point C. 

V. If, lastly, the points B', C , A', B are finite and the 
straight hue AC' lies at infinity, the problem becomes the 
following : 
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points B' , C , A\ £ of a hypetloJa and t/u ihredioii 
to find the dirp<.twn oj thp othtr aspaptote 




134 

Glvm. fo 
of me 
(Fig. no). 

SohfifM. Through the point B, in which A'B meets the 
, straight Ime drawn through 
£' in the given direction, 
draw a parallel to CA' ; let 
P be the point where this 
parallel cuta Ji'C. Then if 
BP be joined, it wUl be 
parallel to the required di- 
rection. 

It will be a useful exercise 
for the student to deduce the constnietiona for these particular 
cases from the general construction ; in order to do this it ia 
only necessary to remember that to join a finite point to a 
point lying at infinity in a given direction we merely di-aw 
through the former point a parallel to the given direction. 
163. Particular eases of the problem of Art. 161 (left). 

I. Suppose the point ao' to lie at infinity ; then the problem 
becomes the following r 

Given five tangents a ,b',c, a', b to a conic, to draw the tangent 
wMeh is parallel to one of them, to a, for example (Fig. r 1 1 ). 

Draw through the point a'c a straight line q 
parallel to a ; join ab' and a'b 
by the straight line r, and join 
the points qr and b'c by the 
straight line^. Then if through 
the point ^S a parallel be drawn 
to a, it will be the required 
tangent. 

From a given point in the 
plane of a conic two tangents 
at most can be drawn to the 
curve (Art. 23); so that from a point lying on a given tangent 
only one other tangent can be drawn. If then the conic is a 
parabola, it cannot have a pair of parallel tangents. (This 
has already been seen in Art. 157 (l).) 

II. Suppose the straight line b to lie at infinity; the 
problem in then: 
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Given four tangents a, I', c, a' io a parabola, to draw from a given 
point H ti/ing on one of them, a, another tangent to the curve (Fig. 

112). 

Solution. Through the point 
aV draw the straight hne t 
parallel to a' ; join the points 
M and a'c- by the straight line 
q, and the points qr and b'c by 
the straight line^. The straight 
line drawn through H parallel 
to p will bo the required tan- 
gent. 

III. If the straight line a 
lies at infinity, we have the problem: 

Given four tangents I/, e , a',b to a parabola, to draw the tangent 
which is parallel to a given straight line (Fig. 113). 

Solution. Through fl'i draw „ >,■ ^ „. 

the straight line r parallel to 
b', and through a'e draw the 
straight line ^ parallel to the 
given direction ; join the 
points jr, 6'e by the straight 
line p. The straight line 
through pb parallel to the 
given direction is the tangent 
required. 

rV. If in problem II the point // assume different positions 
on a, or if in III the given straight Hne assume different 
directions, we arrive at the solution of the problem : 

To construct ly means of its tangents the parabola which is deter- 
mined hy four given tangents. 
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CHAPTER XVI. 

DEDUCTIONS FEOM THE THEOREMS OF PASCAL 
AND BEIANCHON. 

164. We have already given some propositions and con- 
Btructiona (Arts. 161-163) which follow immediately from the 
theorems of Pascal and Brianchon, by supposing some of 
the elements to pass to infinity. Other corollaries may he 
deduced by assuming two of the six points or six tangents to 
approach indefinitely near to one another *. 

If AB'C A'BC are six points on a conic, Pascal's theorem 
asserts that the pencils A{A'B'CC') and B(A'B'CC'), for 
example, are projective with one another. To tho ray AB of 
the first pencil corresponds in the second the tangent at £, so 
that we may say that the group of four lines 

AA', AB', AC , AB 
is projective with the group 

BA', BB', BC, tangent at _ff. 
But this amounts evidently to saying that the point C", which 
was at first taken to have any arbitrary position on the curve, 
has come to be indefinitely near to 
the point £. Instead then of the 
insenbed hexagon we have now the 
figure made up of the inscribed 
pentagon 4B'CA'B and the tan- 
gent S at the vertex B (Fig. 
1 14) ; and Pascal's theorem be- 
comes the following : 
I'iii. 114, Tf a pentagon is inscribed in a eonic, 

the points of interseeiion R , Q of two 
pairs of non-eoitsecutive sides (AB' and A'B, AB and CA'), and tke 

* Carnot, loiy. eit., pp. 455, 456. 
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point F where the fifth side {B'C) meets the tangent at the opposite 
v&rt&E, are coUmear. 

This corollary may also be deduced from tlie construction (Art. 84, 
rigM) for two projective pencils. Three pairs of corresponding rays 
are here given, viz. AA' and BA', AC and £C, AB' and BB'. We 
cut the two pencils by the transversals CA', Cfi' respectively; MB 
be the point of intersection of A'B and AB', then any pair of corre- 
sponding rays of the two pencils must cut the transversals CA', CB' 
respectively in two points which are collinear with R. In order 
then to obtain that ray of the second pencil which corresponds to 
AB, via. the tangent at J5, wc join E to the point of intersection Q of 
CA' and AB, and join QR meeting CB' in F; then BP is the 
ter[uired ray b. But this construction agrees exactly with the corol- 
lary enunciated above. 

16B. By help of this corollary the two following problems can be 
solved : 

(1). Givenfiixpoinii A,B', C , A', B of a conic, to draw the tangent 
at one of them B (Fig. 1 14). 

Solution. Join Q, the point of intersection of AB and CA', to Ji, 
the point of intersection of AB' and A'B ; if P is the point where 
QE meets B'C, then BF will be the required tangent *. 

Particular cases. 

Given four points of a hyperbola and the direction of one asymptote, 
to draw the tangent at one of the given points. (This is obtained 
by taking one of the points A , B', C , A' ia lie at infinity.) 

Given four points of a hyperbola and the direction of one asymptote, 
to draw that asymptote. {fJ at infinity.) 

Given three points of a hyperbola and the directions of both 
asymptotes, to draw the tangent at one of the given points. (Two of 
the four points A, B', G , A' at infinity.) 

Given three points of a hyperbola and the directions of both 
asymptotes, to draw one of the asymptotes. {B and one of the other 
points at infinity.) 

■/(2). Gwen four points A, B ,A',C of a conic and Hm tangent at 
one of them B, to construct the conic 6j/ points; for example, to find 
the point of the cwrve wkieh lies on a given straight line r drawn 
through A (Fig. 1 1 4). 

Solution. Let R be the point where A'B meets r, and Q the 
point where AB meets CA' ; and let QR cut the given tangent in P. 
The point B' where CP cuts the given straight line r will be the one 
required. 

By supposing one or more of the elements of the figure to lie at 

* MiCLAUBiH, inc. cit., 5 40. 
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infinity, e. g. one of the points A^ A',C\ or two of these points ; or 
the point A and the line r ; or the point B ; or the point B and one 
of the other points ; or the point B and the given tangent ; we obtain 
tho following particular cases : 

To construct by points a hyperbola, having given 

three points of the curve, the tangent at one of these points, and 
the direction of one asymptote ; 
or: two points, the tangent at one of them, and the directions of 

both asymptotes ; 
or : three points and an asymptote ; 

or : two points, one asymptote, and the direction of the other 
asymptote. 
Given three points of a hyperbola, the tangent at one of them, 
and the direction of an asymptote, to find the direction of the other 



To construct by points a parabola, having given three points of 
the curve (lying at a finite distance) and the direction of the point at 
infinity on it. 

166. Ketuming to the hexagon J 5'C^'5 (7' inscribed in a 
conic, let not only C be taken in- 
definitely near to S, but also G 
indefinitely near to B'. The figure 
■will then be that of an inscribed 
quadrangle AB'A'B together with the 
tangents at B and B' (Fig. 115)1 and 
Pascal's theorem becomes the follow- 
ing: 

If a quadrangle is inseriied m a 
conic, the points of intersection (f the 
two pairs of opposite sides, and the point 
of intersection of the tangents at a pair 
of opposite vertices, are three coUinear 
I^g' ^'5- points. 

This property coincides with one already obtained elsewhere (Art. 
85, right). For considering the projective pencils of which BA and B'A, 
BA' and B'A', ... are corresponding rays, it is seen that the straight 
line which joins the point of intersection Q of BA and B'A' to the 
point of intersection R ai B'A and BA' must pass through the point 
of intersection F of the rays which correspond in the two pencils 
respectively to the straight line joining their centres B and B'. 

167. By help of the foregoing corollary the following problems can 
be solved ; 
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(1). Given /our points A ,B',A',B of a conic and the tangent BP 
at OTie of th^m B, to draw the tangent at another of the points B 
(Fig. 115). 

Solution. Let AB and A'B' meet in Q, and AB' and A'B in It ; 
and let QB meet tke given tangent in P. Then B'P will be the 
required tangent *. 

By supposing one of the given points, or the given tangent, to 
lie at infinity, the solutions of the following particular cases are 
obtained ; 

To draw the tangent at a given point of a hyperbola, having given 
in addition two other points on the curve, the tangent at one of them, 
and the direction of one asymptote ; or, one other point, the tangent 
at this, and the directions of both asymptotes ; or, one other point, 
one asymptote, and the direction of the other asymptote. 

To draw the asymptote of a hyperbola when its direction is known, 
having given in addition three points on the curve and the tangent at 
one of them ; or, two points on the curve, the tangent at one of them, 
and the direction of the second asymptote; or, two points on the 
■curve and the second asymptote. 

To draw the tangent at a given point of a parabola, having given 
two other finite points on the curve, and the direction of the point at 
infinity on it. 

(2). To construct a conic by points, having given three points A , B, B" 
on the curve and the tangents BP , B'P at two of them, ; i. e. to 
determine, for example, the point A' in which an arbitrary straight 
line r drawn through B is cut by the conic (Fig. 1 1 6). 

Solution. Join the point of intersection P of the given tangents 
to the point B where r cuts AB' ; and let „ r v 

PBautABinQ. If £'§ bejoined,itwiIi ^ 

cut r in the required point A', \ 

By supposing one of the points A , B , B' 
or one of the lines BP , B'P, r to lie at ' 

infinity, we shall obtain the solutions of , 

the following particular cases : I 

To construct by points a hyperbola, 
having given two points on the curve, tlie 
tangents at these, and the direction of one 
asymptote; or, one point on the curve, 
the tangent there, one asymptote and the 
direction of the second asymptote ; or, one point c 
both asymptotes. 

To construct by points a parabola, having given two points on the 

* Maclal'RIN, loc. cit,, 5 3S. 
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curve, the tangent at one of them, and the direction of the point at 
infinity on the curve. 

168. The tangents at the other vertices A and A' of the 
quadrangle ^-By|'-B' (Fig. 1 16) will also intersect on the straight 
line joining the points {AB,A'£')mid {AB',A'B). Hence the 
theorem of Art. 166 may be enunciated in the following, its 
complete form : 

If a quadrangle is inscribed in a conic, the points of ifdersection 
of He two pairs of opposite »ides,'and the points of itdersection of 
tJie tangents at tie two pairs of opposite vertices, arefowr collifiear 
points. 

If two opposite vertices of tie quadrangle be takoa to lie at 
infinityj this becomes the following : 

If on a chord of a hyperbola, as diagonal, ft parallelogram he 
constructed so as to have its sides parallel to the asjiniitote'*, the 
other diagonal will pass through the point of intersection of the 
asymptotes. 

169. Theorem. The complete quadrilateral formed hy four 
tangents to a eoni^, and the complete quadrangle formed hy their four 
points {f contact, have the same diagonal triangle. 

In the last two figures writo C ,1),'E , G in place of 




A',B',S,, Q respectively. In the inscribed quadrangle ABOD 
(Fig. iJ7)the point of intersection of the tangents at A and C, 
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that of the tangents at B and D, the point of intersection of the 
sides AS, BC, and that of the sides AB,CI>&W lie on one straight 
\ms:EG. If the same points A,B,G,D are taken in a different 
order, two other inscrihed quadrangles ACI)B and ACBJ) are 
obtained, to each of which the theorem of Art. 168 may be 
applied. Tailing the quadrangle ACDB, it is seen that the 
point of intersection of the tangents at A and B, that of the 
tangents at C and B, the point of intersection of the aides 
AB , CD, and that of the sides AO , BB all lie on one straight 
line FG. So too the quadrangle ACBD gives four points 
lying on one straight line EF; viz. the points of intersection 
of the tangenta at A and B, of the tangents at C and B, of the 
sides AB , CB, and of the sides AC , BB*. 

The three straight lines EG , GF, FE thus obtained are the 
sidea of the diagonal triangle EFG (Art. 36, [2] ) of the complete 
quadrangle whose vertices are the points A,B,G,B; and 
since the same straight lines contain also the points in which 
intersect two and two the tangents a, 5, c, i^f at these points, 
they are alao the diagonals of the complete quadrilateral 
formed by these four tangents. The theorem is therefore 
proved. 

170. In the complete quadrilateral abed the diagonal /, 
whose extremities are the points ao , id, cuts the other two 
diagonala g and e in E and G respectively ; these two points 
are therefore harmonically conjugate with regard to ac and hd 
(Art. 56). The correlative theorem is : The two opposite sides 
of the complete quadrangle ABCB which meet in i''are har- 
monically conjugate with regard to the straight lines which 
connect F with the two other diagonal points E and G (Art. S 7). 
Summing up the preceding, we may enunciate the following 
proposition (Fig. 117): 

If at the vertices <f a (simple) quadrangle ABCB, inscrihed m a 
conic, tangentg a, 6, c, d be drawn, so as to form a (dm/ile) quadrila- 
teral circumgcribed to the conic, then this quadrilateral possesses the 
folloiBtng properties with regard to the qitadrangle: ii)tke diagonals 
of the two pass through one point (F) and form a harmonic pencil ; 
(a) the points if intersection of the pairs cf opposite sides of the two 
lie on one straight line (EG) and form a harmonie range; (3) the 

■, hi:, cit., 5 50 : Carn&t, loc. cit., pp. 453, 454. 



Hosted by 



Google 



DEDUCTtONS PROM THE THEOREMS 



diagonals {ftke qiMdrilaferal pass tltrovgh ihe jointt cfmhrsp tioi 
of the paws of opposite sides of the quadrangle * 



171. By help of the theorem of Art 161 when we are given four 
tangents a ,h ,c ,d io a conic and the p iiit of contact A of one of 
them, we can at once find the points of contact of the three otheis, 
and when we are given four points A B G D cm a. conic and the 



tangent a at one of them, we ca 
other pointst. 

Solution. Draw the diagonal 
triangle EFG of the complete 
quadrilateral abed ; tlien AG, 
AF, AB will cut J, c,rf respec- 
tively in the required points of 
contact B, C, D. 



draw the tangents at the three 

Dnw the diagonal triangle 
UrO of the complete quadnn^le 
ABVD then the straight In es 
joinmg aj af ae to £ C B le 
spectively will be the required 
tangents. 



172. The theorem of Art. 169 may be enunciated mth re- 
gard to the (simple) quadrilateral formed by the four straight 
lines a, i, c,d; it then takes tho following form, under which 
it is seen to bo already included in the theorem of Art. 1 70 J : 
In a quadrilateral circumscrihed to a conic, the straight lines 
which Join the points of contact of the pairs of opposite sides pass 
through the point of intersection of the diagonals (Fig, ii8). 

This property coincides with one already proved with regard 
to two projective ranges (Art. 85, left). For 
consider the projective ranges on a and c as 
bases, in which ah and ch, ad and ed,... are 
corresponding points ; the straight lines which 
connect the pairs of points ah and cd, eh and 
ad resi>ectively, must intersect on the straight 
line which connects the points corresponding 
in the two ranges respectively to ac; but this 
is the straight line joining the points of contact 
of a and c. 

If the conic is a hyperbola, and we consider 
the quadrilateral which is formed by the asymp- 
totes and any pair of tangents, the foregoing 
L expresses that the diagonals of such a quadrilateral are 
parallel to the chord which joins the points of contact of the two 
tangents §. 

* Chasles, SecifoBB eoBfgues, Art. isi. 
+. MAOLAnBiK, loc. eit., 16 38, 39. 
t Newton, loc. cit.. Cor. ii. to iemma uiv. 
i AroLLONjBS, loc. cit, iii. 44. 
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173. The theorem of Art. 172 gives the solution of tho problem: 

To construct a conic hy tangents, Iiaving given three tangents a, b, c 
and the ^points of contact A a/nd C cf two of them; to draw, for 
example, through a given point H lying on a a second tangent to the 
curve {Fig. ii8). 

Solution. Join the point ah to the point of intersection of AC and 
Hlhc) ; the joining line will meet c in a point which when joined to 
H gives the required tangent d. 

If one of the points A, C or one of the given tangents he supposed 
to lie at infinity, the solution of the following particular cases is 
obtained : 

To construct by tangents a hyperbola, having given one asymptote, 
two tangents to the curve, and the point of contact of one of them ; 
or, both asymptotes and one tangent. 

To construct by tangents a parabola, having given the point at 
infinity on the curve, two tangents, and the point of contact of one of 
them ; or, two tangents and the points of contact of both. 

Given four tangents to a conic and the point of contact of one of 
them, to find the points of contact of the others. 

174, If inPasearatheorenithepoiiits^,'^',*?' be taken to lie 
indefinitely near to ^ , .S , C re- e 
spectively, the figure becomes \p//f 

that of an inscribed triangle t<\\ji 

ABC together with the tangents >^^^^^Jc-T\ 

at its vertices (Fig. 119); and /^^^~^^^^^?V\ 

the theorem reduces to the / ^~i^^-0\ 

following: / / ^'~~^^Xq 

In a triangle inscribed in a conic, \ / ^ 

the tangents at the vertices meet tlie V^___---^ 
respectively opposite sides in three ^'8- ■'9- 

collinear points. 

175. This gives the solution of the problem : 

Given tkree points A,B,G of a conic and the tangents at two of 
them A and B, to draw Oie tangent at the third point G (Fig, 1 19). 

Solution. Let P,Q be the points where the given tangents at 
A,Bcut BC, CA respectively ; if PQ cut AB in R, then GR is the 
tangent required. 

The following are particular cases : 

Given two points on a hyperbola, the tangents at these points, 
and the direction of one asymptote, to construct the asymptote 

Given one asymptote of a hyperbola, one point on the curve, the 
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tangent at this point, and the direction of the second asymptote, to 
construct this second asymptote. 

Given both asymptotes of a hyperbolft and one point on the curve, 
to draw the tangent at this point. 

(From the solution of thia problem, it follows that the segment 
determined on any tangent by the asymptotes is bisected at the point 
of contact). 

Given two points on a parabola, the direction of the point at 
infinity on the curve, and the tangent at one of the given points, to 
draw the tangent at the other given point. 

176. The inscribed triangle ABC and the triangle DBF 
formed by the tangents (Fig. 119) possess the property that 
their respective sides SC and BF, CA and FB, AB and BE in- 
tersect in pairs in throe collinear points. The triangles are 
therefore homological, and consequently (Art. 18) the straight 
lines AJ) , BE , CF which connect their respective vertices pass 
through one point 0. Thus we have the proposition : 

In a triangle circumsaribed to a conic, the straight lines which join 
the vertices to the points of contact of the respective?^ opposite sides 
are concurrent. 

177. By help of this proposition the following problem can be 
solved : 

Given three tangents to a conic and the points of contact of two of 
them, to determine the point of contact of the third. 

Solution. Let DBF (Fig. 9) b th t 1 f -m d b^l 

three tangents, and let 4, ^ b th p t f ta.i i Ef FD 
spectively. If ^i> and £^ 1 t t i\ #0 w U ut th 
tangent DE in the required p nt f t t C 

Particular eases. 

Given one asymptote of a 1 j i ! b tw t ng t i tl [ t 
of contact of one of them, to d t rmi tl \ t f nt t f th 

Given both asymptotes ofal^jbl 1 t^ttdt 

mine the point of contact of th 1 tt 

Given two tangents toap bl dth pnt f ttt 
determine the direction of the p t at ifimtj tl 

Given two tangents toap-alltlj tf ttf f 

them, and the direction of the p t at infinity th u to d t 
mine the point of contact of th th g n t ng t 

178. As a particular case of th tl m f Art 176 d 
parabola and the circumscribing t angi f m d by tl t nge t t 
any two points A,B, and the stra ght 1 ne at nfin ty whi 1 al o 
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a tangent. If tlio tangents at A and B meet in C (Fig. 1 20), the 
straight line joining C to the middle point D of the chord AB will be 
parallel to the direction 



which liea tlie point at infinity a 




Again, if any point M be 
taken on AS, and parallels 
MP , MQ be drawn to BC , AO 
respectively to meet AG , SO 
in F, Q ; and if MR be drawn 
parallel to BC to meet FQ in 
R ; then FQ will be a tangent 
to the parabola, and S its point of contact. 

179- Just as from Pascal's theorem a series of special 
theorems have been derived, relating to the inscribed pen- 
tagon, quadrangle, and triangle, so also from Erianehon'a 
theorem can be deduced a series of correlative theorems re- 
lating to the circumscribed pentagon, quadrilateral, and 




iee.ff. that twoof thesix tangentsa,i', c,ffl', 5,e'which 
form the circumscribed hexagon (Art. 153, left), 6 and / for 
pie, lie indefinitely near to one another. Since a tangent 
tangent indefinitely 
near to it in ita point of contact 
(Arts. 146, 149), the hexagon will 
be replaced by the fiigure made up 
of the circumscribed pentagon 
alfea'b together with the point of 
contact of the side h (Fig. 131). 
Brianchon's theorem will then becom 

Jf a pentagon is circumscnhei to a conto, the two diagonals which 
connect any two pairs of opposite terttcei, and the straight line join- 
ing thejifth 1 erfex to the point of contact of the opposite side, meet 
m the same point 

This theorem expresses a property of projectue ranges whioh has 
alrea ly (Ait 85, left) been noticed 

For consider tiie two projective ranges determined by the ithei 
tangents on a and h as ba=es Thiee pairs of corre^^pondjug points 
are given, viz those determined bj a!, b', and c Project the first 
range from the point ca' and the second fiom cV , this gives two 
pencils m perspective of wbich corresponding pairs of rays mterseet 



the following: 
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oil the straight line r wliich joins t!ie poiiita ah', ha'. In order 
then to uhtain that point of the second range which eorreaponds to 
the point ah of the first, vie. the point of contact of the tangent 6, we 
draw the straight line q which joins the points ea' and ah, and then 
the straight line p which joins ch' and qr ; then j)6 is the point 
required. But this construction agrees exactly with the theorem in 
question. 

ISO. By means of the property of the circumscribed pentagon 
just established the following problems can be solved : 

(1). Given five tangents to a conic, to determine the point of contact 
of any one of them *. 

Particular case. Given four tangents to a parabola, to determine 
their points of contact, and also the direction of the point at infinity 
on the curve. 

(2). To construct hy tangents a conic, liaving given fom tangents 
and the point of contact of one of them. 
Farticwlar cases. 

To construct by tangents a hyperbola of which three tangents and 
one asymptote are given. 

To construct by tangents a parabola, having given three tangents 
and the direction of the point at infinity on the curve ; or three 
tangents and the point of contact of one of them. 

181. The corollaries of Brianchon'a theorem which relate to ^ the 
circumscribed quadrilateral and triangle have already been given 
(they are the propositions of Arts. 172 and 176) ; they are correlative 
to the theorems of Arts. 166 and 174, just as those of Arts. 164 and 
179 are correlative to one another. 

It vrill be a ve:y useful exercise for the student to solve for himself 
the problems enunciated in the present chapter : the constructions aJl 
depend upon two fundamental ones, correlative to one another, and 
following immediately from Pascal's and Brianchon's theorems. 

183. The corollaries to the theorems of Pascal and Brianchon show- 
that just as a conic is uniquely determined by five points or five 
tangents, so also it is uniquely determined by four points and the 
tangent at one of them, by four tangents and the point of contact of 
one of them, by three points and the tangents at two of them, or 
by three tangents and the points of contact of two of them, It 
follows that 

(1). An infinite number of conies can be drav^rn to pass tlirough 
three given points and to touch a given straight line at one of these 
points ; or to pass through two given points and to touch at them 
two giCen straight lin«a ; but no two of these conies can have another 
point in common. 

* MACL4UBIN, loc. cit, 5 4I. 
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(2). An infinite i mb f h \ t t h i^ 

straight line at a g p t d t to h tw tl g t ht 

lines ; or to touch tw st ght 1 t tw p t b t 

no two of these com 1 th t t m mm 

If then two conic thg thtb tthmpt 

(i.e. if thecomce to b th t tl i t) tl ^ t b 

in addition more th t mm t g t tw mm p mt 

and if two conies to 1 t g t ^bt 1 t tw gi I uit 

(i.e. if two conicB tab tl ttpt)tlyuntl 

any other common } t t< g t 

Tb«E if two conic t 1 t ght lin t p t j1 tl p t 

is equivalent to two p t f t t d tb t gbt bn is 

t to two c mm t g t 
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183, Theorem. Any transversal Correlative Theorem. The 

whatever meets a conic and Ifwop- tangents from an arbitrary point to 
poHte sides of an inscribed quad' a conie and the straight lines which 
rangle in three conjugate pairs of join the same point to the opposite 
points of an involution. vertices of any drcumscribed quad- 

rilateral form three eonjtcgate pairs 
of rays of an involution. 
This is known as Desahgues' 



Let qrst (Fig. 123) be a quad- 
lateral circmnscribed about a 




and let s be any transversal cut- 
ting the conic in F and I", and 
the sides QT, RS, QR, TS of the 



from any point S let 
? y, p' be drawn to the 
and let the straight lines 
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quadrangle in A , A', B , B' re- 
Bpectively. 

The two pencils which, join 
the points B., M, P', T of the 
conic to Q and S respectivelj aro 
projective with one another {Art. 
149), and the same is therefore 
true of the groups of points in 
which these pencils are cut by 
the transyersal. That is, the 
group of points PBB'A is pro- 
jective with the group PA'P'B', 
and therefore (Art. 45) with 
P'E'PA ' ; consequently (Art. 
123) the three pairs of points 

PP', AA', BB' 
are in involution, 

184. This theorem, like tlmt 
of Pascal (Art. 1 53, right), enables 
us to construct by points a conic 
of which five points P,Q,R,S,T 
are given. For if (Fig. 122) an 
arbitrary transversal a be drawn 
through P, cutting QT, RS, QR, 
TS\nA,A',B,B' respectively ; 
and if (as in Art. 134) the point 
P' be found, conjugate to P in 
the involution determined by the 
pairs of points A, A' and B, B' ; 
then will 7" be another point on 
the conic to be constructed. 

185. The pair of points C, C 
in which the transversal cuts the 
diagonals QS and RT of the 
inscribed quadrangle belong also 
(Art. 131, left) to the involution 
determined by the points A, A' 
and B, £'. 

Moreover, since the points 
A, A' and B, B' suffice to deter- 
mine the involution, the points 



a, a', h, b' be drawn which join 
S to the vertices qt, rs, qr, ta of 
the quadrilateral respectively. 

The two groups of jmints in 
which g and a are cut by the 
tangents p, r, p', t are pro- 
jective with one another {Art. 
149), and the same is therefore 
true of the pencils formed by 
joining these points to S. That 
is, the group of rays pb}/a is 
projective with the group pa'p'fi', 
and therefore {Art. 45) with 
p'h'pa' ; consequently (Art. 123) 
the three pairs of rays 

are in involution. 

This theorem, like that of 
Brianchon (Art. 153, left), en- 
ables OS to construct by tangents 
a conic of which five tangents 
}), q, r, s, t are given. For if 
(Fig. 133) an arbitrary point S 
be taken on p, and this point be 
joined to the points cjt, rs, qr, fa 
respecti'felybytherays a,a',b,b'; 
and if (Art. 134) the ray p' be 
constructed, conjugate to p in the 
involution determined by the pairs 
of rays a, a' and h, h' ; then will 
p' be another tangent to the conic 
to be constructed. 

The pair of rays c, c' which 
connect 5 with the points of 
intersection qs and ri of the 
opposite sides of the circum- 
scribed quadrilateral belong also 
{Art. 131, right) to the involu- 
tion determined by the rays «, a' 
and 6 , b'. 

Moreover, since the rays a, a' 
and 6, 5' suffice to determine the 
involation, the rays y, p' are a 
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P, T' are a conjugate pair of 
tMs involution for every conic, 
whatever be its nature, which 
circumscribes the quadrangle 
QUST. 

Thus: 

Any trtmewrsal meets the conies 
circumscribed about a given qwad- 
ranffle in pairs of points forming 
an involution. 

If the involutinn has double 
points, each of these is equivalent 
to two points of intersection P 
and P' lying indefinitely near to 
one another ; and will therefore 
be the point of contact of the 
transversa! with some conic cir- 
cumscribing tte quadrangle. 

There are therefore either two 
conies which pais through four 
given points Q, E, >S', T and 
touch a given straight line s 
(not passing through any of the 
given points), or there is no 
conic which satisfies thpsc con- 
ditions. 

186. If, from among the six 
points AA', BB', FP' of an 
involution, five are given, the 
sixth is determined (Art. 134). If 
then in Fig. 12a it is supposed 
that the conic is given, and ttat 
the quadrangle varies in such a 
way that the points A. A', 3 
remain fixed, then also the 
point £' will remain invariable ; 
consequently : 

If a variable quadrangle move 
in such a way as to remain 
always inscribed in a given conic, 
while three of its sides (urn each 
round one of three fixed coUinear 
points, tJten the fourth side will 
tvrn roiMid a fourth fixed f(nnt. 



conjugate pair of this involution 
for every conic, whatever be its 
nature, which is inscribed in the 
quadrilateral qrst. 

Thus: 

The pairs of tangents drawn 
from any point to the conies 
inscribed in, a given quadrilateral 
form an involution. 

If the involution has double 
rays, each of these is equivalent 
to two tangents p and }>' lying 
indefinitely near to one another ; 
and will therefore he tho tangent 
at tS" to some conic inscribed in 
the quadrilateral. 

There are therefore either two 
conies w hich touch four given 
straight lines q, r, s, t and pass 
through a given point S (not 
lying on any of the given lines), 
or there is no conic which satis- 
fich these conilitions. 



If, fro 



among the six rays 
aa', bb', jip' of an involution, 
five are given, the sixth is deter- 
mined (Art. 134). If then in 
Fig, 123 it is supposed that the 
conic is given, and that tho 
quadrilateral varies in such a 
way that the rays a, a', b remain 
fixed, then also the ray b' will 
remain invariable ; 



IfavwriaUeq-' 
in such a way as to remain always 
etrcuinscribed to a given conic, 
while three of its vertices slide 
each along one of three fixed con- 
current straight lines, tlien the 
fourth vertex mil slide along a 
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eolKnear wilh t/te three given fourth fixed straiyht Une, concur- 
ones. rent with the three given ones. 

187. The theorem of the preceding Art. (left) may be ex- 
tended to the case of any inseribed polygon having an even 
number of sides. Suppose such a polygon to have 2 n eidea, 
and to move in such a way that in— i of these pass respec- 
tively through as many fixed points all lying on a straight 
line s (Fig, 124). Draw the 
diagonals connecting the 
first of its vertices with the 
4"', 6t^ 8* ... 2(«- i}"- 
vertex, thus dividing the 
polygon into « — i simple 
quadrangles. In the first 
of these quadrangles the first " .p. ^^ 

three sides (which are the 

first three sides of the polygon) pass respectively through 
three fixed points on s ; therefore also the fourth side (which is 
the first diagonal of the polygon) will pass through a fixed point 
on s. In the second quadrangle the first three sides (the first 
diagonal and the fourth and fifth side of the polygon) pass re- 
spectively through three fixed points on s; therefore the 
fourth side (the second diagonal of the polygon) will pass 
through a fixed point on s. Continuing in the same manner, 
we arrive at the last quadrangle and find that the fourth side 
of this {Le. the 2»*^ side of the polygon) passes through a 
fixed point on s. We may therefore enunciate the general 
theorem : 

If a variable polygon of an even mtmher of mdes 'Move in suck a 
■a>ay as to remain always msartbed in a given conic, while all Us sides 
hut one pass respectively throv^h aa many fixed points lying on a 
straight line, then ihe last side also mil pass through a fixed point 
eollinear with the others *. 

If tangents can be drawntothe conic from the fixedpoint 
round which the last side turns, and if each of these tangents 
is considered as a position of the last side, the two vertices 
which lie on this side will coincide and the polygon will have 
only 2 ?i— I vertices. The point of contact of each of the two 

* POSOELET, loC. cit, Att. 5I3. 
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tangents will therefore be one position of one of the vertices 
of a polygon of 2n—i aidea inscribed in the conic so that ita 
sides pas3 respectively through the 3« — i given collinear 
points. 

188. The solution of the correlative theorem is left as an 
exercise to the student; the enunciation is as follows: 

if a variable polygon, of an even numier [in] of sides inoves so as to 
remain always circumscriied to a given, conic, while all its vertices 
but one slide along as many fxed 
straight lines radiating from a centre, 
then the last vertex also will slide 
along a fixed straight line passing 
through the same centre (Fig. 

If the straight' line on which 
this last vertex slides cut the 
conic in two points, and if the 
tangents at these be drawn, each 
of them will be one position of 
a side of a polygon of 2« — i 
sides circumscribed about the 
Kg. 125. conic BO that ita vertices he each 

on one of the am — i given con- 
current straight hues. 




189. If in Fig. 122 it be sup- 
posed that th« points 5 and T lie 
indefinitely near to one another on 
the conic, or in other words that 
ST is the tangent at 5, then the 
quadrangle QRST reduces to the 
inscribed triangle QRS and the 
tangent at S (Fig. 126), so that 
Deeargues' theorem hecomes the 



If a triangle QSS is insarihed 
in a conic, and if a transversal s 
meet two of its sides in A and A', 
the third side and the tangent at 
the ojtposite vertex in B and B', 
and the conia itself in P and P', 



If in Fig. 123 the tangents 
s and ( he supposed to lie indefi- 
nitely near to one another, so that 
st becomes the point of contact of 
the tangent 3, then the quadri- 
lateral qrst reduces to the circum- 
scribed triangle qrs and the point 
of contact of a (Fig. 127), so that 
the theorem correlative to that of 
Desargues becomes the following : 

If a triangle qrs is circum- 
seribed about a conic, and if from 
cmg point S there he drawn (/w 
straight lines a, a' to two of its 
vertices, the straight lines 6,6' to 
the third vertex and tlie 2'oint of 
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th^se three pairs of points o 
involution. 



190. This theorem gives a 
Bolution of the problem r Given ji/ve 



contact of t!i£ opposite side, and 
the ta/agente Pip' to the COnic, 
then these three pairs of rays are 
in invohttion. 

This theorem gives a solution of 
tlie problem : Given Jive tangents 




Fig. 126. 
points P,P',Q,Jl ,S on a cimic, 
to draw the tangent at any one of 
ikem S. 

For if ^,^',£(Fig. 1 36) are the 
points in which the straight line 
PP'cMin the straight lines Q^S, SE, 
iSQ respectively, we construct {as 
in Art, 134) the point j5'conjugate 
to B in the involution determined 
by the two pairs of points A , A' 
and P, P'\ then B'Swill be the 
required tangent. 

181. If in Fig. 126 it be now 
supposed in addition that the 
points Q and B also lie inde- 
finitely near to one another on 
the conic, i.e. that Qfi. is the 
tangent at 1^, then the inscribed 
quadrangle QSST is replaced by 
the two tangents at Q and S and 
their chord of contact QS counted 
twice(Fig. I28)._ 

Since the straight lines QT, 
BS now coincide, A and A' will 




P? p'l 9i ''i * 'o (^ <:onic, to find the 
point of contact of any one of 
them 8. 

For if a, a', 6{Fig. 127) are the 
rays joining the point pp' to the 
points qs,sr,rq respectively, we 
construct (aa in Art. 134) the ray 
b' conjugate to 5 in the involu- 
tion determined by the two pairs 
of rays a,a' and ^ ,^'; then b's 
will be the required point of con- 

If in Fig. 127 it be now sup- 
posed in addition that the tan- 
gents g and r lie indefinitely near 
to one another, i. e. that gr is the 
point of contact of the tangent g, 
then the circumscribed quadri- 
lateral qrst is replaced by the 
points of contact of the tangents 
q and s and the point of intersec- 
tion qs of these tangents counted 
twice (Fig. 129). 

Since the points qt, ra now co- 
incide in a single point 5s, the 
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also coincide in one point, which 
is consequently one of the double 
points of the involution deter- 
niined by the pairs of conjugate 



rays c 



[191 
coincide 



a' will 

■ay a, which is conse- 
quently one of the double rays of 
the involution determined by the 




points P, P' and B, B'. In this 
case, then, Desarguee' theorem 
s the following : 



If a Iransmrsal cut Hoo tan- 
gents to a conic in B and £', their 
chord of contact in A, and ike 
conic itself in P and P.', then the 
point A is a double point of the 
involution determined hy the jmirs 
of points P, P' and B, B'. 



Or, differently stated 

If a variable conic j'ciss 
two given points P and P' a/nd 
touch two given straight lines, the 
chord which joins the points of 
contact of these two straight lines 
will alvMye pass Hirough a fixed 
point <m PP'. 

If the tangents QJJ, SU vary 
at the same time with the conic, 
while the points P, P', B, B' re- 
main fixed, the chord of contact 




pairs of conjugate rays p, p' and 
h,h'. The theorem correlative to 
that of Desargues then becomes 
the following : 

If a given point S he joined to 
two points on a conic by the 
straight lines b, 6', and to the 
point of intersection of the tan- 
gmts at these points by the sf/raight 
line a; and if from &ie same 
point Stltere be drawn the two tan- 
genii p, p' to the conic ; then d'ie 
a double ray of the involution de- 
termined by the pairs ofraysp,p' 
and b, b'. 

Or, differently stated : 

// a variable conic touch tico 
given straight lines p and p' and 
2>aB8 through two given points, the 
tangents at t/iese two points will 
always intersect on a straight line 
passing through pp'. 

If the jwints of contact of g and 
s vary at the same time witli the 
conic, while the straight lines 
p,2>', 6, J' remain fixed, the point 
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QS must still always pass through 
one or other of the double poiiita 
of the involution determined by 
the pairs of points P,P' and B,B'. 
If then four colliiiear points P, F ', 
B, B' are given and any conic is 
drawn through P and P', and 
then the pairs of tangents from 
B and B' to this conic ; then if 
each tangent from B is taken to- 
gether with each tangent from 
B', four chords of contact will he 
obtained, which intersect one 
another two and two in the double 
points ofthe involution determined 
byP, P'and£,5'*. 



192, Prom the theorem of the 
last Article (left) is derived a 
solution of the problem : Giv&n 
fourpoi-niB P, P', Q,Sona conic 
and the tangent at one of them Q, 
to draw the tangent at any other 
ofthe given points S (Fig. 128). 

For if ^, B are the points in 
which PP' cuts QS and the given 
tangent respectively, and we con- 
struct the point B' conjugate to 
B in the involution determined 
by the pair of points P, P' and 
the double point A ; then the 
straight line SB' will be the tan- 
gent required. 



193. Consider again the theorem of Art. 191 ; and suppose that 
the conic is a hyperbola, and that its asymptotes are the tangents 
given (Fig. 130). The chord of contact QS lies in this case entirely 
at infinity; so that the involution {PP', BB', ...) has one double 
point at infinity, and therefore (Arts. 59, 125) the other double point 

• BniANCHON, loc. ci(., pp. so, !I. 



of intersection qs must still always 
lie on one or other of the double 
rays of the involution determined 
by the pairs of Tays^>,jp'and h,¥. 
If then four concurrent straight 
lines p,p',h,h' are given and any 
conic is drawn touching p and p', 
and then the two pairs of tan- 
gents to this conic at the points 
where it is cut by h and 6'; 
then if the tangents at the two 
points on 6 are combined with 
the tangents at the two points on 
6', each with each, four points of 
intersection will be obtained, 
which lie two and two on the 
double rays of the involution de- 
termined by p, p' and 6, h'. 

From the theorem of the last 
Article (right) is derived a solu- 
tion of the problem : Givm. fiywf 
tangents 2>, p',q, s toa conic and 
the point of contact of one of them 
5, to determine the point of fontact 
of any other of the given tangents 

« (Fig. 129)- 

Fur if fl, 6 are the rays which 
connect pp' with qs and with the 
given point of contact respec- 
tively, and we construct the ray 
b' conjugate to i> in the involu- 
tion determined by the pair of 
rays p. p' audi the double ray a; 
then sb' will be the reij^uired 
point of contact. 
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i. the 


common point of bisection of the 


segments PP'.SS' 


... We 


conclude that ; 








If a 


hyperbola and i 


ts mymptotes he cut by a transversal, 


die seg- 


me/nts 


nUrcepted hy the 


GWfve and by the 


asymptotes respectively have 


the sam 


s middle 2>mnt. 










From this it follows that 

PB = B'P' and FB't^BP'*, 
which gives a rule for the construction of a hyperhola when the two 
asymptotes and a point on the curve are given +. 

194. Consider once more the Consider once more the theorem 

theorem of Art. 191 (left), and of Ai-t. 191 (right), and suppose 
suppose now that the points P cowthat the tangentsyand ^'lie 
andi^'areindefinitelynearto one indefinitely near to one another, 



another, i. e. let the transversal 
be a tangent to the conic {Kg. 
131). Its point of contact P will 



let the point S lie on the 
conic itself (Fig. 132). The tan- 
gent to the conic at S will he the 




Fig. 131. 
be the second double point of the 
involution determined hy the pair 
of points B,B' and the double 
points ; consequently (Art. 125) 
P and A are harmonic conjugates 




second douhle ray of the involu- 
tion determined by the pair of 
rays b , b' and the donble ray a ; 
consequently {Art. 125) p and a 
are harmonic conjugates with re- 
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with regard to B and B' ; aud 
we conclude that ; 

In a triangle UBB' drcvan,- 
teribed to a conie, any side BB' 
is divided harmonically by its 
point of contact P and the ^oint 
where it meets the chord QS joining 
the poinU of contact of the otJier 



195. From A a second tangent 
can be drawn to the conic ; let its 
point of contact he 0. Since the 
four points Z*, ^, 5 , S', which have 
been shown to be harmonic, are 
respectively the point of contact 
of the tangent AB, and the three 
points where this tangent cuts 
three other tangents OA , QB, SB' 
respectively, it follows that the 
tangents AB, OA, QB, SB' will 
be cut by every other tangent in 
four harmonic points {Art, 149); 
i. e, they are four harmonic tan- 
gents (Art. 151). And since the 
chord of contact QS of the con- 
jugate tangents QB, SB' pasaes 
through A the point of intersec- 
tion of the tangents at F and 0, 
we have the theorem i 

If the chord of contact of <yne 
pair of tangents to a conic pass 
through the 2>oinf of intersection of 
anoUier pair of tangemts, then each 
pair is harmonically conjugate 
with regard to the other. 
And conversely: 
If jour tangents to a conic are 
harmonic, the chord of contact of 
each pair of conjtcgate tangents 
passes through the point of inter- 
section of the other pair. 



gard to b and b'; and we con- 
clude that ; 

In a triangle m66' inscribed in 
a conic, any two sides I and b' 
are harmomc conjugates with re- 
gard to the tangent p at the vertex 
in which they meet and the straight 
line joining this vertex to the ^oint 
of intersection of the tangents q 
and 8 at the other two vertices. 

The straight line a cuts the 
conic in a second point ; let the 
tangent at this be o. Since the 
four rays p,a,b ,i', which have 
been siiown to be harmonic, are 
respectively the tangent at S, and 
the straight lines which join S to 
three other points on th ni 
(the points of contact of q and 
s) it follows that the t ht 
lines connecting these f p t 
with any other point on tl 
will form a harmonic p 1 (A ■t 
149); i.e. the four points are 
harmonic {Art. 151). And since 
the point of intersection of the 
tangents q and s lies on the chord 
of contact of the tangents p and o. 



If the point of intersection of 
the tangents at one pair of points 
on a conic lie on the chord join- 
ing another such pair of points, 
then each pair is harmonically 
conjugate with regard to the oth^. 
And conversely: 

If fffuur points on a conic are 
ha/rmonie, the point of intersection 
of the tangents at each pair of eon- 
jugate points lies on the chord 
joining the other pair. 



106. These two correlative propositions can be combined intc one 
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by virtue of the property already estaLIished (Arts. 148, 149) that 
the tangents at four harmonic points on a conic are themselves har- 
monic, and conversely. We may then enunciate as follows : 

Jf a ^air of tangents to a conic meet in a point lying on the chord 
of contact of anoilier pair, then also the second }>air vdll Tneet in a 
point lying on the chord of contact of the first ; and the fowr tangents 
(and likewise t7imr points of contact) will form a harmonic gystem *. 

Thus in Fig. 131 QS passes through A, the point of intersection of 
PA and OA, and similarly OP passes through U, the point of inter- 
section of QB and SB'; and tiie pencil U {QSFA) is harmonic, and 
likewise the pencil A (OPQU). 

In Fig. 132 the point qs lies on a, the chord of contact of o and p, 
and similarly the point op lies on the straight line u which joins the 
points of contact of g and s ; and the range u. {qsap) is harmonic, and 
tlie range a {o^m/u) alf-o. 

187. Example. Suppose the conic to be a hyperbola {Fig. 133), 
Its asymptotes are a pair of tangents whose 
chord of contact QS is the straight line at 
infinity ; consequently the chord joining the 
points of contact of a pair of parallel tangents 
will pass through the point of intersection U 
of the asymptotes ; and conversely, if tJirough 
U a tiansversal he drawn, the tangents at the 
points P and 0, where it cuts the curve, will 
be parallel. The point U will lie midway 
between P and 0, since in general UVPO 
(Fig. 131) is a haimonic range, and in this ease V lies at in- 

Any tangent to the curve cuts the asymptotes in two points B and 
B' which are harmonically conjugate with regard to the point of con- 
tact P and the point where the tangent meets the chord of contact of 
the asymptotes ; but this last lies at infinity; therefore P is the 
middle point ot BB'. Thus 

The part of a tangmt to a hyperbola which is intercepted between 
the asymptotes is Usected at its poirtt of contact t. 
, This proposition is a particular case of that of Art. 193. 

198. Theohem %. If a qitadrangle is inscribed in a conic, the 
rectangle contained by the distances of any point on tlie ewroe from 

* Dbla Hire, ioc. cif.j booki. prop. 30. Steiseh, loc.cU., p. 159, S43; Collected 
Works, vol. i. p. 346. 

+ Apollonius, loe. cit., ii. 319. 

t To this ChaSLbS has giyen tie name of PaPPUS" theorem, giace it corresponds 
to the celebrated 'problevui, ad qvaluor Imeaa' of thia ancient geonietei:. Cf, 
Apei-fa hUtwigue, pp. 37, 33S. 
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one pair of opposite sides is to the rectangle contained by 
from the other pair in a constant ratio. 

In Fig, 122, the pairs of points P and P', A and A', B and B' 
being, by Desargues' theorem, in involution, the anharmonic ratios 
{PP'AB) and {P'PA'B') are equal to one another, or 
PA _ PS__P^ P'B' 
P^'P'B "^ Pa- " PB' 
_ P]V_ PA' 
~ P'B'' P'A'' 
. But PA : P'A is equal to the ratio of the distances (measured in 
any the same direction) of the points P and P' from the straight line 
<^'P, and the other ratios in the foregoing equation may be interpreted 
similarly ; we have therefore 

(^/■(if)' KB')'-{A')' 

U).(^0 _ (jy.(^7 

{B)\B')-{B)'.{B'f 
where {A), (A'), (5), (5') denote the distances of the point P from 
the sides Qf, B.S, QR, ST respectively of the inscribed quadrangle 
QRST, and {A)', {A')', {S)', {B')' denote similarly the distances of 
the point P' from these sides respectively. (These diatancea may be 
measured either perpendicularly or obliquely, so long aa they are all 
measured para;llel to one another.) The ratio 

(A) {A') 

{B)(B') 
is therefore constant for all points P on the conic ; which proves the 



198. Theokem. If a quadrHateral is circumscribed about a conic, 
ife rectangle contained by the distances of one pair of opposite vertices 
from any tangent is to the rectangle contained hy the distances of the 
other pair from the _aame tangent in a constant ratio *. 

In Fig. 123 let the vertices gr, qt, st, sr of the circumscribed 
quadrilateral qret be denoted by M, T, T„ E, respectively ; let the 
points where the tangents p, p' meet the side g be called P, P' 
respectively +, and let the points where these same tangents meet the 
side s be called P^, P/ respectively. Since by the theorem corre- 
lative to that of Desargues, the pairs of rays p and p', a and a', 
h and b', are in involution, the anharmonic ratios {bapp') and 
(jb'a'p'p) are equal to one another. Hence by theorem (2) of 
Art, 149, 

* Chasles, Suctions coniques. Art. 26. 
t -P' is not shown io the figure. 
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{RTPP') = {T^R^P^'P^) 

= (^,7',P,P/)by Ant. 45; 
MP _ RP^ _ R^R, R,R,' 
TP ' TP' ~ T,P^ ' T,P,' ' 
RP. T,P. RP'. T.P' 



TP.R,Pj TP'.R,P/ 
But RP : TP ia equal to the ratio of the distances (measured in 
any the same direction) of the points R and T from tlie straight line 
p ; so also T^P^ : £,Pj is the ratio of the distances of the points T, 
and 7?i from the same straight line p. The foregoing equation 
therefore expresses that the ratio 

RP.T ,P, 

TP.R'^P\ 
is constant for every tangent 2> to the conic ; which proves the 
theorem. 
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SELP-CORBESPONDIKO ELEMENTS ASD DOUBLE ELEMENTS. 

200. Consider two projective flat pencils, concentric or non- 
concentric. Through their common centre or through their 
two centres and 0' draw a conic or a circle, and let this 
cut the rays of the first pencil in A,3i, C, ... and those of the 
second in A', B', C',... . Project these two series of points 
from two new pointa 0^, Q( (or from the same point) .lying 
on the conie ; the two projecting pencils Oj [ABC ... ) ar^d 
0^{A'B'C' ... ) are by Art. 149 projective with the two given 
pencils {ABC ... ) and (/ {A' B' C ...) respectively; and are 
therefore projective with one another. 

Tlie two series of points ABC ... and A'B'C ... are said to form 
two projective ranges on the conic *. 

I. Now project these two ranges (Fig. 134) from two of their 
corresponding points, say from A' and A. The projecting 
pencils 

A'{A,B,G,...) and A{A',B',C',...) 
will be projective with one another ; and since they have the 
self- corresponding ray AA', they are 
in perspective. Corresponding pairs 
of rays will therefore (Art. 80} inter- 
sect on a fixed straight line, so that 
AB' and A'B, AC and A'C, AB' and 
A'B 

If any poi 
s joinj 



irill meet on one straight line 
be taken on «, the straight 
f it to ^ and A ' will cut 
the conic again in another pair of corrf 
the ranges ABCB... and A'B'C'D' ... . 

* BELLATina, Saggio di Oeomdria derivata (Nuovi Saggi delV Accademia di 
Padova, vol. iy. 1838, p. 370, note). 




points of 
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If instead of A' and A any other pair of corresptJnding 
points had been taken as centres of projection, say B' and B, 
the same straight line * would have been arrived at. For 
since AB'CA'BC' ia a hexagon inscribed in a conic, it follows 
by Pascal's theorem that the point of intersection oi B'C and 
BC must lie on the straight line which joins the point of 
intersection oi A'B and AB' to that oi A'C and ^C"(Art. 153, 
right). 

II. Any point M in which the conic and thg straight line x 
intersect is a self-corresponding point of the two ranges 
ABC ... and A' B'C ... . For if Jf, 3/' be corresponding points 




Fig- 13;. 



Fig, [36. 




of the two ranges, it has been seen that A' M, AM' must inter- 
sect on s ; if then M lie on s, M' must coincide with M; i. e. a 
pair of corresponding points of the two ranges are united 
at M. 

The two ranges will therefore have two self -corresponding points, 
or only one, or none at all, according as 
the straight line s cuts the conie in iteo 
points (Fig. 135), touches it (Fig. 136), or 
floes not evt it (Fig. 137). 

m. From what precedes it is clear 
that two projective ranges of points on a 
conic are determined hy three pairs of 
corresponding points A and A', B ami B', 
C and C, For in order to find other 
pairs of corresponding points, and the 
self-corresponding points (when such 
exist), we have only to construct the 
sses through the points of intersection 
of the three pairs of opposite sides of the hexagon AB'CA'BC 
(Figs. 98, 134, 135). The self-corresponding points -wilt then 



Fig. 137- 
straight line s which j 
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be the points where * cuts the conic, and any number of pairs 
of corresponding points can be constructed by help of the 
property that any pair I) and B' arc such that the lines A'l) 
and AB' (or B'l) and BB', or C'B and CB') intersect on * * 

201. Instead of projective -rangea of points on a conic we may 
consider jwo/wdVe series of tangents to the same. Let o, </ be two 
projective ranges of points (either collinear or lying on different straight 
lines as bases). Describe a conic to touch o and o', and draw to this 
conic, from each pair of corresponding points A and A', B and B', 
C and C", ... the tangents a and a', b aiid h', c and c', ... . If now 
these two aeries of tangents are cut by two other tangents o[ and o,', 
two new ranges of points will be obtained, which are projective with 
the given ranges respectively (Art. 149), and are therefore projective 
with one another. 

Two series of tangents to a conic are mid to be pr<gecUve wiHi one 
anoUier when they are cut by any other tangent to the curve in two 
projective ranges, 

I. Suppose tlie first series of tangents to be cut by the tangent a', 
and the second by the tangent a. The two projective ranges so 
formed are in perspective, since they have the self-corresponding 
point aa' ; the straight lines which join the pairs of corresponding 
points a'b and ab', a'c and ac', ... will therefore pass through one 
point S. This point does not change if another pair of tangents 
b' and h are taken as transversals ; for by Brianchon's theorem the 
straight lines which join the three pairs of opposite vertices «'& and 
ab', a'e and ac^, b'e and be' of the circumscribed hexagon ab'ca'hc' 
must meet in a point (Art. 153, left). 

II. If the point ,S is such that tangents can be drawn from it to 
the conic, each of them wili be a self- corresponding line of the two 
projective series of tangents aba ... and a b'l^ ..■ . 

[The proof of this is analogous to that of the corresponding property 
of two projective ranges of points on a conic {Art. 200, II). ] 

III. Two projective series of tangents to a cimic are determined 
by three pairs of corresponding lines a and a', b and b , c and c . 
For in order to find other pairs of corresponding lines, and the self- 
corresponding lines (when such exist), we have only to construct the 
point of uitersection S of the diagonals which join two and two the 
opposite vertices of tiie clrcum^ribed hexagon ab'ca'he'. The self- 
corresponding lines will be the tangents from S to the conic, and any 
pair of corresponding Imes d and d' may be constructed by means of 
the property that the pomts a'd and ad' (or b'd and hd', or c'd and 
od', . . .) are collinear with 5. 

* SlElNEK, hcdt., p. 174, 5 4'5,i".; Collected Woifc, wl. i.\<. rr7- 
M 3 
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IV. A mnge of points J,5, C, ... onaconic and aseriesof taiigeiita 
o, 6, c, ... to the same are said to be projective with one another, 
when the pencil formed by joining J, B, C, ... to any point on the 
conic is projective with the range determined by a,b,c, ... on any 
tangent to the conic. 

A range of points A, B,C\ ... on a conic, or a series of tangents 
a,b,e, ...to the same, is said to he projective with a range of points 
on a straight line, or a pencil (flat or axial), when this last -mentioned 
lange or pencil « projectne -nith the pencil formed by joining 
ABC to any joint on the conic or with the lange determined Vy 
a, b, c on any tangent to the conic 

V ThLfe definitions premised, we may now include under the 
title of one dim,i^isi<nial geometif form not only the lange of 
collmeir point* the flat ptncil and the axial pencil but also 
the range ot points on a ccnic and the series of tangents to a 
conic*, and with regard to the'.e we may enunciate the general 
theorem Tuo one dimensimal forms wfaeh are ea h projective 
vnth a third {also of ow dinfitsioii) ate pryeotiiv uilh one another 
(of Alt 41) 

VI Fiom these definticna it folhws abo that theoiem (3) of Ait 
149 may he enunciated in the following manner : 

Any series of tangents to a conic is projeetvee with the range formed 
by their points of contact. 

VII. Let vl y B,C, ... and A', B', C, ... he two projective ranges of 
points on a conic, and let a, 6, c, ... and a', b', c', ... he the tangents 
at these points. The series of tangents a, b, c, ... and a', b', c', ... 
are projective with the series of points of contact A, B, C, ... and 
A', B' , C, ... respectively, and are therefore projective with one 
another. Let s he the straight line on which the pairs of straight lines 
such as AB' and A 'S, AC' and A'C, BC and B'C ... intersect ; and 
let S be the point in which meet the straight lines joining pairs of 
points such as ah' and a'b, ae' and a'c, bo' and 6'cj ... . If s cuts the 
conic in two points M and N, these must be the self- corresponding 
points of the ranges ABC ... and A'B'C' ... ; the tangents «i and n 
at M and N respectively must therefore be the self-corresponding 
lines of the projective series abc ... and a'b'</ . . .; consequently the 
straight lines m and n will meet in S. 

VIII. From the foregoing it follows that for the consideration of a 

* The mtrodoction of these new one-ilimenaional forms enables UB now to add 
to tlie operations previously made use of (section by a transversal straight line 
and projection b; strtught liues radiating from a point) two others, viz, sectioa of 
a flat pencil bj a conic passing throagh the centre of the pencil, aaid projection of 
a range of collinear points bj means of the tangents to a conic which touches the 
base of the range. 
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series of tangents can always be substituted that of their points of 
contact, and vice verm. 

202. Instead of considering any two projective pencils as 
in Art. 200, take an involution of straight lines radiating 
from a point 0. Suppose these to be cut by a conic passing 
through in the pairs of points A and A', B and B', C and 
C, ..., and let these points be joined to any other point 0■^ on 
the conic. Since by hypothesis (Arts. 122, 123) the pencils 
0[AA'BC ..,) and 0[A'AB'C' ...) are projective with one 
another, the pencils 0,(AA'BC...) and o/{A'AB'C' ...) are 
so too (Art. 149); and therefore the rays issuing from 0, 
form an involution also. In this case we say that lie two pro- 

jective ranges of points ABC ... and A'B'C ... on the conic forw. 
an involution ; or that tkm-e is on the conic an involution formed by 
the pain of conjugate points AA' ,BB' , CC',... *, 

I. Similarly, if there is given an involution of points on a straight 
line o and if fTOm the pairs of conjugat* points there he drawn 
tangents a and a', h and h', e and c', ... to a conic tonching o, these 
will he cut by any other tangent to the conic in an involution of 
points; in this case we say tliat aa', W, ec', ... form an involution of 
tangents to the conic (cf. Art. 201). 

II. If several pairs of tangents au', bb', ce', ... to a conic form an 
involution, their points of contact AA', BB', CC, ... form an involu- 
tion also, and conversely (Ait. 201, VI). 

203, Of the six points A, B', C, A', B, C on a conic con- 
sidered in Art. 200, let C lie indefinitely near to A, and C in- 
definitely near to A'. The projective ranges {ABC...) or 
(ABA' ...) and {A' B'C'...).ot {A' B' A...) will then form an 
involution [AA ', BB', ...) and the inscribed hexagon is replaced 
by the figure made up of the inscribed quadi-angle AB'A'B and 
the tangents at the opposite vertices^and A'(Figa. 115, 138). 
We conclude that 

An involution of points on a conic is determined hy tim pairs 
AA', BB'. 

I. In order to find other pairs of conjugate points, it is only 
necessary to construct the straight line « which joins the point 
of intersection oi AB' and J'-Btothat of AB and A'B'; i.e.io 

* Staudt, Beitragc ;rir Geometnc der Luye (Nunibepg, i8s6-;r-Go), Art-, 70 
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draw the straight line joining the points of intersection of the 
paii-a of opposite sides of the inscribed quadrangle AB'A'B. 
The points where a cuts the conic 
are the double points. Pairs of 
conjugate points -wtQ be constructed 
by remembering that any pair C 
and C are such that the straight 
lineage and ^'(7' (or ^C" and -4'C, 
, or BC and B'C, or B'C and BC) 
intersect on «. 

II. The tangents at a pair of 
conjugate points, such as A and A', 
B and B', ... likewise intersect on 
the straight line s (Art. 166). 

III. Since the pairs of sides BC 
and B'C, CA and C'A', AB and 
A'B' of the triangles ABC, A'B'C 
intersect in three points lying on 

a straight line s, the triangles are homological (Art. 17)*, and 
the straight lines AA', BB', CC wiU meet in one point S. But 
AA' wiA _B5' suffice to determine this point ; accordingly: 

Any pair of conjugate points of the imoluUon are colUnear with a 
fixed point S; or 

Every straight line drawn th-ough S to cut the conic dctcrinhien 
on it a pair of eonjitgate points of the involuHou. 

IV. It has been seen that if a cuts the conic in two points 
J/ and N, these are the double points of the involution. The 
tangents at M and N will therefore meet in S. 

V. Conversely, the pairs of points in which a conic is cut hg 
the rays <f a pencil whose centre S does not lie on the curve form 
an involution. 

For if A and A', B and B' are the points of interfleetion 
of the curve with two of the rays, these two pairs AA' 
and BB' determine an involution such that the straight 
line joining any pair of corresponding points always passes 
through a fixed point, viz. S. If the involution has double 
points, these are the intei-sections of the conic with the 



* The triangles A'BC and AB'C, 
likewise homological in [lairB. 
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straight line s wliich joins the point of intersection of AB and 
A'B' to that of AB' and A 'B. 

VI If from different points of a ttmiglit line s pairs of tangents 
a and a', b and b', c and c',... be drawn to the conic, these form an 
involution. For if ^4 and A', B and £', (7 and C,... are the points of 
contact of the tangents a and a', b and b', c and c', - . - respectively, and 
5 is the point of intersection of the chorda AA ' and BB', then in the 
involution determined by the pairs A , A' and B , B' the straight line 
joining any other pair of conjugate points will pass through S. The 
point and its conjugate lie therefore on a straight line passing 
through S, and the tangents at these points must meet on the 
straight line joining the points w/ and W, i.e. on a; the conjugate 
of C is therefore C". This shows that A and A', B and B', G and C 
form a range of pointe in involution, and that consec[uently a and a', 
b and 6', G and (/ form a series of tangents in involution. 

VII. If M and iV are the double points of an invnlutnui 
AA',BB',CG',... of points on a conic, it has been seen Uiat 
AB, A'B', MN are three concurrent straight lines (the same is 
the case with regard to AB' , A'B , 2fA'). In consequence then of 
theorem V, above, we conclude that : 

If AA' and BB' are two jxiirs of fonjugale elements of an involn- 
tion, and MN the double elements, titen MN, AB, and A'B' {and 
similarly MN , AB' , and A'B) are three pairs of conjugate elements 
of another involution. 

VIII. The straight line s cuts the conic (see below, Ai-t. 
254) when the point S lies outside the conic (Fig. 138), that ia, 




when the arcs A A' and BB' do not overlap one another ; when 
these arcs overlap, the point S lies \vithin the conic and the 
straight line * docs not cut the latter (Fig. 139). We therefore 
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ariive again at the property already proved in Ai-t. 128, viz. 
that 

Au invohitioii Uas two douhle elements when any two pairs of 
conjitgate elements are such that they do not overlap ; and it has no 
dow6le elements when they are such that they do overlap. 

In no case can an involution, properly so called, have only 
one double element. For if s were a tangent to the conic, 5 
would be its point of contact, and of eveiy pair of conjugate 
points one would coincide with S (ef. Art. 1 25). 

204. If {MNAB...) and {MNA'B'...) are two projective 
ranges of points on a conic, M and N will be the self-corre- 
eponding points, and the straight line MN will pass through 
the point of intersection of AB' and 
A'B (Art, 200). Now let B' be sup- 
posed to lie indclinitely near to A 
and ainnlarly B to A', so that the 
straight lines AB' and A'B become 
in the limit the tangents at A and 
A' respectively (Fig, 140). Since now 
MNAA' and MNA'A are groups of 
corresponding points of two projective 
Fig. 140, ranges, the two pencils mnaa' and 

mn(^a formed by joining them to any 
point on the conic will be projective; and therefore mnaa' 
is a harmonic pencil (Art. 83). We thus arrive again at the 
second theorem of Art. 195 (right) ; viz. 

If four points M,N, A, A' on a conic are harmonic, the tangents at 
one pair of conjugate points, say A and A', intersect on the chord 
MN joining the other pair ; 

and its correlative (Art. 195, left). 

If four tangents to a conic are harmonic, the point of intersection 
of one pair of conjugates lies on the chord cf contact of the other 
pair. 

From the former of these it follows that if through the 
point of intersection S of the tangents at M and N straight 
lines he drawn cutting the conic in A and A',B and B', C and 
C", ... respectively, any of these pairs of points will bo har- 
monically conjugate with regard to M hnA K The tangents 
at A and A', B and B', C and C, ... will therefore intersect in 
pairs on the straight line j\iy. 
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c two tangents and c 




, {siace SM = SIf), 



lu other worda ; 

^ from any point there le drawn to a 
secant, the two points of contact and 
the two points of intersection form, a 
harmonic system. 

The points {AA'), {BB'), (CC), ... 
form an involution of which M and 
JV" are the double points (Art. 203, 
III, IV), We therefore arrive again 
at the property of an involution 
that if it has two double elements these 
caliy by any pair of coDJugate elements (Art. 1 25). 

205. Suppose now that the conic is n circle (Fig. 141). 
similar tiiangles SAM, SMA', 

AM : MA' -.-.SM: SA', 
and fiDm the similar triangles SAN , SNA ' 
AN-.NA'-.iSy-.'SA'; 
AM _ A'M 
■'■ AN ~ A'N ' 
or AM . A'N = AN . A'M. 

But by Ptolemy's tteorem (Euc. vi. D), 

AA'. MN = AM. A'N + AN. A'M. 
If then 3/, N . A , A' are four harmonic points on a circle, 
i AA'. MN = AM . A'N = AN . A'M. 

206. The properties established in Art, 200 and the following 
Articles lead at once to the solution of the important problem : 

To construct the self- corresponding ehinents of two superposed pro- 
jective forms, and the double elements of an iiivolwtton 

I. Let two c(mcefitria projective pencils be given, wlmh are deter- 
mined by three pairs of corresponding rays ^ 
(Fig. 142) ; it is required to construct tJieii 
self-corresponding rays. 

Through the common centre describe 
any circle, cutting the three given paii-s of 
rays in A and A', B and B', € and C" re- 
spectively. Let ^lii', /IVi meet in fi, and 
ACA'C'mQ; if the straight line iJA' cut 
the circle in two points M and N, then 
OM, ON will he the required self-corre- 
sponding rays. 
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II, Let A and A', B and B', C and C {Fig. 143) he three pairs 

of corresponding points of two collinear ranges; it is required to 
construct the self-corresponding points. 



: V: 


M B' 


- i- 








~"%^ 

^ 


" V 





fig. 143- 
Describe any ciicle tiucliitig the common liiao o of {Le two ranges, 
and to this circle draw Ironi tlie given points tlie tiogenta a and a', 
b and b', c and c' Let r be the straight line winch ■joidb the points 
oA', a'b and 5 that wliith joins the points ac", a'f It the point qr 
lies outside the cucle ind fiom it the tangents m, and n lie drawn to 
the circle, then the points oin on in which the=!e meet the base will 
be the required sell coire'iponding points of the two i-anges. 




Draw any circle whatever in tlie plitne and take 011 it any point 
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0. From project the given points upon the circumference of the 
circle, and let A, and A{ , £, and 5/, C, and C/ be the projec- 
tions of ji and^', .B and £', C and C" respectively. 3oin A,B,' ,A^'B, 
meeting in M, and j1,Cj' , A/C, „ 

meeting in Q (or B^C,' , B/Cj meet- 
ing in F). If the straight line PQR 
cut the circle in two points M, , N^ , 
and these be projected from the 
point back »pon the given base o, 
then their projections M , N will 
be the required self-corresfpondiiig 
points of the given ranges *. 

III. In (I) let the two pencils 
be in mvolution (Fig. 145), and let 
it le required to find the double raj/a. 

Two pairs of conjugate rays suffi 
cils. Draw through the centre any circle cutting the given 
rays in A and A', B and B' respectively. Let AB', A'B meet in 
B, and AB , A'B' in Q; if the straight line QR cut the circle in 
two points M and N, then OM, OA^will be the required double rays 
of tlie involution. 

IV. Let A and A',B cnil B' he two given pairs of conjugates 0/ an 




■ to determine the pen- 




Fig. 14(5. 



* reqiihrd to find (lie 



involution of jwinfs on a straight line ; 
double points {Fig. 146). 

Draw any circle in the plane and take on it any point 0. From 
project the given points upon the circumference of the circle, and 
let A, and A,', B, and B^' be the projections of A and A', B and B' 
respectively. Let A,B,' , A,'B, meet in Jl, and A,B, , A,'B,' in Q. If 
QR cuts the circle in J/i , N„ and these points be projected from O 
back upon the given straight line, then their projections Jy,JP" will 
be the required double points. 

• Steineb, loc. cU; pp. GS and J74, HT and 4(1; Collei:ted Woiks, vol. L. 
pp. 28s. JjS. 
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Otherwise : 

Describe a circle touching the base AB... (i'ig. 147), and draw 1o 
his circle from the points A and A', B and if', the tangents a and a', 




b and 6', respectively. Let r be the straight line which joins the 
points oA', a'b, and q that which joins the points ab,a'b'. If the point 
gr lies outside the circle, the tangents m. aad n from this pojnt to the 
circle will cut the base Sine of the involution in the required double 
points. 

207. Theorem. A pencil in. involution, is either euek that every 
ray is at right angUi to its conjugate, or eke it contains one and 
only one pair of conjugate rays including a right angle. 

Consider again Art. 206, III ; if the point of intei section S 
of the straight lines AA',BB',... is the centre of the circle 
(Fig. 148) then AA\ B£', ... are all diameters, and therefore 





each ray OA, OB, ... will be at right angles to its conjugate 
OA', OB', ... In this case then the involutionia formed by a 
series of right angles which have their common vertex at 0. 
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But if S is not the centre of the circle (Fig. 149), draw 
jhe diameter through it ; if (7 and C are the extremities of 
this diameter, the rays OC, OC wil! include a right angle. 
But these will he the only pair of conjugate rays which 
possess this property, aince through .S" only one diameter can 
he drawn. 

208. This proposition is only a particular ease of the 
following one: 

Tivo superposed mvolulions (or svch as are contained in the same 
one-dimendonal form) have always a pair of conjugate elements in 
common, except in the ease where the involutions have dovhle 
elements and the douMe elements of the one overlap those of the other. 
Take two involutions of rays having a common centre 0, 
and let a circle drawn through cut the pairs of con- 
jugate rays of the first involution in the pairs of points 
{AA'yBB',...) and those of the second in {GG'JIH',...). Let 
S be the point of intersection of AA',BB',... and T that of 
GG',inr,.... If the straight line ^^ cut the circle in two 
points i;'and-£", these will be a conjugate pair of each involu- 
tion, since they are collinear with S and with T also. Let us 
now examine in what cases ST will cut the circle. 





Fig. 150, 

Li the first place, it will certainly do so if one at least of the 
points S, f hes within the circle (Art. 203, VIII}, /. e. if one at 
least of the involutions has no douhle elements (Figs. 150, 151). 

Secondly, if both the points S, 2' lie outside the circle, i.e. if 
both the involutions have double elements, then the straight 
line ST may or may not cut the circle. If 0M:,0N are the 
douhle elements of the first involution, 01I,0F those of the 
second, the rays OE, OE' must be harmonically conjugate both 
with regard to 0M,0]^ and with regard to OU,OF; but (Art. 
70) in order that there should exist a pair of elements which 
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are at the same time harmonically conjugate with regard to 
each of the two pairs OJi", OiVand OJJ,OF, it is necessary and 
sufficient that these two pairs should not overlap. If then 
these pairs do not overlap, ST will cut the circle (Fig. 152) •, 




whereas if they do overlap, ST will not cut the circle (Fig. 
153). The two involutions have therefore a common pair of 
conjugate elements in all cases except this last, viz. when they 
both have double elements and these overlap. 

[IF 50 a 1 5 are shown cases of two ol o 

h in n pai f jugate elements E and ^' F „ 5 

fl th 1 1 11 t t the case where no such pair e ts ] 

208 Tl p d p bl m, via, that of determining tl e c m on 
p f J g t 1 t f two involutions superposed one upo 
tl tl dpi} tl f llowing, viz. to determine ( a ange 

a p 1 ) } ir of elements which are ha ti o ally 

id -a h f two given pairs. This i oHu n 1 as 
1 f th of a range, ia Ai-t. 70 ; tl e f Ho g 



a) 



dyb n 1 

a th It 

S n th t 

ghtl 



t d al with a range of points 1 g on a 
1 and a point on it, and pro] t tlie 
given points from upon the circumference ; let M, N and U, V he 
their projections (Fig. 152). Let the tangents at M and iV" to the 
circle meet in S, and the tangents at U and Y in T. If the pair MjV 
does not overlap the pair UV, then ST will cut the circle in two 
points £! and E', which when projected back from upon the given 
straight line will give the points required. 

210. The double points of the involution determined by the pairs 
A, A' and B, B' are the common pair of conjugate elements of two 
other involutions ; one of these is determined by the pairs A , B 
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and A', JS', the other by tlic pairs A, B' and A', B (Art. 203, 

vn.) 

From thia follows a conslruclion for Oie double points of am, 
involution of colHnear jioints wMeh is determined by (lis pairs A , A 
and B, B'. Take any point G outside the base of the involution 
and deacrihe the circles GAB, GA'B' ; they will meet in another 
point, say in //. Similarly let K be the second point of intersection 
of the circles GAB', GA'B. Every circle passing through G and H 
meets the base in a pair of conjugate points of the involution J B,J'if' 
(Art. 127) ; so too every circle passing through G and K gives a pair 
of conjugate points of the involutioa AB' , A'B. If then the circle 
GUK be described and it meet the base, the two points of intersection 
will he the double elements of the involution AA', BB' *. 

211. It follows from the foregoing that the determination of the 
self-corre^i^onding points of two projective ranges ABC ... and 
A'B'C ... on a conic (and consequently ol the self-corresponding 
points of any two superposed projective forma) reduces to the con- 
struction of the straight line s on which intersect the pairs of 
straight lines AB' and A'B, AG' and A'G, BC and B'C Simi- 
larly the determination of the double points of an involution AA', 
BB', ... depends on the construction of the straight line s on which 
intersect the pairs of straight lines AB and A'B', AB' and A'B, ... 
or the pairs of tangents at A and A', Sand B', ... . 

Conversely, if any straight line s (which does not touch the conic) 
is given, an involution of points on the conic is thereby determined ; 
for it is only necessary to draw, from different points of s, pairs of 
tangents to the conic, and the points of contact will be pairs of 
conjugate points of an involution. 

But, on the other hand, in order that two projective ranges of 
points ABC ... and A'B'G' ... may be determined, there must be 
given, in addition to the straight line a, a jJair of conjugate points A 
and A' also ; then the straight lines joining A and A' to any point 
on s will cut the conic in a pair of corresponding points B' and B. 

Two projective ranges of points determine an involution ; for they 
determine the straight line a, which determines the involution. If 
the two ranges have two self-corresponding points, there will also be 
the double points of the involution. 

* Chasles, Giornilrie svpiriciire. Art. afij. 
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212. Problem. Given Jive points 
0, 0', A, B, C m a cmic, to 
detertniite thepcnnts of intersection 
of the curve with a given straight 

Solution. Join any two of 
the points 0, 0' to each of the 
others A, B, C (Fig. 154); the 



Peoblem. Given fxe tangents 
o, 0', a, b,c to a conic, to draw 
a pair of tangents to Ifie curve 
from a given point S. 

Conaider the points wliere two 
of tbe tangents 0, 0' are met by 
the others a, S, c (Fig. 155) ; tlie 




Kg. 154- 



pencUa {A, B, 0, ... ) and 
0'(.1, 5, C,...) will be projective, 
and will cut the transversal s 
in points forming two collinear 
projective ranges. 

A point M which corresponds 
to itself in these two ranges will 



ranges o (o, b, c, ... ) and 
0' {a, h, c, ... ) will be projective, 
and if projected from S as centre 
will give two concentric projec- 
tive pencils. 

Any ray wi which corresponds 
to itself in these two pencils will 



Hosted by 



Google 



PEOBJ.EMS OF THE SECOND DEGREE. 



177 



also be a point on the conic, since 
a pair of corresponding rajs of 
the two pencils must meet in M. 
The points of intersection of the 
conic with the straight line s are 
therefore found as the self-corre- 
sponding points of the two coUi- 
near ranges which are det«rmined 
on s hy the three pairs of corre- 
sponding rays OA and O'A, OB 
and O'B, 00 and O'C. There 
may he two such Belf-correspood- 
ing points, or only one, or none 
at all ; consequently the straight 
line s may cut tlie conic in two 
points, or it may touch it, or it may 
not meet it at all. The constructiou 
of tlie self-correaponding points 
themselves may be effected hy 
either of the methods explained 
in Art. 206, II. 

213. In a similar manner the 
problem may he solved if there 
be given four points 0, 0', A, B 
on a conic and the tangent o at 
one of them ; or three points 
0, 0', A and the tangents o and 
o' at two of them and 0'. In 
the first case the two pencils are 
determined by the three pairs of 
rays o and O'O, OA and O'A, 
05 and O'B; and in the second 
case by the three pairs o and 
O'O, 00' and o', OA and O'A. 

If however there be given five 
tangents, or four tangents and 
the point of contact of one of 
them, or three tangents and the 
points of contact of two of 
them, we may begin by first con- 
structing such of the points of 
contact of the tangents as are not 



also be a tai gent to the conic 
since a pdir of coneaponling 
points of the two ran^o'i o ai d o 
must he on Ml Tie tangents 
from S to the cot ic are theiefoie 
found as the self corresj nndmg 
rays of the two concentric penc la 
which are deteimmed by the rays 
joining b to the three pat's of 
corresp ndmg points Da and o a 
oh and oh oc and o c Thete 
may be two sucb 'ielt correspond 
ing rajs or only one or none at 
all; consequently theie cai either 
be drawn fiom the point S two 
tangents to the come or S is a 
point on the conic or else fiom ^i 
no tangent nt all can be dmwn 
The constiucti n of the f*li cci 
responding nja themselves maj 
he effected bv the meth d en. 
pUined m Art 206 I 

In a similar minnoi the pro 
blem maj be solved li there he 
given four tingents o o n 6 ti 
a conic and the \ omt of toutaot 
of one of them o o thiee tm 
gents o a and the pout of 
contact and 0' of two of them 
o and o' In the former ca e the 
three pairs of p it ts which deter 
mine the two ranges are and 
o'o , oa and oa oh and o b 
in the latter case thej ate 
and o'o oo' and oa and 

If howe'vei there be gnen ft\e 
points on tl e come oj foui points 
and the tangent at one 1 them 
or three points and tl e tangents 
at two tf tiiem we may begin bj 
first constructing such of the tan 
gents at the points as aie not 
already given {Arti 166 I~l 



Hosted by 



Google 



Irs 



PBOBLEMB OF THE SECOND DBGHEE. 



[214 



already- given (Arts. 180, 171, 175); the problem will then re- 
177); theprohlemwillthenreduce duce to one of the cases given 
to one of the cases given above. above. 

214. In the construction given in Art, 212 (left) suppose that the 
conic is a hyperbola and that the given 
straight line s is one of the asymptotes (Fig. 
156). The collinear projective ranges de- 
termined on e by the pencils 0{A, S, C, ... ) 
and 0' {i B,C ) will have in this case 
one self cone=ponding point, and this (being 
the point of contact of the hyperbola and 
the asymptote) will lie at an infinite dis- 
tance But m two collinear ranges whose 
BLlf corresponding points coincide in a single 
one at infinity, the "eoment intercepted between any pair of corre- 
sponding points is ot constant length (Art. 103). We therefore 
conclude that 

If from two fixed points and 0' on a hyimrbola there he drawn 
two rays to ewt one anotlier on the curie the segment PP' which these 
intercept on either of thi> nsymitofi is cf un lant length*. 





215. If in Art. 212 (left) the Mrriight hne s 
infinity, the problem becomes the follo'wing 

Given Jim points A B C on a com 
at injmitif on it (Kg. 157). 



taken to lie at 



;, to determiiie the points 
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Consider agam the projective pencils {A , B , C , —) and 
0'{A,B,C ) whicli determine on the straight line at infinity b two 
collinear ranges nhose self- corresponding points are the required 
points at i) finitj on the conic, Since each of these self- corresponding 
points must he not only at the intersection of a pair of corresponding 
rays of tlie two pencils hut also on the line at infinity g, the corre- 
spouding rays which meet in such a point must be parallel to one 
another ; the probJem therefore reduces to the determination of the 
pairs of corresponding rays of the two pencils which are parallel to 
one another. 

In order then to solve the problem we draw through the parallels 
OA', OB', OC to O'A, O'B, O'C respectively, and then construct 
(Art. 206, I) the self- corresponding rays of the two concentric 
pencils which are determined by the three corresponding pairs OA 
and OA', OB and OB', 00 and 00'. If there are two self-corre- 
sponding rays OM and ON, the conic determined by the five given 
points ia a hyperbola whose points at infinity lie in the directions 
OM, OiV ; I. e. whose asymptotes are parallel to OM and OjV 
respectively. 

If there is only one self-corresponding ray OM, the conic deter- 
mined by the five given points is a parabola whose point at infinity 
lies in the direction OM. 

If there is no self-corresponding ray, the conic determined by the 
five given points is an ellipse, since it does not cut the straight line 
at infinity. 

If in the first case (Fig. 157) it is desired to construct the asymp- 
totes themselves of the hyperbola, we consider this latter as determined 
by the two points at infinity and three other points, say A, B, and 
C ; in other words, we regard the hyperbola as generated by the two 
projective pencils, one of which consists of rays all parallel to OM, 
and the other of rays all parallel to ON, and which are such that one 
pair of corresponding rays meet in A, a second pair in B, and a 
third pair in C. The rays wHch correspond in the two pencils 
respectively to the straight line at infinity (the line joining the 
centres of the pencils) will be the asymptotes required. 

Let then a, b, c (Fig. 157) be the rays parallel to OM which pass 
through A,B,C respectively, and let a', b', 0' be the rays parallel 
to ON which pass through the same points respectively. Join the 
points ab' and a'b and the points &</ and b'e, and let IC be the point 
of intersection of the joining lines ; the straight lines drawn through 
E parallel to OM and ON will be the required asymptotes. 

216. Problem. Given fm points A, B, C, B, E on a conic, to 
draw the tangents from a given point S to the conic. 

This problem also can be made to depend on that of Art. 212 
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(left), by mak g use ot tl e prnpe ties of tl e volutin (Art 2{ 3) 
obtained by cutt ^ the con c I j trans, eisals draw n through S 

Join Si SB (Fi^ 158) the e 
&tra ghfc 1 lies will c fc tlie con o 
a la n t o ne V po ts J aniJ £ 
which can 1 e determ ned ( ak ng 
use of tl e r ler onlj 1 d witho t 
Iraw g the cur\e) by mea s of 
Pascal s theorem (Art 161 ugl t) 
(I tl e fig re the po nts A an 1 
5 ha\elee onstr ctel by means 
of the hexagons ADCBEA' and 
BECADB' respectively). Now 
let the point of intersection of AB 
and A'B' be joined to that of AB' 
and A'B ; the joining line s will pass through the points of contact of 
the tangents from S (Art. 203). The problem therefore reduces to 
that of determining the points of intersection of the conic and the 
straight line s (Art. 212, left}. 

217. The problem. To find tlie points of intersection of a given 
straight line a and a conic tchieh is 
determined by five given tangents, 
may similarly be made to depend 
on that of Art. 212 (right), by 
making a construction (Kg. 159) 
analogous to the foregoing one. 

And the problem, To draw 

thrauffh a given point a, straight 

line which shall divide a given 

triangle into two parts having to 

one anotJier a given ratio, may be 

solved by reducing it to the follow- 

Fig. lig. iiig construction; To draw from 

the given point a tangent to a 

hyperbola of which the asymptotes and a tangent are known. 

These are lef 




to the student. 



218. Problem. To construct 
a conic which shall pass through 
four given points Q , R , S , T, 
and shall touch a given slraigJd 
line s vihiek does not pass through 
any of the given jioints. 

Solution. Let A , A' . B , B' 



To const/ruct a conic which shaU 
toiieh four given straight lines 
q,r , s, I , and ehoil pass through 
a given point S which does not lie 
en any of the given lines. 



Let ( 



, 6 , 6' he the rays 
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be the points where the sides joining the point 5to the vertices 

QT , US , QR , ST respectiyely qt ,ra ,qr, st respectively of the 

of the quadrangle QUST cut c[uadrilateral qrst {Fig. i6i). 

the straight line s (Fig. i6o). Construct the double rays (if 




Construct the double points (if such 
Buch exist) of the involution de- 
tei-mined by the pairs of points 
A &nA A', S »ni B'. 

If there are two double points 
M and iV, each of them will bo 
(Art. 185, left) the point of con- 
tact with s of some conic cir- 
cumscribed about the quadrangle 
QBST. Each of the 



termined by the pairs oiW 
a and a', b and 6'. 

If there are two double rays 
m and n, each of them will be 
(Art. 185, right) a tangent at 
S to some conic inscribed in 
the quadrilateral qrst. Each of 
the conies qrsm , qrstn therefore 



QESTM,QSSTN' therefore^ giyea gives a solution of the problei 
a solution of the problem ; and and these conice can ^" - 
these conies can be constructed 
by points by help of Pascal's 
theorem (Art. 161, right). 

If however there are no double 
points, there is no conic which 
satisfies the conditiona of the 



itructed by tangents by help of 
Brianchon's theorem (Art. 161, 
left). 

If however there are no double 
rays, there is no conic which 
satisfies the conditions of the 
problem. 

219. If in the foregoing Art. (left) the straight line s he taken to 
lie at infinity, the problem becomes the following : 

To construct a -parahola whi6Ii shall pass tlirough/our given points 

To 'sol've it, take any point (Fig. 162), and through it draw 
the rays a , a' , & , 6' parallel respectively to the straight Hues 
QT ,BS ,QR , ST; and construct the double rays (if such esist) 
of the involution determined by the pairs of rays a and a', b and }/. 
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Each of these double rays will determine tie direction in which lies 
the point at infinity on a parabola pa&sing thiough the iour given 
points ; the problem therefore reduces to 
the la=t problem of Art. IfiS. If however 
the involution h »s no double rij s no 
paraboK can be found which >*ati«fies the 
conditions of the pioblem 

Thiough four gnen points theiefore can 
be diawn either two piraholas or none 
in the firot case the other conics which 
pass through the gi\en points ire ellipses 
anl hvperbohs m the 'second case they 
are all hypeihoJas The fiist case occurs 
Pig i6j when ca:,h of the foui points hes out ide 

the triangle formed by the othei three 
(i •> when U e quadiangle foimcd by the four points is non reentrant) 
the second case when one of the four pomta hes within the tiiangle 
formed by the other tJ ree (( e when the quadrangle formed by the 
four points is reentrant) 

220 If in Art 218 (ii„ht) one of the sti^ight lines 5 r s i lies 
at infinity the pioblem becomes the foilowiiig 

To construct a ) arabola luhtrh shall touch three given stratjht lines 
and shallpass through « yiieipotnt 




221. Problem. To construct 
a conic which shall pass through 
three given points P , P', P" aiid 
shall touch two given straight lines 
q and s, neither of which passes 
through am) of the given points. 

Solution. This depends on the 
theorem of Art. 191 (left). Join 
PP', and consider it as a trana- 
versal which cuts the conic in 
P and 7", and the pair of tan- 
gents q and s in the two points 
j5 and S' (Fig. 163). If 4 and J, 
are the double points of the in- 
volution determined by the two 
pairs of points P and P',B and B', 
the chord of contact of the conic 
and the tangents q and s must 
pass through one of these points, 
by the theorem quoted above. 



To construct a conic which 
shall touch three given straight 
lines p, p', p" and shaU paS8 
through two given points Q and S, 
neither of which lies on any of the 
given straight lines. 

The solution depends on the 
theorem of Art. 191 (right). Con- 
sider pp' as a point from which 
the tangents p and p' have been 
drawn to the conic, and the rays 
h and b' to the two points Q 
and S (Fig. 1 64). If a and a, are 
the double rays of the involution 
determined by the two pairs of 
rays p and p', h and 6', the point 
of intersection of the tangents at 
Q and S to the conic must lie on 
one of these rays, by the theorem 
quoted above. Repeat the same 
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Eepeat the same reasoning for reasoning for the case of the point 
the case of the transversal FP", pp", from which are drawn the 
which cuts 5 and s'va D and D"; rays d and d" to the points 




Fig. 163. 

if C and G, are the douhle points 
of the involution determined by 
the two pairs of points P and P ", 
D and D", the chord of contact 
most similarly pass through 
C or Cj. The problem admits 
therefore of four solutions; viz. 
when the two involutions 
{PP',BB') and {PP" , DD") 
both have double points, there 
are four conies which satisfy the 
given conditions. If the double 
points are A. , A, and G , C, 
respectively, the chords of con- 
tact of the four conies and tlie 
tangents q aud s are AC , AjC , 
A Cj , and AjC\ . Of each of these 
conies five points are knoivn, vie. 
P , P', P", and the two points 
of intersection of AC (or of A^C, 
or AOi, or Afi,, as the case may 
be) with g and s ; they can ac- 
cordingly be constructed by points 
by means of Pascal's 
(Art. 161, right). 



Fig. 164. 

Q and S; if c and c, are the 
douhle rays of the involution de- 
termined by the two pairs of rays 
p aiid p", d and d", the point of 
intersection of the tangents must 
similarly lie on c or c^. The 
problem admits therefore of four 
solutions J viz. when the two in- 
volutions {jip'i 66') and (pp", dd") 
both have double rays, there are 
four conies which satisfy the given 
conditions. If the double rays are 
a , a, and c , c, respectively, the 
points of intersection of the 
tangents at Q and S to the four 
conies are ao , a^e , oc,, and a^j. 
Of each of these conies five 
tangents are known, vie. p ,I^iP'', 
and the two straight lines which 
join ac (or a^a, or ac, , or a^o^, as 
the case may be) to Q and S ; 
they can accordingly be con- 
structed by tangents by means of 
Brianchon's theorem (Art. 161, 
left). 
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222. Problem. To construct a polygon whose vertices shall lie on 
given straight lines {each on each), and whose sides shall pass through 
given points {each through each*). 

Solution. For the sake of Bimplicity suppose that it is required 
to conatmct a quadrilateral, whose vertices 1,2,3,4 shall lie 
respectively on four given straight lines Sj , s, , a, , s,, and whose 
sides 12 , 23 , 34 , 41 shall pass respectively through four given points 
"^la ! '^13 1 '^34 1 ^11 (Fig. 165). The nietJiod and reasoning will be the 




Fig. 1 



same as for a polygon of any number of sides. Take any points 
il,,5i, Oj,... on Si and project them from S\^ as centre upon s^; and 
1st A,, B^, Cj,,.. be their projections. Project A^, S^ , C^,... from 
S,s as centre upon Sj, and let A^,, B^ , Cj,,.. be their projections. 
Project j1, , Sj , f a , . . . from S^t as centre upon s^ , and let A,, B^,Ct, ... 
be their projections. Finally project jI^, 5^ , 0, , ... from ^,j as centre 
upon Sj, and let .4 , fi , C,... be their projections. 

The points Si^ , S^ , S,^ , S^j are the centres of four projectively 
related pencils; for the first and second are in pei-spective (since 
their pairs of corresponding rays A^A^ , S^B^, ... and A^^ , B^B^ ,... 
intersect on s^), the second and third are in perspective (pairs of 
corresponding rays intersect on s,), and similarly the third and fourth 
are in perspective (pairs of corresponding rays intersect on sj. Con- 
sequently (Art. 150) pairs of corresponding rays of the first and 
fourth pencils {such as A^A^ and A^A) will intersect on a conic ; or 
in other words the locus of the iirst vertex of the variable quadri- 
lateral whose second, third, and fourth vertices {A^ , J, , A^ slide 
respectively on three given straight lines (s, , s^ , sj and whose sides 
(^1^2 , A^, , A^, . A^A) pass respectively through four given points, 

* POBCELET, loc. dt., p. 345. 
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18 a conio* This come parses thiough the pointe S^, , 5^, , the 
centres of the pencils which geneiate it in order therefore to deter- 
mine it, three other points on it mnst be known ; the intersections 
of tile thrue pairs oi corresponding raj s A, 4.^ and A^A , S^B^ and S^B , 
CjCj and Cj(? will suffice. It is then only necessary further to con- 
struct (Art, 212) the points of intersection M and JV of the straight 
line 9i with the conic detennined by these five points; either if or if 
can then be taken as the first vertex of the required quadrilateral. 

This construction maybe looked at from another point of view. The 
broken lines A^A^^A,A , B^B^B^^B , and Cfi^C/),C may be regarded 
as the results of so many attempts made to construct the required quad- 
iTlateral ; these attempts however give polygons which are not closed, 
for A does not in general coincide with ^,, nor B with B^, nor 
C with (7,. These attempts and all other conceivable ones which might 
similarly be made, but which it is not necessary to perform, give on 
the straight line s, two ranges A,Bfij... and ABC... ; one being 
traced out by the first vertex and the other by the last vertex of the 
open polygon. These ranges are projective with one another, since 
the second has been derived from the first by means of projections 
from Sj^, Sj3 , S 3, , .§„ as centres, and sections by the transversals 
^ , Sj , s, , Sj. Each of the self-corresponding points therefore of the 
two ranges will give a solution of the problem ; for, if the first vertex 
of the polygon be taken there, the last vertex will also fall on the 
same point, and the polygon will be closed. 

In the following examples also the method remains tlie same 
whatever be the number of sides of (.^ ^ 

the polygon which it is required to 
construct. 




ffimn + conic a j>olygon whose sides 
pass respectively through given points. 
Sdulion. Suppose that it is re- 
quired to inscribe in the conic a 
triangle whose sides pass respectively 
through three given points Sj, S^, S, 
(Fig. i66). Let us make three trials. Take then any three points 
A,B,G on the conic; join them to S, and let the joining lines 
cut the conic again in j1, , £j , C, ; join these points to S.^ and let 

* Thia theorem, wa. that 'if a eimple polygon move in suoli a way tJiat its 
eidsB pass reBpectively tliroagh ^yeoi pointa and all its vertices except one slide 
reepeotively ^ong giTen straight lines, then the remaining vertei will describe a 
oonio,' IB due to Maclatibih (Phil. Trana., London, 1735). Cf. Ghaslks, Aperfa 
hitionque, p. J 50. 

+ i.e. either completely traced or determined by five given pointa. 
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tie joining lines cut the conic again in A^ , £^ , C,; finally join 
these points to .S^, and let the joining linea cut the conic again 
in A',B', C. Since the point finally arrived at, A' or S' or C', 
does not in general coincide with the corresponding starting-point 
^ or B or C, we shall have, instead of an inscribed triangle as re- 
quired by the problem, three polygons AA^A^' , BB^Bfi' , GG-flfi' 
which are not closed. But since, by a series of projections from 
Si , Sj , iSj in succession as centres, we have passed from the 
range A , B, C ,... to the range A^, B^, Ci, ... , from this last to 
K,A' Ci ,-■■= and from this to A', B', (?',..., it foUows that the 
range of points A , B , , ... with which we started is projective with 
the range of points^', £', (/, ....with which we ended (Arts. 200, 201, 
203). The problem woald be solved if oue of the points in the latter 
range coincided with its correspondent in the former. If then the 
two projective ranges ABG... saiA A'B'C... have self-correspoiiding 
points, each of these may be taken as the first vertex of a triangle 
which satisfies the given conditions. We have therefore only to 
determine (Art. 200, II) the straight hue on which intersect the three 
pairs of opposite sides of the inscribed hexagon .45'C^'£C', and to con- 
struct (Art. 212) the points of intersection M and N' of this straight 
line with the conic ; each of them will give a solution of the problem *. 
224. By a similar method may be solved the correlative problem ; 
To circumscribe abovi a given, 
conic {i. e. one which is either- 
completely drawn or determined 
b^ Jive tangents) a polygon whoea 
vertices lie respectively on given 
straight lines, 

Sappose that it is required to 
circumscribe about the conic a 
triangle whose vertices lie re- 
spectively on the straight linea 
fii,s ,83 (Fig 167) Take any 
point A on the conic and draw 
the tangent a at it , fiom the 
point where this tangent cuts 
Sj diaw another tangent a^ (let 
its point of contact be A^ , iirom 
the point where a^ cuts Sj draw 
a third tangent a^ (let its point of contict he J ) , finally, from 
the point where a^ cuts s, draw the tangent a', and let its point 
of contact be A'. The problem would be solved if the point A' 

* PoHOELST, he. eit., p. 351. 




Kg. 16;. 
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coincided with A, i.e. if the tangents a' and a coincided with one 
another. Suppose that other Eimilar trials have been made, taking 
other arhitrary points B,C,... or, the conic tfl begin with ; then we 
shall arrive in succession at the ranges of points A , B , 0,..., 
ij,5j, Cj,...,4 , Ba , Cj, ... , and A',B', C", ... , which are all 
projectively related to one another. For the first range is projective 
with the second (Art. 203), since the tangents at A and A, , B and B, , 
C and C, , ... always intersect on s, ; and for similar reasons the 
second and third, and the third and fourth, are projective with one 
another; consequently (Art. 201) the same is true of the fourth and 
the first. Since the problem would be solved if A ' coincided with A, 
or £' with 5,..., each of the self- corresponding points of the pro- 
jective ranges ABC... and A'B'C ... may be taken as the point of 
t t f th fir&t side of 1 triangle which satisfies the given con- 
^ "W" h h ly to make three trials (Art. 200), 

t y p ^ , £ , C on the conic and to derive 

mthm rrpndi^p Ints A', B', C"; and then to con- 

fitru h p in of the conic with the straight line 

^^ m in tion of the three pairs of opposite 

Bides (the Pascal hue) of the inscribed hexagon AB'CA 'BC*. 

225. The particular case of the problem of Art. 223 in which the 
given points S„S.„ ... lie all upon one straight Hue s must be con- 
sidered separately. If the number of sides of the required polygon 
is even, the theorem of Art. 187 may be applied; in this case the 
problem has either no solution at all, or it has an infinite number of 
solutions. Suppose it required, for example, to Inscribe m the come 
an octagon of which the first seven sides pass respectively through 
the points 5, , S, , . . . 5, , then by the theorem just quoted the last side 
will pass through a fixed point S on s : this point S is not arbitrary, 
but its position is detenoined by those of the points S-^.S^, ■■■ S.,. 
If then the last of the given points S^ coincides with S, there are an 
infinite number of octagons which satisfy the given conditions. But 
if & does not coincide with S, there is no solution. 

K the number of sides of the required polygon is odd, the problem 
becomes determinate. Suppose it is required to inscribe in the come a 
heptagon (Fig. 134) whose sides pass respectively through the given 
coUinear points S„ S,,S,, ... S,. By the theorem of Art. 187 there 
exist an infinite number of octagons whose first seven sides pass through 
seven given collinear points and whose eighth side passes through 
a fixed point 5 collinear with the others. If among these octagons 
there is one such that its eighth side touches the conic, the problem 
will be solved ; for this octagon, having two of its vertices indefimtely 

* POHCELBT, lot. eU., p. 3S4. 
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near to one another, will reduce to an inacrited heptagon, whose 
sides pass r p i' Jy tl «gh seven given points. If then tan- 
gents can be ! n f m the point S to the conic, the point of 
contact of ea h f th m Jl give a solution (Art. 187). According 
therefore to tl po t f tl e point S with reference to the conic, 
there will be t 1 t n r only one, or none. 

In Fig. 126 h wn tl ase of this problem where the polygon 
to be inseribeJ is a triangle *. 

The solution of the correlative problem, to circumscribe about a 
gwen conic a jmlygon whose vertices lie respectively on given, rays of a 
2>encil, is left as an exercise to the student. This problem also is 
either indeterminate or impossible if the polygon is one of an even 
number of sides ; it is determinate and of the second degree if the 
polygon is one having an odd number of sides (Figs. 125, 127). 

226. Lbmua. If two eonics cut one another in the points 
/ A , B , , C, and if from 

A and B respectively two 
straight lines AFF', B6G' he 
drawn catting ihe first conic 
in F and 6, atid the second 
in F' and G', then the chorda 
FG , F'G' wiU intersect in 
a point H lying on the chord 
OC (Fig. 168). 

The transversal CC cuts 
the first conic and the oppo- 
site sides of the inscribed 
quadrangle ABGF in six 
points of an involution (Art. 
1 83, left) ; and the same is true with regard to the second conic and the 
inscribed quadrangle ABG'F'. But the two involutions must coin- 
cide (Art. 127), since they have two pairs of conjugate points in 
common, viz. the points C, C in which the transversal cuts both the 
conies, and the points in which it cuts the pair of opposite sides 
AFF', BGG', which belong to both quadrangles. The involutions 
will therefore have every pair of conjugate points in common, and 
therefore the transversal GG' will meet FQ and F'G' in the same 
point H, the conjugate of the point in which it meets ABf, 

227. The preceding lemma, which is merely a corollary of Desargues' 
theorem, leads at once to the solution of the two following problems, 
one of which is of the first, and the other of the second degree. 




Fig. n 



1. prop. 1 



* Pjippcs, loc. eit., book v. 

t TIiiB may also be proved very aimplj bj appljing PaBOal's theorem to each of 
the heiaeons AFGBCC, AFffBOC' in tiuii. 
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I, Problem. Given three of the points of intersection A,B,C of 
two eonicg, oTid in addition two other points B,E of tkefi/rsi, and tioo 
other points F, G of the second, to determine Hie fourtJi point of inter- 
section of the two conies (Fig. i68). 

Take two of the given points of inferBection A and S, and join 
AF, B6f. These straight lines will cut the first oonic again in points 
F'f G' respectively which can be determined by the method of Art. 
161 (right). Join FG, F'G', and let them meet in ff. By the fore- 
going lemma S will lie on the chord joining the other two points of 
intersection of the conies. This chord will therefore be ZTC, and 
it remains only to determine the point C where HC cuts either of 
the conies ; C will be the required fourth point of intersection of the 
conicB. 

n. Problem. Given two of the points of intersection A, B, of two 
conies, and in addition the threepaints D , E , N of tJie first and tlie three 
points F, G, M of the second, to (^eiewiwje tlie other tvm points of inter- 
section, of the conies (Fig. i68). 

Join -li'and SG, and let them meet the first conic again in F',G' 
respectively; join FG,F'G', and let them meet in H. The point H 
will lie on the chord joining the two required points. Again, join 
AM, and let it meet the first conic again in M'; join GM, G'M', and 
let these meet in K ; then the point K also will lie on the same 
chord. The required points therefore lie on HK, and the problem 
reduces to the determination (Art. 212} of the points of intersection 
C,C' of the conies with I/K *. 

228. The solution just given of problem II holds good equally when 
the points A and B lie indefinitely near to one another, i.e. when the 
two conies touch a given straight line at the same given point. 

In this case two conies are given which tonch one another at a 
point A, and the straight line SK is constructed which joins their 
remaining points of intersection C and C'. If HK passes through 
A, one of the points C or C' must coincide with A, since a conic 
cannot cut a straight line in three points. When this is the case, 
three of the four points of intersection of the conies lie indefinitely 
near to one another, and may be said to coincide in the point A ; 
and the couics are said to oseukite at the point A. The construction 
gives a point H of the chord which joins A t-o the fourth point of 
intersection of the conies. It may happen that this chord coin- 
cides with the tangent at A; in this case A represents four coincident 
points of intersection of the two conies (or rather, four such points 
lying indefinitely near to one another). 

* Gaskis, The geometrical cmsti-iiction of a conic eedioii, *c. (Cambridge, 1852), 
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229. Let now the lemma of Art. 226 be applied to the case of a 
conic and a circle touching it at a point A. At A draw the normal 
to the conic (the perpendicular to the tangent at A), and let it cut 
the conic again in F and the circle again in F'. On AF as diameter 
describe a circle ; this circle, which toiiches the come at A and outs 
it at F, will cut it again at another point & such that AGFis a right 
angle. Join AGf and let G' he the point where it cuts the first 
circle. Join F&,F'G'; by the lemma they will intersect on the 
chord JTK; but they are parallel to one another, since AG'F' aJso is 
a right angle. Thus /or any circle whatever which toucJtes the conic 
at A, (Ae chord of intersection IIK imth the conic has a constant 
direction, viz, that parallel to FG. 

If HK passes through A, the conic and the circle osculate at this 
point. If then a parallel through A to FG cut the conic again in 
C, the circle which touches the conie at A and cuts it at C will be 
the osculating circle {circle of curvature) at A *. 

[In the particular case where-! is a vertex (Art. 297) of the conic, F 
will be the other vertex, FG the tangent at F, AC the tangent at A, 
and C will coincide with A. It is seen then that the osculating circle 
at a vertex of a conic has not only three but ^^bwr iodefiaitely near 
points in common with the conic] 

Conversely, the conic can be constructed which passes through 
three given points A,P,Q and has a given circle for its osculating 
circle at one of these points A. 

For join AP, AQ, and let them cut the given circle in P', </ re- 
spectively; and join /*§, P'§',meetingini/. If ^t/ be joined and cut 
the circle again in C, the required conic will pass through G. It is 
therefore determined by the four points A , P,Q , C and the tangent 
at A (which is the same as the tangent to the circle there). 

230. The proposition correlative to the lemma of Art. 226 may be 
enunciated as follows : 

If a and h are a pair of common tangents to two conies, and if from 
two points taken on a and b respectively/ tJie tangents f , g be dravm to 
the first conie and the tangents f, g' to the second, then the points fg and 
f'g" ^lnU be collinear with the paint of intersection of the second pair of 
common tangents to the conies. 

This proposition enables ub to solve the problems which are corre- 
lative to I and II of Art, 227 ; via. given three (or two) of the com- 
mon tangents to two conies, and in addition two (or three) tangents 
to the first and two (or three) tangents to the second, to determine 
the remaining common tangent (or the two remaining common tan- 
gents) to the conies. 

231. Pkoblem. Givenelevmimnts a ,B ,C ,D,E; A^,B„C-i,l>,,F,; P; 

' Po.vcELBT, Inc. cil; Arta. 334-337. 
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to construct ly points the conio which passes through P and through the 
fom poinis of intersection of the two conies which are det&rmined by the 
poinU A,B,C ,D,E and A^,B^,Cj,£>,, E^ respectively. The conies 
are sujyposed not to he traced, nor are their points of intersection given *. 

Solution. Draw througt P any transversa], and construct (Art. 
212, left) tha points M and M' in whicli it cuts the conic ABODE 
and the points iV" and N' in wkich it cuts the conic AjBfi,D^Ej. 
Since these two conies and the required one all pass through the same 
four points, Desargues' theorem may be applied to them. If therefore 
(Art. 134, left) the point P' be constructed, conjugate to P in the 
involution determined by the pairs of points M and M', N and N', 
this point P' will lie on the required conic. By causing the trans- 
versal to turn about the point P, other points on the required conic 
may be obtained, 

232. Pkoblem, Gimn tern })oints A,B,C,D,E; Aj^,Bj,0^,D„E, 
and a straight line s ; to cvnstruct a conic which shall touch s and 
shall pass through the four points of intersection of the two conies 
which are determined by the 2>oints A,B,C,D,E and Aj^,B^,C^,D^,E, 
respectivdy. The conies are supposed not to be traced, nor are their 
points of intersection given. 

Sdution. Construct (Art. 212) the points of intersection M asid M' 
of s with the conic ABODE, and the points of intersection iV and 
A" of e with the conic A^B^O^D^E,, and then (Art. 134) the double 
points of the involutiou determined by the two pairs of points 
M and M', N and N'. liPis one of these double points, it will be 
the point of contact (Art. 185) of a with a conic drawn through the 
four points of intersection of the conies ABODE and A^B^O,DiE, 
to touch s. The problem thus reduces to that of the preceding 
Article. 

333. The correlative constructions give the solutions of the corre- 
lative problems ; vie. to construct a conic which passes through a given 
point (or which touches a given straight line), and which is inscribed 
in the quadrilateral formed by the four common tangents to two 
conies ; the conies being supposed each to be determined by five given 
tangents, but not to be completely traced ; and their four common 
tangents being supposed not to be given, 

234. PaoBLBM. Through a given point S to draw a straight line 
which shall be cut by four given straight lines a ,b ,c ,d in four points 
having a given anharrnordc ratio. 

Solution. It has been seen (Art. 161) that the straight lines 
which are cut by four given straight lines in four points having a 
given anharmonic ratio are all tangents to one and the same conic 

• PojrOBLET, loc. cit.. Art. 389, 
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toucliing the given straight lines ; and that ii A ,B ,C 8.1c the points 
where d cuts a ,b ,c respectively, and D is the point of contact of rf, 
the anhannonie ratio {ABGD) is equal to that of the foar points io 
which the straight linos a ,b ,g ,d are cut by any other tangent to 
the conic Accordingly, if on the straight line d that point D he 
constructed (Art. 63) which gives with the points 
ad{=A) , id (=B) , ed {=€') 

an anharmonic ratio {ABCD) equal to the givea one, and if then the 
straight lines be constructed {Art. 213, right) which pass through A' 
and touch the conic determined by the four tangents a,b ,c,d and 
the point of contact D of d, each of these straight lines will give a 
solution of the proposed problem. 

If one of the straight lines a , 6 , c , d lie at infinity, the problem 
becomes the following : 

Given three sfraiffhi lines a,b ,c and a point S, to draw through S 
a straight litis such that the segmenl intercepted on it bettceem, a and b 
may be to that inierxxpfed on it between a and a in a given ratio. 

To solve this, construct oa the straight line a that point A which 
is so related to the points ab {=B) and ac ( = C) that the ratio 
AB : AC has the given value ; and draw from S the tangents to the 
parabola which is determined by the tangents a ,b , c and the point 
of contact A of a. 

The correlative construction gives the solution of the following 
problem : On a given straight line s to find a point such that the 
rays joining it to four given points A ,B ,G ,D form a pencil having 
a given anharmonic ratio. 

236. Problem. Given two jirc^ective ranges of points lying on the 
straight lines u , u' respectively ; to find two corresponding segments 
MP,M'P' suck thai the angles MOP, M'O'P' which t/iey subtend at 
two fixed iioints , 0' respectively may be given in sign and mag- 
nitude. 

Solution. Take on m' two points A' and D' such that the angle 
A'O'D' may he equal to the second of the given angles ; let A and D 
be the points on u which correspond respectively to A' and D', and 
let i, be a point on u such that the angle AfiD is equal to the first 
of the given angles. The problem would evidently be solved if OA^ 
coincided with OA, since in this case the angles AOD and A'O'D' 
would be equal to the given angles respectively. If the rays 
0'A',OA,0'D',OD ,0A^ be made to vary simultaneously, they will 
trace out pencils which are projectively related. For those traced 
out by O'A' and O'D' respectively are projective, and similarly 
those tractd out by OA^ and OD respectively, since the angles A'O'D' 
and AfiD are constant (Art. 108); and the pencils traced out by 
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OA and O'A' respectively, and by OD , O'D' respectiTely, are pro- 
jective since the giveii ranges on u and m' are so. Consequently the 
pencUa generated by OA and OA^ respectively are projective, and 
their self-corresponding rays givo the solutions of the problem. If 
three trials be made of a similar kind to the foregoing one, three 
pairs of corresponding rays OA and OA,, OB and OB,, OC and OC, 
wiU be obtained ; let the self-corresponding rays of the concentric 
projective pencils determined by these three pairs be constructed 
(Art. 206, 1). If one of these self-correaponding rays meets it in M, 
and if the point F be taken on u such that the angle MOP is equal to 
the first of the given ones, and if then on m' the points M', P' be found 
which correspond to M ,P respectively, the angle M'O'F' will be 
equal to the second of the given angles, and the problem will be solved. 

236. Peoelbm. Given two j>rojeelive ranges of points A , B ,C , ... 
and A', B', C'... lying on the straight lines u and m' respectively, to 

find two cm-responding segments which shall he equal, in sign and 
magnitude, to two given segments. 

Solution. Take on u' a segment A'D' equal to the second of the 
given ones, and let AD be the segment on u which corresponds to 
A'B'. Take on u the point A^ such that A^J) is equal to the first of 
the given segments ; then the problem would be solved if A^ coincided 
with A. If the points A,A',D',D ,A, be made to vary simulta- 
neously, the ranges traced out by A and A' respectively will be pro- 
jective with one another, as also those traced out by Z* and i)' respectively 
(by reason of the projective relation existing between JfiC...and 
A'B'C'...) ; and the ranges traced out by A and B respectively, and 
similarly those traced out by A' and 7/ respectively, will be projective 
with one another, since they are geaerated by segments of constant 
length sliding along straight lines (Art. 103), Consequently also the 
ranges traced out by A and A , are projectively related, and their self- 
corresponding points give the solutions of the problem. It is there- 
fore only necessary to obtain three pairs of corresponding points 
A and A', B and B', C and C", by making three trials, and then to 
construct the self- corresponding points of the ranges determined by 
these three pairs (Art. 206, II). 

237. The student cannot have failed to remark that the method 
employed in the solution of the preceding problems has been in all 
cases substantially the same. Tins method is general, uniform, and 
direct ; and it may he applied in a more or less simple manner to all 
problems of the second degree, i.e. to all questions which when treated 
algebraically would depend on a quadratic equation. It consists in 
making three trials, which give *iiree pairs of corresponding elements 
of two superposed projective forms ; the Belf-coiresponding elements 
of these systems give the solutions of the problem. This method is 
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precisely analogous to that known in Arithmetic as the ' rule of false 
position,' and it has on that account been termed a geometric method 
of false position*. 

288. Problems of the second degree (and those which are reducible 
to such) are solved, like all those occurring in elementary Geometry, 
by means of the ruler and compasses only, that is to say by means of 
the intersections of straight lines and cireles+. But again, the solu- 
tion of any such problem can be made to depend on the determination 
of the self- corresponding elements of two superposed projective forma, 
which determination depends (Art. 206) on the construction of 
the eelf-con-esponding points of two projective ranges lying on a 
circle whose position and size is entirely arbitrary. It follows 
that a single circle, described once for all, will enable us to solve all 
problems of the second degree which can be proposed with reference 
to any given elements lying in one plane (the plane in which the 
circle is drawn) J. This circle once described, any such problem will 
reduce to that of constructing three pairs of points of the two pro- 
jective systems whose self-corresponding elements give the solution of 
the problem. This done, we proceed to transfer to the circumference 
of the circle, by means of projections and sections, these three pairs of 
points. This will give three pairs of points on the circle ; taking these 
as the pairs of opposite vertices of an inscribed hexagon, we have only 
further to draw the straight line which joins the points of intersection 
of the three pairs of opposite sides (the Pascal line) of this hexagon. 
It is hardly necessary to remark that instead of the solution of such 
a problem being made to depend on the 
common elements of two superposed pro- 
jective forms, it may always be reduced to 
the determination of the double elements 
of an involution (Art. 211). 

The following Articles (239 to 249) 
contain examples of problems solved by 
means of the method just explained. 

238. Peoblbm. Given (Fig. 169) two 
projective ranges of points lying on ike straight lines u and u resjiectively, 
and two other projective ranges of points lying on tJte straight lines v 

* Chasies, Geom. sap., p. 212. 

t A problem is said to be of the first degree when it can be solved with, help of 
tlie rulOT only, i. e. by the intersections of Btmight lines. See Lambert, he. eU., 
p. 161 i Ekianchon, loc, cit., p. 6 ; Poncelkt, loe. cit., p. 76. 

i PoBOELET, loc. cU., p. iS? ; Steihek, Die gtometriscken Construdionen nus- 
gefuhH millekt der geraden Linie wnd eine» festea Kreises (Berlin, 1833), p. 67 ; 
Collected Works, vol, i, pp. 461-522 ; Svaubt, Qe<metrie der Lags (Niimberg, 
1847). 5 23- 
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and v respectively ; it is required to draw through a given point two 
siraigTit limes « a-nd »', which shaU cut u aiid u' in a fair of corre- 
Sfonding j>oint8 and also v and v' iaia pair of cmrespondinff points. 

Through draw any straight line cuttingw', i/ia A',P' respectively; 
let A be the point on m which corresponds to A', and let P be the 
point on V which corresponds to P'. The problem would be solved if 
the straight hnea OA and OP coincided with one another. If these 
straight lines be made to change their positionB simultaneously, they 
will trace out two concentiic projective pencils (determined by three 
trials of a. similar kind to the one just made) ; and the self-corre- 
Bponding rays of these pencils will give the solutions of the problem, 

240. In the preceding problem the straight lines u and u' might 
be taken to coincide, and similarly v and /. K all four straight 
lines coincided with one another, the problem would become the 
following : 

Given 'two projective ranges u, u' and twa other jjrojecttve ranges 
V, v' all lying on one straight line, to find a pair of points which shall 
correspond to (me another when regarded as points of the ranges v., it 
respectively, and liketoise when regarded as points of the ranges v, if 
resjKCtivdy. 

241. Pkoblem. Betvxen two given straight lines m and u, to j^ace 
a segment such that it shall subtend given angles at two given points 
and S {Fig. 170). 




Fig, iro- 

Draw any ray SA to meet « in ^ ; draw ^.^i to meet m^ in Jj so 
that ASA^ may be equal to the second of the given angles ; join OJ^, 
and draw OA' to meet m in A' so that A'OA, may be equal to the 
first of the given angles. Then the problem would be solved if OA 
coincided with OA'. Three trials of a similar kind to the one just made 
will give three pairs of corresponding rays {OA and OA', OB and 0£', 
OC and OC) of the two projective pencils which would be traced out 
by causing OA and OA' to change their positions simultaneously; 
the self-corresponding rays 03/ and ON of these pencils will give the 
solutions {MM, and jVi^i) of the problem, 
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242. Peoblem. Given two projective ranges u and %' ; if a pair of 
corresponding poiMa A and A' of these ranges he taken,, it is required 
tojtnd another pair of corresponding points M and M' suck that the 
ratio of the length of the segment AM to that of the segment A'M' may 
he equal to a given nwmber X. 

Let A and A\B and B', C and C be three pairs of corresponding 
poiuts of tie two ranges. On u take two new points S", C" such that 
AB"=\.A'B'z.v.&. AQ"=\.A'C'. The points A,B", C" determine 
a range which is similar (Art. 99) to the range A', B', 0', ■■■ and 
therefore projective with A ,B ,C , ... . The collinear ranges 
A , B", C", . . . and A ,B ,0 , ... have already one self-corresponding 
point in A; their other self-corresponding point M (Art. 90) will 
give the solution of the problem, since AM=AM"=\ . A'M'. This 
problem is therefore of the first degree. 

243. Proklbm. Given tioo collinear projective ranges ABG ... and 
A'B' C ...,to find a pair of corresponding points M and ■ M' such 
t/tat the segment MM' shall he Ueected at a given point 0, 

Take three points A", B", C" such that is the middle point of each 
of the segments AA",BB", CC"; the points A",B", C" determine 
a range which is equal to the range ABG .-- ,and therefore projective 
with the range A'B'G' ... . Construct the self- corresponding points of 
the collinear projective ranges A'B'G' ... and A"B"G" ... ; if Jf ' or 
M" is one of them, then MM' will have its middle point at 0, and 
will be a segment such as is req^uired. 

244. Pboblem, Given a straight li/ne and two points B ,F onit ; 
to determine on the straight Une two points M and M' such that the 
segment MM' may be equoi in length to a given segment, and Hie 
anharmonic ratio {EFMM') equal to a given number. 

Take on the given straight line any three points A,B, C ; then 
find on it three points A', B', C such that the anharmonic ratios 
{BFAA') , {EFBB') , (EFGC) may each be equal to the given number ; 
and again three points A", B", C" such that the segments AA", BB", 
GG" may each be equal in length to the given segment. THe ranges 
.d.B(7...aiid^'£'C'... will be projectively related (Arts. 79, 109), and 
the same will be the case with regard to the ranges ABG ■- and 
^"£"C"...(Art. 103); therefore ^'5'(7' ... &wd. A"B"G" ... will be 
projective with one another. If these ranges have self-corresponding 
points, and if M' or M" is one of them, the segment MM' and the 
anharmonic ratio {EFMM') will have the given values, and the 
problem is solved. 

245. Peoblem, To inscribe in a given triangle PQB a recla-ngle 
of given area (Fig. 171). 

Suppose MSTV to be the rectangle required ; if MS' be drawn 
parallel to PR, a parallelogram MSPS' will be formed which is equal 
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in areft to the rectangle ; so that for the given problem may be 
Bubstitnted the following equivalent one : 

Tojind on the base QR of a given triangle PQR a point M meh tlmt 
if MS , MS' be draw,n parallel 
to ^ sides PQ , PS to meet 
PR, PQ in S, S' respectimly, 
the rectangle contained by PS 
omd PS' shaU be equal to a 
given square A'. 

Take any point A on Q'R, 
draw AB parallel to PQ to 
meet PR in D, and take on 
PQ a point D' such that j'jg j-, 

the rectangle contained hy 

PD and PD' may he equal to k^ ; then draw I/A' parallel to PR to 
meet QR in A'. If the points A and A' coincided with one another, 
the problem would be solved. 

Now let the points A,D,D',A'' be made to vary Bimultaneously ; 
they will trace out ranges which are all projective with one another. 
For since B is the projection of A made from the point at infinity on 
PQ, and A' the projection of D' made from the point at infinity on 
PR , the first and second ranges are in perspective, and the third and 
fourth likewise. But the second and third ranges are projective with 
one another, since the relat n PB PiJ =A' showB(Art. 74) thatthe 
points D and D', in moving m Itan u ly, describe two projective 
ranges such that the point P ga d d as belonging to either range, 
corresponds to the point at nhn t> g: d das belonging to the other*. 

Three similar trials gi th pa of points similar to A and 
A'; if the self-corresponding points of the ranges determined by these 
pairs be constructed, they wrll give the solutions of the problem. 

Instead of taking the point A quite arbitrarily in the three trials, 
any particular positions may be chosen for it, and by this means the 
construction may often be simplified. This remark applies to all the 
problems which we have discussed. With regard to the present one, 
it is clear that if A be taken at infinity, its projection D will also lie 
at infinity; consequently S' will coincide with P, and therefore A' 
with R. Again, if ^ be taken coincident with Q, its projection D 
will coincide with P, and consequently D and therefore also A', will 
pass off to infinity. We have thus t vo trials, neither of which requires 

• If the two ranges be called ii and u and H e constraction of Art. 85 (left) 
be referred back to, it wiD be seen that the aus li ry ran^e u" lies in this case 
entirely at infinity. If then a pair of corresp ni ng po nta D and D' have been 
found, and we wish to find the point E' wh oh correB[ n i't to any other point E 
of PR (=«), we have only to join D'E and to dran BE' parallel to D'E tn 
jneel PQ (S«0 i-a E', 
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any construction ; the pairs which result from them are composed 
respectively of the point at infinity and H, and of Q and the point at 
infinity. If the pair given by the third trial be called £ , B', and if 
A , A' stand for any pair whatever, we have {Art. 74) 

QA.IiA'=QB.JiB', 
and therefore, if J/ is a self-corresponding point, 

QM.EM=QB.EJl', 
from which the self- corresponding points could be found. But it is 
better in all eases to go back to the general construction of Art. 206. 
In this case the three pairs of conjugate points of the two ranges 
which are given are; B and B' ; the point at infinity and R; Q and 
the point at infinity. Let then any circle be taken, and a point on 
its circumference ; from draw the straight lines OB , OB', OR , OQ, 
and a parallel to §ii, andletthese cut the circle againinJSj ,B^,R^, Q^, 
and / respectively*. Join the point of intersection of By Ry and B^'I 
with that of B^ I and By Qy] if the joining line cut the circle in 
two points My and N ^, the straight lines which join these to will 
meet QR in the self-corresx^nding points M and N, and these give 
the solutions of the problem. 

243. Problem. To construct a polygon, whose sides shall pass 
respectively through ffiven points, and all whose vertices eoxepl one shall 
lie respectively on given straight lines ; <md which, shall he such that 
the angle inelvded by the sides which meet in the last vertex is eqzial to 
a given angle. 

Suppose, for example, that it is required to construct a triangle 
iJ/A' (Fig, 172) whose sides j1/^iV,A^i,Ziy shall pass through the 
given points , V, U respectively, 
and whose vertices M , N shall lie 
on the given straight lines u , v re- 
spectively; and which shall be such 
that the angle MLN is equal to a 
given angle. 

Through draw any straight 
line to cut u in ji and v in B; 
join BV, and through U draw the 
Fig. 1-2. straight line UX making with BV 

an angle equal to the given one. 
Let UX meet m in ^'; the problem would be solved if the point 
A' coincided with A. If the rays OA, UA' be made to vary 
simultaneously, they will determine on it two projective ranges ; the 
solutions of the problem will be found by constructing the self-covre- 
sponding points of these ranges. 

* Of these points only / Ie marked 111 the figure. 
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247. The following problem is included in tlie foregoing one ; 
A ray of light emanatmg from a given point is reflected from, n 
gimn straight lines in succession; to determine th£ original direction 
which t/ie ray must have, in order that this may make with its direotion 
after the last reflexim. a given angle 

Let «,,Ms,...m" be the given bttaight lines (Fig. 173). If the 
ray OA^ strike m, at A^, then by the ^ 

law of reSexion the incident and le- 
flected rays will make equal angles 
with Wj; but the incident ray partes 
through the fixed point ; therefore the 
reflected ray will always pass through 
the point 0^ whioh is symmetrical to 
with regard to «[*. So again, if 

the ray after one reflexion etrikea u^ at rig. 173. 

J J, it will be reflected according to 
the same law; consequently the ray after two reflexions ^ 
through a fixed point Oj which is symmetrical to 0, with 1 
Mj ; and so on. The paths of the ray before reflexion, and after one, 
two, ... »i reflexions form therefore a polygon 0/ii J j-lj ... , whose n.+ i 
sides pass respectively through n+i fixed points , 0,, 0^, ... 0„. 
and which is such that n of its vertices lie respectively on n given 

straight lines «,,«,, ... «„; while the angle included by the sides 

which meet in the last vertex is to be equal to a given angle. Thus 
the problem reduces, as was stated, to that of Art. 246. 

248, Pkoklem, To construct a polygon whose vertices shall He 

respectively on given straight Imes, and whose sides shall svhtend given, 

angles at given points respectively. 

Suppose it required to construct a triangle whose vertices 1,2,3 

shall lie on the given straight hnes m, , Mj , u^ respectively, and whose 

sides 23, 31, f2 shall subtend at 

the given points .S, , \ , ^3 respec 

tively the angles «,, »„, a>s which 

are given in sign and magnitude 

(Fig. 174). On ill take any point 

A ; join AS^ , and make the angle 

AS^B equal to a,, let sr^B cut w^ 

in B. Join ifS'j, make the angle 

BS^C equal to a>i, and let Sfi cut 

M, in 0. Join CS^; make the 

angle CS^' equal to a^, and let 

SA' cut Ml in A'. The problem would be solved if SJ.' coincided 




rig, 1J4. 



a [joint 0, auoh that 00, is bisected at riylit anglea by u 
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with S^. If Sj^ be made to turn about S^ , the other rays 
SJ.,S^,S^B,S^C,S/!, and S^A' yriW change their positionB siannl- 
taneously, and will tra«e out pencils which are all projectively 
related. For the ranges traced out by S^ and S^B respectively 
will be projective (Art. 108) since the angle AS^B is coDstant; the 
ranges traced out by S^ and S^S respectively are projective since 
they are ia perspective ; and so on. The solutions of the problem will 
therefore be given by the self-corresponding rays of the coBcentrio 
projective pencils which are generated by S^ and S^' respectively, 

In the Bame manner is solved the more general problem in which 
the straight lines joining S^, S^, ... to the vertices of the polygon are 
no longer to include given angles, but arc to bo such that together 
with pairs of given straight lines meeting in S^,S^, ... respectively 
they form at each of these points a pencil of four rays having a given 
anharmonic ratio. If at each of the points the pencil is to be 
harmonic, and the given straight lines such as to include a right 
angle, the problem can be enunciated as follows (Art, 60) : 

To construct a polygon whose vertices shall Tie respectveely on given 
straight lines, and whose sides shall subtend at given points angles 
whose bisectors are given. 

249. The same method gives the solution of the problem : 

To construct a polygon whose sides shall fasa respectively through 
given points, and which shall be such that the pairs of adjacent sides 
divide given segments respectively in given anharmonic ratios*. 

Particular cases of this problem may be obtained by supposing that 
each pair of adjacent sides is to intercept on a given straight line a 
segment given in magnitude and direction; or a segment which is 
divided by a given point into two parts having a given ratio to one 
another +. 

• That is to say, two adjacent sides are to cut a given frtraiglit line, on which 
are two ^ven points A, B, in two other points C, D such that the anharmonic 
ratio l^ABCD) may be equal to a given number. 

■f' Chasles, G'iom. sup., pp. 219-223; and Townsend, Modern Gsometry (Dublin, 
1865), vol.ii.pp. 267-J75. 



Hosted by 



Google 



CHAPTER XX. 



POLE ASD POLAE. 



260. Let any point S be taken in the plane of a conic 
(Fig. 175), and througli it let any number of tranaversals be 
drawn to cut the conic in pairs of points A and A', B and B\ 
Cand C", ... . The tangents « and a',b and b\c and e' at these 
points will, by Arts. 203, 204, intersect in pairs on a fixed 
straight lines, on which lie also the points ofcontact of the tan- 
gents from S to the conic (when the 
position of 8 is such that tangents 
can be drawn). Further, the pairs of 
chords ^_B'and^'^,^C" and ^'C,... 
BC and B'C, ... AB and A' B' , 
AC and A'C, ... BG and B'C',... 
will intersect on s. Another pro- 
perty of the straight line s may 
be noticed. In the complete quad- 
rangle AA'BB', each of the straight 
lines AA' and BB' is divided har- 
monically by the diagonal point S 
and the point where it is cut by 
the straight line « which joins the 
other diagonal points (Art. 57) ; 
consequently A and A' (and simi- 
larly B and _B', C and C, ...) are harmonic conjugates with 
regard to S and the point where AA' (or BB', CC, ... ) is cut 

by.. 

The straight line * determined in this manner by the point 
5 is called ^^ polar of ■? with respect to the conic; and, re- 
ciprocally, the point S is said to be the pole of the straight 
line A 

Tke polar of a fjiven point S k therefore at the aame time -■ ( 1 ) We 




Pig. 175. 
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locus ofthepoinis of int&esection of tangents to the conic at the pairs 
if pointi where it ie cut by any transversal thTongh 8j (2) tAe locus 
of the points ^intersection of^irs of oj>poiite sides cf quadrangles 
inscribed w the conic such that their diagonals meet in S; (3) tAe 
hctts of points taken on any transversal through 8 such that they are 
harmonically conjugate to S with regard to the pair of points in. 
which the transversal is out by tJie conic ; (4) the chord of contact of 
the tangents from S to the conic, when 8 has mch a position 
that it is possible to draw these * f. 

251. Reciprocally, any given straight line s determines a 
point 3, of which it is the pohr. For let A and B (Fig. 1 7 6) be 
any two points on the conic ; the tangents a and b at these points 
will cut s in two points from which can be drawn two other tan- 
gents a' and h' to the conic. Let A' and B' be the points of 
contact of these, and let AA',BB' meet in 8; then the polar of 
S will pass through the points aa' and bb', and must therefore 
coincide with *. 

Jf then from any point on s a pair of tangents can he dravm to the 
conic, their chord of contact will pass through S. 




252. The complete quadrangle AA'BB' and the i 
quadrilateral aa'bV (Fig. 176) have the same diagonal 

* Afollonius, (oc. iM; lib. yii. gj; Desabgubs, loc. c((.,pp. 164 aqq, ; De la 
Hire, ioc. cif., books i. and ii, 

t (4) follows from (3) by what lias been proved in Att, H, 
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triangle (Art. 1 69). The verticea of this triangle are S, the point 
of intersection F of A£ and A'£', and the point of intersection 
E of J£' and A'Jl ; its aides are s, the straight line/ joining the 
points ab anda'S', and the straight line e joining the points aS' 
and a'l). Thus tf from any two points taken on the straight line s 
pairs of tangents a ami a', b and h' he drawn to the conic, the 
diagonals of the qnadrilateral aha'V will past through 8. 

263. The straight lines a, a\ S, h' (Fig. 177) form a quadri- 
lateral circumscribed ahout the conic, one of whose diagonals is 
s, and whose other two diagonals 
meet in 5, Thus if from any point 
on s a pair of tangents he drawn, to 
the conic, they will' he harmonically 
conjugate vtith. regard to s and the 
straight Une joining the point to S 
(Art. 56). 

264. ^ then a conic is given, 
every point in its plane has its 
polar and every straight line has its 
pole*. The given conic, with 
reference to which the pole and 
polar ai'e considered, may be 
called the auxiliary eonic. 

I. If a point in the plane of a conic is such that from it 
two tangents can be drawn to the curve, it is said to lie 
outside the conic, or to be an external point ; if it is sueh that 
no tangent can be drawn, it is said to lie inside the conic, or 
to be an i?iternal point. If then the pole lies outside the 
conic (Art. 203, VIII) the polar cuts the curve, and it cuts 
it at the points of contact of the tangents from the pole to the 
conic f. 

If the pole lies inside the curve, the polar does not cut the 
conic. 

II. If a point on the conic itself be taken as pole and a 
transversal be made to revolve round this point, one of its 
points of intersection with the conic will always coincide with 
the pole itself. Since then the polar is the locua of the points 
where the tangents at these points of intersection meet, and 

• DB84BGIJEB, loc. cit., p. igo. 

+ Sea alHo Art. 2B0, (4). 
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in this caae one of the tangents is fixed, it followa that the 
polar of a point on the conic is the tangent at this point ; or 
that if the pole is a point on the conic, the ])olar is the tangent at 
this point. 

III. Reciprocally, if every point of the polar lies outside the 
conic, the pole lies inside the conic ; if the polar cuts the 
conic, the pole is the point where the tangents at the two 
points of intersection meet ; and if the polar touches the conic, 
the pole is its point of contact. 

255. ^ two points are such that the first lies on the polar 
of the second, then will also the second lie on. the polar of the first. 

Consider Fig. 176; let E be taken as pole and let F 
be a point lying on the polar of E. If the straight line EF 
cuts the conic, it will cut it in two points which are harmoni- 
cally conjugate with regard to E and F (Art. 250 [3]); 
conseiiuently one of the points E , F will lie inside and 
the other outside the conic, and by Art. 250 (3) again, if i^be 
taken as pole, E wiU be a point on its polar. 

If the straight line EF does not cut the conic, the chord of 
contact of the tangents from E will pass through F, since this 
chord is the polar of E; and therefore by Art. 250 (l) E -niW 
lie on the polar of F. 

The above proposition may also be expressed in the follow- 
ing manner : 

^a straight line f pass through the pole of another straight line 
e, then mil also e pass through the pole off 

For let E, Fhe the poles of e, / respectively; since by 
hypothesis E lies on the polar of F, therefore F" will lie on 
the polar of E\ that is to say, e will pass through F, the pole 
of/. 

Two points such as F and F, which possess the property 
that each lies on the polar of the other, are termed conjugate or 
reciprocal points with respect to the conic. And two straight 
lines such as e and/, each of which passes through the pole of 
the other, are termed conjugate or recipirocal lines with respect 
to the conic. 

The foregoing proposition may then be enunciated as 
follows : 

If two points are conjugate to one another with respect to a conic, 
their polars also are conjugate to one anotlter, and conversely. 
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258. The same proposition can be put into yet another 
form, vie. 

Svers/ point on the polar of a given point E hm for its polar a 
straight Urn passing throvgl E. 

Every straight line passing throtigh the pole of a given stratgU 
line e has for its pole a point lying on. e*: 

In other words, if a variable pole F be supposed to describe 
a given straight line e the polar of F wiU always pass through 
a fixed point E, the pole of the gi\ en line ; and conversely, if 
a straight line / levolve round a fixed point E, the pole of / 
will describe a stiaight Ime e, the polar of the ^ven point E. 

Or again: the pole of a gnen straight line e is the centre of the 
pencil formed by the polars of all poinds on e ; hwl the polar of « 
givenpoini E isthe locvs of the polet of all straight Itms passing 
through Ef 



257. Pkoblem. Givenapoint 
S, to constrwel its polar wilk 
respect to a given eonic. 

I, Let the conic be determined 
by five points A,B,0,£>,E 
(Fig. 178). 



Given ( 



itraight line s, to ■com- 
struet its pole vdth respect ta a 
given conic. 

I. Let the conic be determined 
by five tangeats a,b ,c,d ,e (Fig. 
179)- 





rig. 179' 

Join SA.SB, and find the From the points sa,sb draw 

points A', B' where these cat the the second tangents a ,h respec- 

conioagainre.pectively(Art.l61, tively to the come {A"^- /fl. 

right). The straight line s which left). The point S m which the 

ioL the point of intersection of diagonals of the (inadrangle«&a 6 

AB' and A'B to that of AB and intersect one another will be 



* DBSiitowES, Inc. cif., 

\ PONOBLEI, lot. cU., i 



p. 191. 
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A'B' will be tlie polar of the 
given point (Art. 250 [2]). 

II. Let the conic be determined 
by five taBgents a ,b ,c ,d,e 
{Fig. i8o). 




the pole of the given straight 

II. Let the conic be deter- 
mined by five points A,B,C ,Ii,E 
(Kg.. Si). 




Through S draw two trans- 
versals w and V, and constvnct 
their poles U and 7 (as on the 
right hand side above) ; U Y will 
be the polar of S (Art, 256). To 
aimplify matters the traaavcrsal 
M may be drawn through the 
point ah ; if then the second 
tangent c' be drawn to the conic 
(Art. 161) from the point ue, V 
will be the point of intersection 
of the diagonals of the quadri- 
lateral acfio'. So too if the 
transversal v be drawn through 
the point flc for example, and the 
fcecond tangent &' be drawn to the 
conic from the point vh, then F 
will be the point of intersection 
of the diagonals of the quadri- 
lateral abch'. 



On s take two points V and 
V , and construct their polars m 
and f (as on the left hand side 
above) ; the point wv will be the 
pole of « (Art. 256). To simphfy 
matters the point (7 may be taken 
on the straight line AB ; if then 
VC be joined, and the second 
point C in which it meets the 
conic be constructed, « will be the 
straight line joining the points of 
intersection of the pairs of oppo- 
site sides of the quadrangle 
AGBC". So too if V be taken on 
the straight line AC for example, 
and VB be joined, and its second 
point of intersection B' with the 
conic be constructed, then v will 
be the straight line joining the 
points of intersection of the pairs 
of opposite sides of the quadrangle 
ABCB'. 



ABCB'. 
:. Let S" and F (Fig. 182) be a pair of conjugate points 
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and let f? be the pole of HF; then G will be conjugate both to 
Ji and to F, so that the three points M, F, G are conjugate to one 
another two and two. Every side therefore of the triangle 
EFG is the pole of the opposite vertex, and the three sides are 
conjugate lines two and two. 

A triangle such as EFG, in which each vertex is the pole 
of the opposite side with regard to a given conic is called a 
Belf-conjugate or self-polar triangle with regard to the conic. 

268. To construct a triangle self-conjugate with regard to a given 

One vertex H (Fig. 182) may he taken arbitrarily; construct its 




polar, take on this polar any point F, and construct the polar of F. 
This last will pass through F, since £ and F aie conjugate points ; 
if ff he the point where it cuts the polar of F, then F and G, 
F and 6, will he pairs of conjugate points , and therefoie EFG is a 
self- conjugate triangle. 

In other words : take any point F and draw through it any two 
transversals to cut the conic in A and Z*, B and C re^ectively; join 
AO, BD, meeting in F, and AB , CD meeting in G ; then EFG is a 
self- conjugate triangle. 

Or again, one side e may he taken arbitrarily, and its pole E con- 
structed ; if through E any straight line / be drawn, and its pole 
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(which will lie on e) be constructed and joined to the pole of e by the 
straight line g, then Kfg will be a triangle such as is required ; for the 
straight lines e,f,g are conjugate two and two. 

Thus, after having taken the side e arbitrarily, we may proceed as 
follows : take two points on e and from them draw pairs of tangents 
a and d, h and e, to the conic ; join the points ac , hd by the straight 
line/, and the points ab,cd by the straight line g \ then will efg be 
a self- conjugate triangle, 

260. From what has been said above the following property- 
is evident : 

The diagonal points of the complete quadrangle formed hy any 
four points on a come are the vertices <f a triangle which is self- 
conjugate with regard to. the conic. And the diagonals of the 
complete quadrilateral formed hy any four tangents to a conie 
are tJie sides of a triangle which is self-conjugate with regard to the 
conic*. 

Or, in other words : 

The triangle whose vertices are the diagonal points of a eomplete 
quadrangle is self-conjugate with regard to any conic circumscribing 
the quadrangle. And the triangle whose sides are the diagonals of a . 
complete quadrilateral is self-conjugate with regard to any conic 
inscribed in the qnadrilaieral. 

281. From tlie properties of the circumscribed quadrilateral and 
the inBcribed quadrangle (Arts. 166 to 172) It follows moreover 
that: 

If EFir {Fig. 182) is a triangle self-conjugate with regard to 
a given conic, and ABC is a triangle inscribed in the conic, 
such that two of its sides CA, AB pass through two of the 
vertices F, G respectively of the other triangle, then will the re- 
maining side BO pass through the remaining vertex E, and every 
aide of the inscribed triangle will be divided harmonically by the 
corresponding vertex of the self-conjugate triangle and the side which 
joins the other two vertices of it. 

The three straight lines EA , FB , GO meet in one point D on the 
conic ; the two triangles are therefore in perspective, and the three 
pairs of corresponding sides FG and BG, GE and C'A, EF and AB, 
will meet in three collinear points. 

Hence it follows that a self-conjugate triangle EFG and a point A 
of a conic determine an inscribed quadrangle ABCD, wh 

* Desargues, foe. cil., p. 186. 
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triangle is EF&. The pouita B ,G ,D are those in which the 
straight lines AG,AF,AE cut the conic again. 

The enunciation of the correlative property is left to the student *. 

262. Of the three vertices of the triangle EFG, one always 
lies inside the conic, and the two others outside it. For if E 
is an internal point, its polar does not cut the conic, and con- 
sequently F and G are both external to the conic. If, on the 
other hand, i" is an external point, its polar cuts the conic, and 
F and G are harmonic conjugates with regard to the two 
points of intersection ; of the two points F and G therefore, 
one must be internal and the other external to the conic. 

From this property and that of Art. 254, 1, we conclude that 
of the three sides of any self-conjugate triangle, two always 
cut the curve, and the third does not. 

263. (l). On every straight line there are an infinite nvmher of 
j)air» <^j)oints w%ich are conjugate to one anoti-er with respect to a 
given eonic, and these form an involution f. 

(2). Through every point pass an infinite number of pairs of 
straight lines which are conjugate to one another with respect to a 
given eonic, and these form an invohtion-\. 

(3). If a point descries a range, its polar with respect to a given 
conic will trace out a pencil which ia projective with the given range. 
And, conversely, if a straight line describes a pencil, its pole with 
respect to a given conic will trace out a range which is projective with 
the given pencil %. 

To prove these theorems, consider Fig. 183, and suppose 
in it the conic and the three points A,B,G to be given. 
Let the point C be supposed to move along the conic. 
Then the rays ^C,-BC will trace out two pencils which are 
■ projective with one another (Art. 149 [I]) ; and therefore the 
ranges in which these pencils cut the polar of G will be pro- 
jective also ; that is to say, the conjugate points F and E will 
describe two collinear projective ranges. In these ranges the 
points F and E correspond to one another doubly, since the 
polar of E passes through F, and the polar of F passes 
through E ; consequently the ranges in question are in in- 
volution. 

From what has been said it follows also that the pairs of 

* PoNCELiiT, loc. cii; p. 104- + Desibgubs, Ioc. cU., pp. igi, ICIJ- 

+ MiiBius, Barijc. Calc, 5 290, 
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conjugate lines GF, GE in like maimer form an inYolution, 
and that the range of poles M,F, ... is projective with the 
pencil ofpolars GF,GE,.... 

264. If the straight line i7''cuts the conic, the two points of 




rig. .83. 

intersection are the double points of the involution formed by 
the pairs of conjugate poles. The centre of the involution lies 
on the diameter which passes through the pole G of the given 
straight line (Art. 290). 

If the point G is external to the conic, the tangents from G 
to the conic are the double rays of the involution formed by 
the pairs of conjugate polars. 
Consequently (Art. 125): 

A chord of a conic is harmonically divided hy any pair of points ■ 
lying on it which are conjugate with respect to the conte; and 

The pair of tangents drawn from any point to a conic are har- 
monic conjngaUi with respect to any pair of straight lines meeting in 
the given point which are conjiigate with respect to the conic. 

If the point G lies at infinity, the pairs of conjugate straight 
lines form an involution of parallel rays, the central ray of 
which is a diameter of the conic (Arts. 129, 276). 

265. Theorem. I^' two complete quadrangles have the same 
diagonal points, their eight vertices lie either four and four on two 
straight lines or else they all lie on a conic. 
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Fig. 184. 



Let ABCJ)-a.nd A'B'C'D' (Fig. 184) be two quadrangles 
having the same diagonal points E,F,G; bo that 
BC ,AD, B'C, A'D' all meet in E, 
CA,BD,C'A',B'Il' „ „ F, 
AB,CJ),A'B',C'D' „ „ G. 

(1). In the first place let the eight vertices be such that some 
three of them are collinear. Suppose ^ 

for example that A' lies on AB. Since 
AB and A'B' meet in G, therefore 
B' also must lie on AB; and since 
the straight lines GB , GF are har- 
monically conjugate with regard both 
to AB,CD and to A'B', CD', and 
AB coincides with A'B', therefore also 
CB coincides with CI)'. Thus the 
four points G,B,C,D' are colUnear, 
and the eight points A,B,C,D, A',B',C',B' lie four and four 
on two straight lines. 

(2). But if this case be excluded, i. e. if no three of the eight 
vertices lie in a straight line, 
then a conic can be drawn 
through any five of them. Let 
a conic be drawn through 
J,;?,C',_D,J'(Fig.i85);then 
shall B',C,I)' lie on the 
same conic. For since £',/', (? 
are the diagonal points of 
the inscribed quadrangle 
ABCB, G is the pole of FF, 
and therefore G and the 

point where its polar EF meets the transversal GB'A' are 
harmonically conjugate with regard to the points whore this 
transversal cuts the conic. But one of these last points ia 
A', therefore the other is B' ; for since E,F,G are also the 
diagonal points of the quadrangle A'B'CIf, the points A! 
and B' are harmonically conjugate with regard to G and the 
point where FF cuts A'B'. In a similar manner it can be 
shown that C and B' also lie on the same conic. The eight 
vertices .^,^,C,i), ^',.5', C",i)' therefore lie on a conic, and 
the proposition is proved. 
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Since the straight lines AB and A'B' meet in G, therefore 
AA' and BB', as also AB' and A'B, will meet on EF, the polar 
of 6. This property gives the means of constructing the 
point B' when the points A, B^C , D, A' are given. The point 
C will then be found as the point of intersection of A'F and 
B% and the point -D' as that of -ff'^,^'5', and C'G. 

266. Suppose now that two conies are given which are 
inscribed in the same quadrilateral. Let the four common 
tangents which formthisquadrilatera]bea,5,c,(?, and let their 
points of contact with the conies be ^,-B, f ,iJand^', .8', C',D' 
respectively. Bythe theorem of Art. 169, the triangle formed 
by the diagonals of the circumscribed quadrilateral alcd has for 
its vertices the diagonal points of the inscribed quadrangle 
ABCH and also those of the inscribed quadrangle A'B'C'B'; 
thus ABCD and A'B'C'B' have the same diagonal points. 
Accordingly, by the theorem of Art. 265, i^e ei^ht poittts 
A,B,C,1), A', B\C',1}' lie either four and four on two Btraight 
lineSi or tkey lie all on a conic. 

287. By wTitmg as usual line for point and point for line, 
the propositions coirelative to those of Aits 265 anl 26G can 
be proved, 1 1 

If two complete qua hilaferah haie tie sa le three diagonals thevr 
eigM sides either pass four and four thrmgh two points or else they 
all touch a come 

If two conies intersect ti f ur j oinfs the eijht tangents to them 
at these points either pass /our andjotr throigh two p infs or the^ 
all touch a com * 

268. If there be gi\en the liagonal paints F F G and one 
vertex J of a quadrangle ABCD the qua handle i c mpletely 
determined, and can be constructod. i'or B is that point on 
AE which is harmonically conjugate to A with respect to E 
and the point where FG cuts AE ; so C is that point on AF 
which is harmonically conjugate to A with respect to i''aiid 
the point where 6E cuts AF; and B is that point on AG 
which is harmonically conjugate to A with respect to G and 
the point where £'i^cuts AG. 

But if there be given the diagonal points E, F, G ot a, 

quadrangle ABCB and the conic with respect to which EFG 

is a self-conjugate triangle, the quadrangle is not completely 

* Staudt, loc. eit., p. acij. 
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detenmned. For we may take arbitrarily on the conic a point 
A as one vertex of the quadrangle ABCD ; then the other 
vertices 5, C, I) are the second points of intersection of the 
conic with the straight lines AQ, AJ, AE respectively. Hence 
it follows that : 

All comics with respect to which a given triangle EF6 is self- 
conjugate, and which pass throwffh a fixed point A,pass also tkrowjh 
three other Jiieed points B ,C ,1). 

269. Pgoblem, To construct a conic passing through two given 
points A and A', and with respect to which a given triangle EFG 
ahaU he sdf'Conjugate. 

Solution. Conatnici, in the manoer just shown, the three points 
£, C, ^ which form with^a complete quadranglehaving^, F,8,nA.G 
for its diagonal points. Five points A, A', B, C, D on the conic are 
then known, and by means of Pascal's theorem any number of other 
points on it may be found. Or we may construct tlie three poiota 
B', C",i)' which form with -1' a complete quadrangle having^, i*', and 
G for its diagonal points ; the eight points -i, B,C, D, A', B', C, D' 
will then all lie on the conic required. 

270. Consider again the problem (Art. 218) of describing a conic 
to touch four given straight lines a,h,c, (Zand to pass through a given 
point S (Fig. i86}. The diagonals 
of the quadrilateral abed form a 
triangle BF& which is self-conju- 
gate with regard to the conic; 
consequently, if the three points 
P, Q, Ji be constmcted which 
together with S form a quadrangle 
hai-ing^, F, and 6 for its diagonal 
points, the three points so cou- 
Btruoted will Jie also on the 
required conic. Now it may 
happen that there is no conic 
which satiaiies the problem, or 

again there may be two conies which satisfy it (Art. 218, right); 
in the second case, since the construction for the points F, Q, R 
is linear, the two conies will both pass through these points. Thus : 

If two eonicB inscribed in (fie same quadrilateral abed pass through 
the same point S, th^ will intersect in three other 2>oints F, Q, E; and 
the triangle formed by the diagonals of the cirewmscribed quadrilateral 
abed wiU coincide with that formed by the diag<mal points of the 
inscribed qtiadrangle PQMS. 

In order to find a construction for the points F, Q, B, consider 
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the point F for example which lies on £S (Fig. i86). It is seen 
that the segment SF must be divided harmonically by JH and ita 
polar FG (Art. 250) ; but the diagonal (ab) {cd) which passes through 
£ is also divided harmonically, at F and F. We have therefore 
two harmonic ranges, which are of course projective (Art. 51) and 
which are in perspective since they have a self-corresponding point at 
F ; therefore the straight lines P (ab), S (c(Z), and FG, which join the 
otter pairs of corresponding, points, will meet in a point (Art. 80). 
"We must therefore join S to one extremity of one of the diagonals 
passing through E, for example to the point cd, and take the point 
where the joining line meets FG. This point, when joined to the 
other extremity ab of the diagonal, will give a straight line which 
will meet FS in the required point F *. 

271. The propositions and constructions correlative to those of 
the last three Articles, and which will form useful exercises for the 
student, are the following : 

All conies vnth respect la which a given triangle is self-cimjugate, 
and whicli touch ajiaxd straight line, touch three other jvxxd straight lines. 

To construct a eonic to touch two given straight lines, and with 
respect to which a given triangle shall be self-conjugate. 

If two conies circumscribing the same quadrangle have a common 
tangent, they have three other common tangents. 

To construct tlte three remaining common tang&rtts to two conies 
which 2>ass through four given points and touch a given straight li-ae 
(Art. 218, left). 




272. Let ABCD (Fig. 187) he a complete quadrilateral whose 
diagonal points are E, F, and G. Let also 

L and P be the points where FG meets AD and BG respectively. 
Ma.nA.Q „ „ GB „ BDa-aACA 

N and R „ „ EF „ CD and AB 

The sis points so ohtaiued are the vertices of a complete quad- 
rilateral. For the triangle EFG is in perspective with each of the 

* Eriakohon, he. dL, p. 4-, ; Maclauhin, De tin. Gcom., 5 43. 
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triangles ABC, DCS, CDA, BAD, the centres of perspective being 
D, A, B, C respectively ; whence it follows that the four triads of 
points FQR, PMN^, LQN, and LMR lie on four straight lines (the 
axes of perspective). 

These four axes form a quadrilateral whose dis^onals LP, MQ, NR 
form the triangle EFG. Accordingly, a conic inscribed in the 
quadrangle ABCD and passing through L will pass also through 
N, F, and K (Art. 270); similarly a conic can be inscribed in 
the quadrangle ASDG to pass through Ji, M, N, and Q; and 
a conic can be inscribed in the quadrangle ACBD to pass through 
g, P, M, and L. 

It will be seen that for each of those conies the four tangents 
shown in the figure {the four sides of the complete quadrangle ABCD) 
are harmonic, and that the same will therefore be the case with 
regard to their point" of contact (Arts. 148, 204). For take one of 
the sides of the qcadiangle, for example AB ; a consideration of the 
complete quadrangle i,DEF shows that this side is harmonically 
divided in R and (r Now the points A, B,G are the points of 
intersection of the tangent AB with the other three tangents, and R 
is the point of contact of AB ; therefore the four tangents are cut by 
any other tangent to the conic in four harmonic points *. 

273. liABCD is a parallelogram, the points E, G, M, Q pass oft' 
to infinity, and LNPJt also becomes a parallelogram. Of the three 
conies considered above the first will in this case be an ellipse which 
touches the sides of the parallelogram ABCD at their middle points ; 
the second a hyperbola which touches the sides AB and CD at their 
middle points and has AC and BD for asymptotes ; and the third a 
hyperbola having the same asymptotes and toucliing the sides AD 
and BC at their middle points. 

274. From that corollary to Brianchon's theorem which has 
reference to a quadrilateral circumacribecl about a conic 
(Art. 172) we have already, in Art. 173, deduced a method for 
the construction of tangents to a conic when we are given 
three tangents a,l/ ,c and the points of contact B ,C oi two 
of them (Fig. 1 83). We take any point E on BC and join it 
to the points ai.flc by the straight lines i',/, respectively; if 
the point in which ff meets c be joined to that in whieh/raeets 
b, the joining line d will be a tangent to the conic. 

The four tangents a,h ,c ,d form a complete quadrilateral 
two of whose diagonals i/ ~ («*) («/) and/= (ac) {bd) intersect 

• Stbihbk, lac- ciL, p. 160, 5 43, 4 ; Collected Works, vol. i. p. 347 ; Si AUi/r, 
SeUrdae zitr Geomdrie der Laye, Art. J29. 
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ia E ; theroforo also (Art. 1 72) the chorda of contact AD and 
BC of the tangents a and d, h and c respectively will intersect 
in a. The straight lines joining E to the points ah and ac, 
being two of tho diagonals of the quadrilateral ahcd, are con- 
jugate lines with respect to the conic ; consequently : 

If a triangle alio is drcitmacriied about a conic, the giraight lines 
which join two of its vertices ah and ac to any point E on the polar 
of the third vertex he are conjugate to one another with respect to the 
conic. 
And conversely: 

If two straight lines (c and i) touch a conic, any two conjugate 
straight lines (fandg) drawn from, any point (E) on their chord of 
contact will cat the two given tangents in points such that the 
straight line (a) joining them touches the conic. 

276. Let us now investigate the correlative property. Sup- 
pose three points A , B ,C on a conic to be given, and the 
tangente S , c at two of these points (Fig. 183). If a straight 
line e drawn arbitrarily through the point he cut AB in 6 and 
AC in F; then if GC and FB bo joined they will intersect in 
a point _D lying on the conic. 

The four points A,B,I),C form a complete quadrangle 
two of whose diagonal points lie on e ; therefore (Art. 1 66) 
P the point he and the point of 
intersection of the tangents at 
A and B will lie on e. The 
points G and F, being two of the 
diagonal points of the quadrila- 
teral ABCB, are conjugate with 
respect to theeonic; consequently 
j,.g ^33 _ If a triangle ABC (Fig. 188) is 

inscrihed in a conic, the points F 
and G in which two <f the sides are cut hy any straight line drawn 
through the pole 8 (^ the third side are conjugate to one another 
with respect to the conic. 
And conversely : 

If two givenpoints (B ,C) on a conic he joined to two ccajugate 
j)oints {G,F) which are collinear with the pole {S) of the chord (BC) 
joining the given points, then the joining lines will intersect in a 
point (A) lying on the conic. 
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Fig, 189. 



278. Let an infinitely distant point be taken as pole, 
and through it let a tranaveraal be drawn (Fig. 1 89) to cut the 
conic in two points A and 
A'. The segment AA' will 
be harmonically divided by 
the pole and the point where 
it is cut by the polar (Art. 
250) ; this point will there- 
fore be the middle point of 
AA' (Art. 59). That is to 
say: 

If an^ nwmher of parallel chords of a eonie be drawn, the locus of 
i&eir middle points zg a straigM line ; and this straight line is ike 
polar <f the point at infinity in whvh the chords intersect*. 

277. This straight line is termed the diameter of the chords 
which it bisects If the diametei meets the conic in two 
points, these will be the points of contact of the tangents 
drawn to the conic from the pole, ? e of those taJigents which 
are parallel to the bisected choids If the tangents at the ex- 
tremities A and A' of one of these chords be drawn, they will 
meet in a point on the diameter If AA' and BB' are two of 
the bisected choids, the straight hne-j AB and A'B', AB' and 
A'B will intersect m pairs on the diameter (Art. 250). 

!Ef, conversely, fiom a pomt on the diameter can be drawn 
a pair of tajigents a and a' to the come, their chord of contact 
AA' will be bisected by the diameter ; and if through the 
same point there be diawn the straight line which is harmoni- 
cally conjugate to the diameter with respect to the two 

* Afollonius, Conie., lib. i. 46, 47, 48 ; lib. ii, f, 6, 7, 28-31, 34-37. 
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tangents, this straight line will be parallel to the bisected 
chorda. If from two points on the diameter there be drawn 
two pairs of tangents a and a', h and V, the straight line join- 
ing the points ab and a'h' and that joining the points ah' and 
a'b will both be parallel to the bisected chords (Art. 232). 

278. To each point at infinity, that is, to each pencil of 
parallel rays, corresponds a diameter. The diameters all pass 
through one point; for they are the polars of points lying on 
one straight line, viz. the straight line at infinity; the point 
in which the diameters intersect is the pole of the straight 
line at infinity (Art. 256). 

278. Since every parabola is touched by the straight line at 
infinity, and the point of contact is the pole of this straight 
line (Art. 254, 11), it follows (Art. 278) that all diameters of a 
parabola are parallel to one another (they all pass through the 
point at infinity on the curve); and conversely, every straight 
line which cuts a parabola at infinity is a diameter of the curve. 
280. If 5 is any point from which a pair of tangents a and 
a' can be drawn to the conic (Fig. 189), the chord of contact 
AA', the polar of 5, will bo bisected at B, by the diameter 
which passes through S; for S and the point at infinity on 
AA' are conjugate points with respect to the conic. If the 
diameter cuts the curve in M&ssA M', the tangents at these 
points are parallel to AA\ and MM' is divided harmonically 
by the pole S and the polar AA' (Ai-t. 250). 

If then the conic is a parabola (Fig. 190) the point M' moves 
ofi" to infinity, and therefore M is the 
middle point of the segment BM ; thus 

The straight line which joins the middle 
jioint of a chord vf a ^parabola to the pole 
of the chord is bisected hy the curve *. 

281. When the conic is not a parabola, 
the straight line at infinity is no longer 
a tangent to the curve, and consequently 
the pole of this straight line, or the point of intersection of the 
diameters, is a point lying at a finite distance. Since any two 
points on the conic which are coUinear with the pole are 
separated harmonically by the pole and the polar (Art. 250), the 
pole will lie midway between the two points on the curve 

* APOLLOKII'S, loC. cit; lib. i, 35. 
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when the polar lies at infinity. Every chord of the conic 
therefore which passes through the pole of the straight line at 
infinity is biaected at this point. 

On account of this property the pole of the straight Hnc at 
infinity or the point in which all the diameters intersect is 
called the centre of the conic. 

282. Applying the properties of poles and polars in general 
(Arts. 250 — 253) to the case of the 
centre and the straight line at in- 
finity, it is seen (Fig. 191) that : 

If A and^' are any pair of points 
on the conic collineai- with the 
centre, the tangents at A and A' 
are parallel. i,ig. igi. 

If ^ and ^',5 and 5' are any two 
pairs of points on the conic which are colhnear with the 
centre, the pairs of chords AB and A' B', AB' and A' B are 
parallel, so that the figure ABA'B' is a parallelogram. 

If a and a' are any pair of parallel tangents, their chord 
of contact passes through the centre, as also does the straight 
line lying midway between a and a' and parallel to both. 

If a and a', h and h' are any two pairs of parallel tangents, the 
straight line joining the points ah and a'h' and that joining the 
points ah' and a'b both pass through the centre ; in other 
words, if aba'lf is a parallelogram circumscribed to the conic, 
its diagonals intersect in the centre. 

2S3. If the conic is a hyperbola, the straight line at in- 
finity cuts the curve ; consequently the centre is a point 
exterior to the curve (Art. 254, 1) in which intersect the tan- 
gents at the infinitely distant points, i.e. the asymptotes 

(Fig. 197}- . _, ^ 

If the conic is an elhpse, the straight line at infinity does 
not cut the curve ; consequently the centre is a point inside 
the curve (Figs. 191, 193). 

284. Two diametei-s of a central conic (ellipse or hyper- 
bola*) are termed conjugale when they are conjugate straight 

- In the case of the parabola there are no pairs of conjugate diameters ; for 
since the centre lies at infinity, the diameter drawn parallel to the ohorde which 
are biaected by a given diameter must coincide alwajB with the straight line at 
infinity. 
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lines with respect to the conic, i. e. when each passes through 
the pole of the other (Art. 255). 

Since the pole of a diameter is the point at infinity on any 

of tho chords which the diameter 

bisects, it follows that the diameter 
b' conjugate to a given diameter i is 
parallel to the chorda bisected by 6 ; 
conversely, i' bisects the chords which 
are parallel to 6 *. 

Any two conjugate diameters form 
with the straight lino at infinity 
a self-conjugate triangle (Art. 258), of which one vertex is 
the centre of the conic and the other two are at infinity. 

Since in a self-conjugate triangle two of the sides cut the 
conic and the third side does not (Art. 262), and since the 
straight hne at infinity cuts a hyperbola but does not cut an 
ellipse, it follows that of every two conjugate diametore of a 
hyperbola one only cuts the curve, while an ellipse is cut by 
aU its diameters. 

285. Problem. Given five points A,B ,C ,D ,E on a conio, to 
deiermiti^ its centre. 

rSolution. ~ We have only to repeat the construction given in Art. 
257, II (right), assuming the straight line s to lie in this case at 
infinity. Draw through C a parallel to AB, and determine the point C 
in which this parallel meets the conic again ; draw also through S a 
parallel to AC, and determine the point B' in which this parallel 
meets the conic again. The straight hne u which joins the points of 
intersection of the pairs of opposite sides of the quadrangle ACBC, 
and the straight line v which joins the points of intersection of the 
pairs of opposite sides of the quadrangle AMOS', will meet in the 
required point 0, which is the pole of the straiglit Hne at infinity 
and therefore the centre of the conic +. 

The straight lines w and v are the diameters conjugate respec- 
tively to AB and AO; if through there be drawn the straight 
lines «', i/ parallel to .45, .irrespectively, then u and «', v and v' 
will be two pairs of conjugate diameters. 

If the conic is determined by five tangents, its centre may be 
found by a method which will be explained further on {Art. 319). 

* Apollonius, he. dt., lib, ii, 20. 

+ If 11 and V eliOQld i>e paraOel, the conic is a parabola, whoBe diameters are 
parallel to u and v. 
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286. Four tangents to a conic form a complete quadrilateral 
whose diagonals arc the aides of a self-conjugate triangle {Art. 
260). Supposo the four tangents to be parallel in pairs (Fig. 
191); then one diagonal ■wUl pass to infinity, and con- 
sequently the other two will be conjugate diameters (Art. 
284); thus: 

The diagonals of any parallelogram circumscribed to a conic are 
conjugate diameter's. 

The points of contact of the four tangents form a complete 
quEtdrangle whose diagonal points are the vertices of the self- 
conjugate tiiangle (Arts. 169, 260). In the ease where the 
four tangents are parallel in pairs one of these diagonal points 
is the centre of the conic, and tho other two lie at infinity. 
That is to say, the six sides of the quadrajigle are the sides 
and diagonals of an inscribed parallelogram ; its sides are 
parallel in pairs to tlie diagonals of the circumscribed paral- 
lelogram, and its diagonals intersect in the centre of the 
conic. 

287. Converaely, let ABA'S' (Fig. 191) be any inscribed 
parallelogram, and consider it as a complete quadrangle. 
Since its three diagonal points must bo the vertices of a seif- 
conjugate triangle, one of them will be the centre of the conic, 
and the other two will be the points at infinity on two conju- 
gate diameters ; thus : 

In any parallelogram inscribed in a conic, the sides are parallel to 
two conjugate diameters and the diagonals intersect in the centre. 

Or a^ain: 

The chords tshich join a variable point A on a conio to the ea;- 
iremities B and B' of a fixed diameter are always parallel to two 
conjugate diameters. 

288. The following conclusions can be drawn at once from 
Art. 286. 

Any two parallel tangents {a and a') are cut by any pair of 
conjugate diameters in two pairs of points, the straight lines 
connecting which give two other parallel tangents {b and b'). 

If from the extremities {A and A') of any diameter straight 
lines be drawn parallel to any two conjugate diameters, they 
will meet in two points on the curve, and the chord joining 
these will be a diameter. 

Given any two parallel tangents a and a' whoso pointe of 
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contact are A and A' respectively, and any third tangent 5 ; if 
from A a parallel be drawn to the diameter passing through 
a'b this parallel will nii,eet the tangent b at its point of con- 
tact B. 

Given any two parallel tangents a and a' whoso points of 
contact are A and A' respectively, and another point B on the 
conic ; the tangent at B will meet the tangent a in a point 
lying on that diameter which is parallel to A'B, and it will 
meet the tangent of in a point lying on that diameter which is 
parallel to AB. 

289. Suppose now that the conic is a circle (Fig. 193), i.e. 
the locns of the vertex of a right angle 
AMB whose arms AM and BM turn round 
fixed points A and B respectively. These 
arms in moving generate two equal and 
consequently projective pencils ; therefore 
the tangent at A will be the ray of the 
first pencil which corresponds to the ray 
F'g- 193. ^^ ^^ j.jjg second (Art. 143). The tangent 

at A must therefore make a right angle with BA ; and simi- 
larly the tangent at B will be perpendicular to AB. The 
tangents at A and B are therefore parallel, and consequently 
AB is a diameter, and the middle point of AB is the centre 
of the circle (Art. 282). 

I. Since AB is a diameter, the straight lines A3I and BM 
will be parallel to a pair of conjugate diameters, whatever be 
the position of i!r(Art. 287); therefore: 

Every pair of conjugate diameters of a circle are at riff/it angles to 
one another, 

II. Since the diagonals of any parallelogram circumscribed 
about the circle are conjugate diameters, they will inter- 
sect at right angles , thus an^ parallelogram which- cireumgcrihes a 
circle must he a thombiis. 

m. In a rhombus, the distance between one pair of opposite 
sides is equal to the distance between the other pair ; thus by 
allowing one pair of opposite sides of the circumscribed rhom- 
bus to vary while the other pair remain fixed, we see that the 
distance between two parallel tangents is constant. This 
distance is the length of the straight line joining the points of 
contact of the tangents, for this straight line, which is a 
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diameter, cuts at right angles the coiyugate diameter and the 
tangents parallel to it ; therefore all diameters of a eirele are 
equal in length. 

IV. The diagonals of any inscribed parallelogram are 
diameters ; but all diametera are equal in length ; therefore 
aw,^ parallelogram inscHhed in, a circle must he a rectangle. 

290. Returning to the general case where the conic is any 
whatever (Fig. 189), let s be any straight line and S its pole. 
All chords parallel to s will be bisected by the diameter 
passing through S\ for sioce S and the point at infinity on # 
are conjugate points with respect to the conic, the polar of the 
second point will pass through the first. We may also say that: 

If a diameter pass through a fixed point, the conjugate diameter 
will be parallel to the polar of thi» point. 

I. If the diameter passing through 8 cuts the conic in two 
points M and M', then MM' is divided harmonically by the 
pole 5 and the polar **; thus if k the middle point of MM', 
that is, the centre of the conic, and H the point where MM' is 
cut by the polar ,t, we have (Art. 69) 

OS.O'R=OM''. 

II. From tbia follows a constmction for the semi-diameter 
conjugate to a chord AA' of a conic, having given the extremities 
A and A' of the chord and three other points on the conic. 
We determine (Art. 285) the centre 0, and join it to the 
middle point B of AA'; we then construct the tangent at 
A and take its point of intersection S with OE. If now a 
point M be taken on OR such that OM is the mean propor- 
tional between OE and OS, then OM will be the required 
semi -diameter. 

If lie between R and 5, so that OS and OS have opposite 
signs, the diameter OR will not cut the conic ; but in this case 
also the length OM, the mean proportional between OR and 
08, is called the magnitude of the semidiameter conjugate to the 
chord AA'. 

An analogous definition can be given for the case of any 
straight line (Art. 294). 

III. If the conic is a circle, the perpendicularity of the 
conjugate diameters in this case gives the theorem : 

* Afollonius, loc. dt,, i. 34, 36 ; ii. 2% 30. 
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The polar of any point with respect to a circle is perpendicular to 
the diameter ichich passes through tie pole. 

291. From this laat property can be derived a second de- 
monstration of the very important theorem of Art. 263 (3), viz. 

The range formed h/ any nitmlier of collinear points, and the 
pencil formed by their polars with respect to any given conic, are two 
projective forms. 

Consider as poles the points A,B,C ,... lying on a straight 
line s (Fig. 194); the diameters (A,B,C ,...) obtained by 
joining them to the centre of 
the conic will form a pencil 
which is in perspective with the 

range A,Ji ,C , Another pencil 

will be formed by the polars 
a,h,c,... of the points.^, if, C,.,, 
since these polars all pass through 
p. a point S {Art. 256), the pole of 

s. If now the conic is a circle, 
then by the property proved in Art. 290, III, the straight lines 
(J, ^,C,...) are perpendicular respectively to a,b,c,...; and 
the two pencils are in this case equal The range of poles 
A,B,C,... is therefore projective with the pencil of polars 
a,b,c,... with regard to a circle.. 

This result may now be extended and shown to hold not 
only for a circle but for any conic. For any given conic may 
be regarded as the projection of a circle (Arts. 149, 150). In 
the projection, to harmonic forms correspond harmonic forms 
(Art. 51) ; consequently to a point and its polar with regard 
to the conic will correspond a point and its polar with regard 
to the circle, and to a range of poles and the pencil formed 
by their polars with regard to the conic wiU correspond a 
range of poles and the pencil formed by their polars with 
regard to the circle. But it has been seen that this range and 
pencil are projective in the case of the circle ; therefore the 
same is true with regard to the range and pencil in the case 
of the conic, and the theorem is proved. 

292. Theorem. A quadrangle is tnterihed in a coTiic, and a point 
is taken on ike straight line which joins the ])oints ofint^seeHon of the 
pairs of opposite sides. If from, this point be drawn the straight lines 
connecting it toitk tlie two pairs of opposite vertices, and also a pair of 
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Fig. 195. 



tangents to the conic, these straight lines will be three conjugate pairs of 
an involution. 

Let ABCD be a, simple quadrangle inscribed in a conic (Fig. 
195); let the diagonals AG ,}iD meet in F, and the pairs of oiiposite 
sides BC,AD and AB,CD in E 
and G lespectively , the points 
E, F, G Villi then be conjugate two 
and two with le^pect to the come 
(Art. 259) Take any point / on 
F6 and join it to the vertices of 
the quadiangle, and diaw ^Iw the 
tangents IP, IQ to the conic. The 
e harmonically 
by IE, IF (Art. 264), 
since these are conjugate straight 
lines, F being the pole of IE. But 
the rays IE , IF are harmonically 
conjugate also with regard to I A , It' ; for the diagonal ^ C of the 
complete quadrilateral formed by A£ , EC , CD , and DA is divided 
harmonically by the other two diagonals SD and EG, and the two 
pairs of rays in question are formed by joining / to tfie four 
harmonic points on AO. For a similar reason the rays IE, IF 
are harmonically conjugate with regard to 
IB , ID. The pair of tangents, the rays 
lA , IC, and the rays IS , ID are therefore 
three conjugate pairs of an involution, of 
which IE, IF&re the double rays (Art. 125). 

I. By virtue of the theorem correlative 
to that of Desargucs (Art. 183, right), a 
conic can be inscribed in the quadrilateral 
ABCD so as to touch the straight lines 
IP and iq. 

n. The theorem correlative to the one 
proved above may be thus enunciated : 

If a simple quadrilateral ABCD (Fig. 
196) is circumscribed about a conic, and if 
trough the point of intersection of its diagonals anif t 
drawn, this will cut the conic and the pairs of ojiposite sides AB 
and CD, BC and AD, in three pairs of conjugate points of an invo- 
lution. 

Ul. By virtue of Desargues' theorem (Art. 183, left), a conic can 
be described to pass through the four vertices of the quadrilateral and 
through the two points where the conic is cut fay the transversal *. 
* CsiSLBS, SecHom coni^aes, Arts, 122, 126. 
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293. The theory of conjugate points with regard to a conic gives 
a solution of the problem ; 

To eoTislrucl the jmnts of intersection of a given atraicf/U line s lotth 
a conic which is determined hyf^ points or hyfm tangenU. 

Take on s any two points U and V, construct their polars u and v 
(Art. 257), and let V and V be tlie points where these meet a. If 
the involution determined by the two pairs of reciprocal points U 
and U', V and V, has two double points M and N, these will be the 
required points of intersection of the conic with s. If V and V 
should coincide, the conic touches s at the point in which they 
coincide. If the involution has no double points, the conic does 
not cut s *. 

By a correlative method may be solved the problem : to draw from 
a given ^nt S a pair of tangents to a conic which ie determined by 
five tangents or hyjhe points. 

294. Let A and A' he » pair of points lying on a straight line « 
which are conjugate with respect to the conic, and let be the point 
where s meets the diameter passing through its pole S (the diameter 
bisecting chords parallel to s). Then will be the centre of the 
involution formed on s by the pairs of conjugate points such as A 
and A', and therefore (Art. 125) 

OA . OA' = constant. 
If s cnts the conic in two points M and JV, these will be the double 
points of the involution, and 

OA.OA'=OM' = ON^ 
If s does not cut the conic, the constant value of OA , OA' will be 
negative (Art. 125); in this case there exists a pair ff and H' oi 
conjugate points of the involution, or of conjugate points with regard 
to the conic, such that lies midway between them, and 
OA.OA'= OH .OH' = -011''= -0H'\ 
The segment HH' has been called an idecd choi'd f o^ the conic, 
just as Mlfin the first case is a real chord. Accepting this defini- 
tion we may say that a diameter contains the middle points of all 
chords, real and ideal, which are parallel to the conjugate diameter. 
Wh two conies are said to have a real common chord MN, it is 
t th t they both pass through the points M and N. When two 
ni aid to have an ideal common chord EH', this signifies 

tl t ^ d H' are conjugate points with regard to both conies, and 
tlat th diameters of the two conies which pass through the 
pe t e poles of HH' both pass through the middle point of 
HH. 

* Stacdt, Oeomeh'ie dn- Lane, Art. ^os- 

f PONCKIET, loQ. cil; p. 29. 
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295. A pencil of rays in involution has in general (Art. 207) 
one pair of conjugate rays whicli include a right angle. 
Therefore 

Through a given point can always he drawn one pair of straight 
linei which are conjugate with respect to a given conic and which 
include a right angle ; and these are the internal and external bisec- 
tors of the angle made with one another hy the tangents drawn from 
the given point, when this is exterior to the conic. 

298. In Art. 263 (Fig. 183) let the point G bo taken to co- 
incide with the centre of the conic (hyperbola or ellipse) ; 
two conjugate lines such as GF, GE will then become conju- 
gate diameters, and we see that the pairs of conjugate diameters 
(f a conic form an involution. If the conic is a hyperbola, the 
asymptotes are the double rays of the involution (Arts. 264, 
283); thus any two conjugate diameters of a hyperbola are har- 
monically conjugate with regard to the asymptotes*. If the conic 
is an ellipse, the involution has no double rays. 

Consider two pairs of conjugate elements of an involution ; 
the one pair either overlaps or does not overlap the other, and 
according as the first or the second is the case, the involution 
has not, or it has, double points (Art. 128) ; thus ; 

Of any two pairs of conj-ugate diameters of an ellipse, the one 
aa' is akvays separated by the oth^ bV (Fig. 192) ; 

Of any two pairs of conjugate diameters of a hyperbola, the one 
aa' i» never separated ly the other hb' (Fig. 197). 

297. The involution of conjugate 
diameters will have ono pair of con- 
jugate diameters including a right 
angle (Art. 295). If there were a 
second such pair, every diameter 
would be perpendicular to its con- 
jugate (Art. 207), and in that case 
the angle subtended at any point Fig. 11J7. 

on the curve by a fixed diameter 

would be a right angle (Art. 287), and consequently the conic 
would be a circle. Every conic therefore which is not a para- 
bola or a circle has a single pair of conjugate diameters which 
are at right angles to one another. These two diameters 
fl and «' are called the axes of the conic (Figs. 1 93, 1 97}. In the 
* De La Hire, loc. cit., book ii. prop. 13, Cor. 4- 
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hyperbola (Fig. 197} the axes are the biseetors of the angle 
between the asymptotes m and n (Arts. 296, 60). 

In the ellipse both axea cut the curve (Art. 284); the 
greater [a') is called the major, the smaller {a) the mimr axis. 
In the hyperbola only one ofthe axes cuts the curve ; this one 
(«') is csjled the transverse axis, the other (a) the conjugate axis. 
The points in which the conic is cut by the axis a' in either 
case are called the vertices. 

Regarding an axis as a diameter which bisects aU chords 
perpendicular to itself, it is seen that the parabola also has 
an axis. For since all chords at right angles to the common 
direction of the diameters are parallel to one another, their 
middle points lie on one straight line, which is the axis a of 
the parabola (Fig. 190). The parabola has one vertex at 
infinity ; the other, the finite point in which the axis a cuts the 
curve, is generally called tJie vertex of the parabola. 

298. Since each of the orthogonal conjugate diameters of a 
central conic (ellipse or hyperbola) bisects all chords perpen- 
dicular to itself, it follows that the conic is symmetrical with re- 
spect to each ofthe diameters in question (Art. 76).. The ellipse 
and the hyperbola have therefore each two axes of symmetry ; 
the parabola, on the other hand, has only one such axis. 

The ellipse and hyperbola are also symmetrical with respect 
to a point ; the centre of symmetry being in each case the 
pole of the straight line at infinity. 

In general, given a conic, a point S, and * the polar of S with 
respect to the conic ; if <S be 
taken as centre and s as axis of 
harmonic homology (Art. 76), the 
conic is homological with itself 
(Art. 250) *. 

299. In the theorem of Art. 
275 suppose the inscribed triangle 
to be AA^M (Fig. 198); that is, 
"*'* "'"'' let two of its vertices A and A-^ 

be collinear with the centre of the conic, which is taken 
to be an ellipse or hyperbola. The pole of the side AA-^ will 
be the point at infinity common to the chords bisected by 
the diameter AA ^ , and the theorem will become the following : 
» See alao Art. 896, below. 
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The strai^M lines whioJi join two conjugate points F ami F' to the 
extremities A and A^ of that diameter whom conjugate ia parallel to 
PP' intersect on the conic. 

300. The paira of conjugate points taken, similarly to P 
and P', on the diameter conjugate to AA-^ form an involution 
(Art. 2G3) whose centre is the centre of the conic. If this 
involution has two double points B and 5^, these lie on the 
curve, which is therefore an ellipse. If the involution has no 
double points, the conic is a hyperbola (Art. 234) ; in this 
case two points B and -Bj can be found which are conjugate 
in the involution and con.'ieciuently conjugate with respect to 
the conic, and which he at equal distances on opposite sides 
of (Art. 125). In both cases the lengfli of the diameter 
conjugate to AA^ is interpreted as being the segment iJ-B, 
(Arts. 290, 294). 

In the ellipse we have (Art. 294) 

OP.OP'=constant=OJ?^ = 0^l^ 
and in the hyperbola 

OP. OP'^constant = OB. 0B^=- 0B^= - 0B^\ 

301. The foregoing theorem enables us to solve the probliiin : 

To construct by points a conic, having given a fair of conjuyute 
diameters AA^ and BB, in magnitude and jiositioii. 




Pig. 199, 

In the case of the ellipse (Fig. 198) the four points A,A^,B,B^ 
all lie on the curve ; in the case of the hyperhoJa (Fig. 199) let AA^ 
be that one of the two given diameters which meets the conic. 

Construct on the diameter BB^ several pairs of conjugate points 
P and P' of the involution determined by having as centre 
and B and B^ in the first case as double points, in the second case 
as conjugate points. The straight Imes AF and A^F' (as also A,F 
anii AF') will intersect on the curve. 

302. The straight lines OX,OX' drawn parallel to AF,A^P' 
respectively are a pair of conjugate diameters (Art. 287). The 
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pairs of conjugate diameters form an involution (Art. 296); 
consequently the pairs of points analogous to X, X' (in which 
the diameters cut the tangent at A) also form an involution, 
the centre of which is A, since OA and the diameter OB 
parallel to AX are a pair of conjugate diameters. If the conic 
is a hyperbola, the involution of conjugate diameters has two 
douhle rays, which are the asymptotes ; therefore the points 
K and Ki, in which AX meets the asymptotes, are the double 
points of the involution XX', ...*. 

303. Since OP AX is a pai-allelogram, AX— — OJP ; and from 
the similar and equal triangles OP'A^ and AX'O, AX'= OP'f. 
But 0i*.0i"= + 0fi^(Art. 125); thereior&AX.AX'^ + OB^; 
or 

Tie reetanffle contained ly the segments intercepied on a fixed tangent 
to a conie between its point t^ contact and the points where it is cut 
ly any two conjugate diameters is equal to the square { + OB ^) on the 
semi-diameter drawn parallel to the tangent. 

304. We have seen (Art, 302) that in the case of the hyper- 
bola K and K^ are the double points of tho involution of which 
A is the centre and X,X' a pair of conjugate points ; thus 

AX.AX'=AK''=OB'\ 
Therefore AK= OB, and OAKB is a parallelogram. Accord- 
ingly. 

If a parallelogram be described so as lo have a pair of conjugate 
semi-diametere of a hyperbola as adjacent sides, one of its diagonals 
will coincide with an asymptote J. 

Further, the other diagonal AB is parallel to the second asymptote. 
For consider tho harmonic pencil (Art. 296) formed by the two 
asymptotes and the two conjugate diameters OA,OB. The 
four points in which this pencil cuts AB will be harmonic ; 
but one of the asymptotes OK meets AB in its middle point, 
therefore the other will meet it at infinity (Art. 59). 

305. Let X^ be the point where the diameter OX meets tho 
tangent at A-i- Since OX' and OXj are a pair of conjugate 
lines which meet in a point on the chord of contact AA-^ of 

* In Fig. 199 only one of the points K, K, is sliown. 

+ In order to aeconnt for the signa, it need only be obeerved that in the case of 
the ellipse OP and OP' are similar, but AX and AX' opposite to one another 
in direction; while in the case of the hyperbola OP and OP' are opposite, but 
AX and AX' similar as regards direction. 

J APOU.OHIDS, loc. cit, book ii. i. 
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the tangents AX and A^X^, the straight line X'X^ (Art. 274) 
-will be a tangent to the conic. 

The point of contact of this tangent is 31, the point of inter- 
section of ^P and A^F' (Art. 299). 

306. It is seen moreover that X'Xi is one diagonal of the 
parallelogram formed by the tangents at A and A^ and the 
parallels to AA^ drawn through P and P'; this may also be 
proved in the following manner. All points of a diameter 
have for their polara straight lines which are parallel to the 
conjugate diameter (Art. 284) ; if then through the conjugate 
points P and P' parallels be drawn to AA^, the first will be 
the polar of i" and the second the polar of P; consequently 
these parallels arc conjugate lines. If now the theorem of 
Art. 274 be applied to these conjugate lines and the two tan- 
gents at A and A^, we obtain the following proposition : 

If a parallelogram is such that one pair of its opposite sides are 
tangents to a conic, and the oth^ pave are straight lines, conjugate 
with regard to the conie and drawn parallel to the chord of contact of 
the two tangents, then its diagonals also will he tangents to the conic. 

307. This gives the following solntion of the problem : 

To construct a conic by tangents, having given a, jxtir of conjugate 
diam^&rs AA,^ and BB, in magnitude and direction. 

Suppose JtS^ to be that diameter which meets the conic in the case 
where the latter is a hyperbola. On BB, determine a pair of con- 
jugate points P and P' of the involution which has the centre of 
the conic as centre and the points B , B^ either as double points or 
as conjugate points, according as the conic to be drawn is an eihpse 
or a hyperbola. Draw through A and d, parallels to BB,, and 
through P and P' parallels to AA^ ; the diagonals of the parallelo- 
gram so obtained will be tangents to the required conic. 

308. The segments AX and A^X^ are equal in magnitude and 
opposite in sign ; andit has been seenihat AX.AX'= + 0£^:, 
therefore AX'.AiXi= ± OB^; or 

The rectangle contained hy the segments intercepted upon two 
parallel fixed tangents between their points ofcontactand thepoints 
where they are cut by a variable tangent [X'X^ is equal to the 
square (± OS^) on the semi-diameter parallel to the fixed tangents*. 

309. Since the straight line OB is parallel to AX and A^X^ 
and half-way between them, the segments determined by AU 

* See Art. 160. 
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and Ai3l reapectively on A-,X^ and JX (measured from yl^ and 
A respectively) are double of OP and OP'; but by the 
theorem of Art. 300 the rectangle OP. OP' ia constant ; thus 

Tke iiraigkt lines connecting the extremities of a ffiven diameter 
with any point on the conic meet the tangents at these extremities in 
two points suck that the rectangle contained hy the segments of the 
tangents intercepted between these points and the points of contact is 
constant *. 

310. Since Z is (Art. 288) the point of interaection of the 
tangent at A and the tangent parallel toX'X^, the proposition 
of Art, 303 may also be expressed as follows : 

The rectangle contained by the segments (AX, AX') determined by 
two variable parallel tangents upon any fixed tangent is equal to the 
square (+0i?^) on the semi-diameter parallel to the fixed tangent. 

311. From the theorems of Arts. 299, 300 is derived the solution 
of the following problem : 

Given Hie two extremities A and A^ of a diameter of a conic, a third 
point M on the conic, arid the direction of ike diameter conjugate to 
AA-^, to determine the length of the latter diameter (Fig. 199). 

Through 0, the middle point of AA^, draw the diameter whose 
direction is given ; let it be cut by AM and A^M in P and i" respec- 
tively, and take OB the mean proportional between OP and OP'; 
then 0£ will he the half of the length required. 

312. The proposition of Art. 303 gives a construction for pairs of 
conjugate diameters, and in par- 
Uc^arfor the axes, of am ellipse of 
which two eOTijvffate semi-diameters 
OA and OB are given, in magnitude 
and direction (Pig. soo). 

Through A draw a parallel to 
OB ; this will be the tangent at A, 
and will he cut by any two conju- 
gate diameters in two points X and 
X' such that 
AX .AX'=-OB^. 
If now there be taken on the normal at A two segments AG and 
AD each equal to OB, every circle passing through C and D will cut 
this tangent in two points X and X' which possess the property ex- 
pressed by the above equation ; these points are therefore such that 
the straight lines joining them to the centre will give tlio direc- 
tions of a pair of conjugate diameters. If the circle he drawn 

* APoiiosiUS, loe. cU., lib, iii. 53. 
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through the angle XOX' becomes a right angle, and consequcutly 
OX , OX' will be the directions of the axes. 

Since the circular arcs CX', X'D are equal, the angles COX', X'OD 
are equal ; consequently OX', OX are the internal and external 
bisectors of the angle which 00 , OD make with one another. la 
order then to construct the semi-axea OP , OQ in magnitude, let fall 
perpendiculars ^Xi, AX^' on OX, OX' respectively. Then Xand JTj, 
X' and X,' are pairs of conjugate points; therefore OP will he the 
geometric mean between OX and OXj, and OQ the geometric mean 
between OX' and OX/ *. 

313. Through the extremities A and A' (Fig. 30i) of two 
conjugate semi -diameters OA and OA' of a conic draw any two 
parallel chords AB and A'B'. To find 
the points B and B' wo have only to 
join the poles of these chords; this 
will give the diameter OX' which passes 
through their middle points. 

Let OX be the diameter conjugate 
to OX', i.e. that diameter which is 
parallel to the chords jLB, A'B'. The 
pencils O(XX'AB) and 0(X'XA'B'} are each harmonic {Art. 59), 
and are therefore projective with one another ; consequently 
the pairs of rays 0{XX', AA', BB') are in involution {Art. 123). 
But the two pairs (XX', AA') determine the involution of 
conjugate diameters (Arts. 127,296); therefore also OB and OB' 
are conjugate diameters. Thus 

^ through the extremities A and A' of two conjugate semi-diameters 
jiarallel chords AB ,A'B' be drawn, th^ points B and S will he the 
extremities of two other conjugate semt-diameters. 

Two diameters AA and BB determine four chords AB 
which form a parallelogram (Arts. 260, 287). The diameters 
conjugate respectively to them form in the same way another 
parallelogram, which has its sides parallel to those of the first; 
that is, every chord AB is parallel to two chords A'B', and not 
parallel to two other chords A'B'. 

314. Let 7/, ^be the points where AB ia cut by OA', OB' 
respectively. The diameter OX' which bisects A'B' will also 
bisect UK; therefore AB and HK have the same middle point; 
thus AH=KB and AK=HB. The triangles OAK and OBH 

* CHA3LE8, A-per^n histariqac, pp. 45, 361 ; Sections caniqms. Art. 105. 



Hosted by 



Google 



234 THE CENTRE AND DIAMETERS OE A CONIC. [313 

are therefore equal in area (Eue. I. 37), as also AKB' and 
£IlA',an.d therefore also OAB' and OA'B are equal. Accord- 
ingly : 

The paraUelogram described on two semi-diameters (OA , OB') as 
adjacent sides is equal in area to the parallelogram described similarly 
on the two conjugate semi-diameters. 

In the same way the trianglea OAB and OA'B' can be 
proved equal. 

The triangles AHA', BKB' are equal for the same reason ; 
and OAH, OBK are equal, and therefore also OAA' and OBB'. 
Therefore 

The parallelogram described on a pair i]f conjugate send-diamekrs 
as adjacent sides is of constant area *. 

316. Let M and JV be the middle points of the non-parallel 
chorda AB and A'B'. Since AB and A'B' are parallel to a 
pair of conjugate diameters (Art. 287) and since ON is the 
diameter conjugate to the chord A'B', therefore ON will be 
parallel to AB; so also 031 will be parallel to A'B'. The 
angles OMA and ONA' are therefore equal or supplementary ; 
and since the trianglea OMA and ONA' are equal in area (being 
halves of the equal triangles OAB and OA'B'), we have (Euc. 
VL 15), 

OM.AM=±ON.NA'i. 
Now project (Fig. 302) the points A , M, B,A', N, B' from 
the point at infinity on OB as centre 
upon the straight line B'B'. The 
ratio of the parallel segments AM 
and ON, OM and NA' is equal to 
that of their projections ; we con- 
clude therefore from the equality 
just proved that the rectangle 
contained by the projections of 
OM and AM is equal to that 
contained by the projections of 
ON and NA'. As the projecting 
rays are parallel to OB, the projections of OM and MA are 

* Afoilonius, loc. dt., lib. vii. 31, 33. 

t The signs + and — caused by the relative direction of the eegmenta 
OM, NA' and OX, AM correspond roEpectively to the case of the ellipse (Fig. 
ioi)andto that of the hyperbola (Fig. 20i). 
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each equal to half the projection of BA or of OA. Since iV 
is the middle point of A'B', the projection of ON will be equal 
to half the sum of the projections of OA' and OB', and the 
projection of NA' villi he equal to half the projection of B'A', 
that is, to half the difference between the projections of OA' 
and OB'. We have therefore 

(proj. OAf = ± proj. {OA' + OB') 
xproj. (O^'-OJ'), 
or (proj. OA'f ± (proj. OAf = (proj. OB'f. 

Li the same manner, by projecting the same points on OB 
by means of rays parallel to OB' (Fig. 203), we should 
obtain 

(proj. O^f ± (proj. 0J')'= (proj- ^^f- 

This proves the following proposition : 

If any pair of conjugate diameters are projected upon a fixed 
diameter ly 'means of parallels to the ,^ 

diameter coiyngate to t&is la»t, theti 
the mta (in the ellipse) or difference 
(in the hyperbola) of the squares on 
ihe pr^ections is equal to the square 
on the fxed diameter. 

By the Pythagorean theorem 
(Euc. I. 47) the sum of the 
squares on the orthogonal pro- 
jections of a segment on two ^^,,_ ^o^, 
straight lines at right angles to 

one another is equal to the square on the segment itself. If 
then a pair of conjugate diameters are projected orthogonally 
on one of the axes of a conic and the squares on the pro- 
jections of each diameter on the two axes are added togothei 
the following proposition will be obtained 

The sum {for the elhj <.&) or differen e {for the hyperbola) of ike 
squares on any pair of conjugate diameters is eon^fanf and n eqral 
to the mm or the difference of the squares on the aa.es* 

316. If fivB points 00 a conio aie given then by the methcwl 
explained in Art. 285 the centre and two jairs of cDijUfiate 
diameters u and w', t anl tt can be constructed If these pans 
overlap one another, the conic la an elbp'^e m the contiarj CAbe it 
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is a hyperbola (Art. 296). If ia this second case the double rays of 
the inTolution determined by the two pairs m and u', « and v' be 
constructed, they will be the asymptotes of tlie hyperbola. 

If in either case the orthogonal pair of conjugate rays of the in- 
volution be constructed, tiiey will be the axes of the conic. 

The direction of the axes can be found without first constructing 
the centreand two pairs of conjugate diameters*. Let A, B, C, F, G 
be the five given points (Kg. i68) ; describe a circle round three of 
them ABC, and construct (Art. 227, I) the fourth point of intersection 
C' of this circle with tie conic determined by the five given points. 
Any transversal will cut the two curves and the two pairs of opposite 
sides of the common inscribed quadiangle ABCC in piirs of pomts 
forming an involution (Art. 183) The double points P and Q (if 
such exist) of this involution will be conjugate with legard to each 
of the curves (Arts. 125, 263) i e they will be the pair common 
(Art. 208) to the two involutions which aie formed on the transversal 
by the pairs of points conjugato with legard to thi ciicle and by the 
pairs of points conjugate with regard to the conic (Art. 263). Suppose 
that the straight line at infinity is taken as the transversal. As this 
straight line does not meet the circle, one at least of these two 
involutions will have no double points, and consequently (Art. 208) 
the points J* and Q do really exist, Since these points are infinitely 
distant and are conjugate with regard to both curves they will be 
(Arts. 276, 284) the poles of two conjugate diameters of the circle 
and also of two conjugate diameters of the conic; but conjugate 
diameters of the circle are perpendicular to one another (Art. 289) ; 
therefore P and Q are the poles of the axes of the conic. Further, 
the segment PQ is harnionically divided by eitier pair of opposite 
sides of the quadrangle ABCC ; consequently P and Q are the 
points at infinity on the bisectors of the angles included by the 
pairs of opposite sides (Art. 60). In order then to find the required 
directions of the axes, we have only to draw the bisectors t of the 
angle included by a pair of opposite sides of the quadrangle ABCC", 
for example by AB and CC (Fig. i68). 

317. Let qrst (Fig. i6i) be a complete quadrilateral, and S 
any point. It baa already been seen (Art. 1 85, right) that the 
pairs of rays a and a', b and S', wbieh join S to two pairs of 
opposite vertices, belong to an involution of which the tangents 
drawn from S to any conic inscribed in the quadrilateral are a 
pair of conjugate rays. Sappose tbe involution to have two 
double raya m and n ; they will be bannonicaUy conjugate 
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■with regard to aucli a pair of tangents (Art. 125), and will 
consequently be conjugate liuea with respect to the conic. 
But (Ai-t. 218, right) m and n are the tangents at S to the 
two conies which can be inscribed in the quadrilateral ^rst 
so as to pass through S. Therefore 

ff two conies which are in»criied in a given quadrilateral pass 
through a given point, their tangents at this point are conjugate lines 
with respect to any conic inscribed in the quadrilateral. 

Instead of taking an arbitrary point 5, let m be supposed 
given. If this atraight line does not pass through any of the 
vertices of the quadrilateral, there will be one conic, and only 
one, which touches the five straight lines m,q,r,s,t (Art. 
152). Let S he the point where this conic touches m ; there 
will be a second conic which is inscribed in the quadrilateral 
and which passes through S ; let the tangent to this at 8 be n. 
The straight lines m and n will then be conjugate to one 
another with respect to all conies inscribed in the quadrilateral ; 
and therefore (Art. 255), 

The poles of any straight Urn tn with respect to all conies inscribed 
injhe same quadrilateral lie on, another straight line n. 
. Moreover, since the straight lines m and n are the double 
rays of the involution of which the rays drawn from S to two 
opposite vertices are a conjugate pair, therefore m and n 
divide harmonically each diagonal of the quadrilateral. 

31S. I. The correlative propositions to those of Art. 317 are 
the following : 

Jf a straight line touches two conies which circumscribe the same 
quadrangle, the two points of contact are conjugate to one another 
with respect to all conies circumscribing the quadrangle. 

The polars of any given point M with respect to all the conies 
cireumseriliing the same qua&rangle meet in a fixed point N. The 
segment MN is divided harmonically at the two points where it is cut 
by any pair of opposite sides of the complete quadrangle. 

II. Suppose in the second theorem of 
Art. 317 that the straight line m lies at 
infinity ; then the poles of m wiU be the 
centres of the eonics (Art. 28l), and n will 
bisect each of the diagonals of the quadri- 
lateral (Art, 59) ; therefore : 

The centres of all conies inscrHed in the * 
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on the straight line {Fig, 204} which parses through the wiMle 
point* of the diagonaU of the quadrilateral'^. 

in. Suppose similarly in theorem I of the present Article 
that the point M lies at infinity ; the polara of M will become 
the diametera conjugate to those which have M as their 
common point at infinity; thus: 

III any conic circumscrihing a given qiuxArangle, the diameter which 
is coMf'itgate to one drawn in a given fixed direction will pass through 
a fixed point. 

319. Newton's tlieorem {Art. 318, II} gives a simple method for 
finding the centre of a conic deter- 
mined hy five tan-gents a, h, e, d, e 
{Fig. 205). The four tar^nfca 
a, h, e, d form a qaadrilateral ; 
join the niidflle points of its 
diagonals. Let the same he done 
with regard to the quadrilateral 
ahce ; the two straight lines thus 
ohtained wiU meet in the required 
centre 0. 

The five tangentSj taken four 
and four together, form five quad- 
rilaterals ; the five straight lines 
which join the middle points of the 
diagonals of each of the quadri- 
laterals will therefore all meet in 
the centre of the conic inscribed 
in the pentagon ahcde. 

The same theorem enahles us to find the direction of the diameters 
of a parabola which is determined hy four tangents a, b, c, d. For 
each point on the straight line joining the middle points of the 
diagonals of the quadrilateral ahcd is the pole of the straight line at 
infinity with regard to some conic inscribed in the quadrilateral 
(Art. 318, II); therefore the point at infinity on. the line will be 
the pole with regard to the inscribed parabola (Arts. 254 HI, and 23). 
The straight line therefore which joins the middle points of the 
diagonals is itself a diameter of the parabola (Fig. 204). 




* Newton, Pi'incipia, book i. 



25. Coc 
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POLAR RECIPROCAL FIGURES. 



320. An auxiliary conic K being given, it has been seen 
(Art. 266) tliat if a variable pole describes a fixed straight 
line its polar turns round a fixed point, and reciprocally, that 
if a straight line considered as polar turns round a fixed point, 
its pole describes a fixed straight line. 

Consider now as polars all the tangents of a given curve C, 
or in other words suppose the polar to move, and to envelope 
the given curve. Its pole will desoibe another curve, which 
may be denoted by C'. Thus the points of c' are the poles of 
the tangents of C. 

But it is also true that, reciprocally, the points of C are 
the poles of the tangents of C'. For let 
M' and IV' be two points on o' (Fig. 206) ; 
their polars m and n will be two tangents 
to C and the point mn- where they meet 
will be the pole of the chord M'N' (Art._ 
256). Now suppose the point iV^'to approach 
M' indefinitely; the chord M'N' wiU ap- 
proach more and more nearly to the position 
of the tangent at M' to the curve C'; the 
straight line n will at the same time ap- 
proach more and more nearly to coincidence "with m, and the 
point mn will tend more and more to the point where m 
touches C. In the limit, when the distance M'N' becomes 
indefinitely small, the tangent to C' at 31' will become the 
polar of the point of contact of m with C. "^Just then as 
the tangents of C are the polars of the points of C, so also 
are the tangents of C' the polars of the points of C; if a 
straight line m touches the curve C at 31, the pole 3f' of -m 
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is a point of the curve C' and the polar m,' of 31is a tangent 
to the curve O' at M'. 

Two curves C and C' such that each is the locus of the 
poles of the tangents of the other, and at the same time also 
the envelope of the polars of the points of the other, are said 
to be polar reciprocals * one of the other with respect to the 
awxiUari/ conic K. 

321. An arbitrary straight line r meets one of the reciprocal 
curves in n points say ; the polara of these points are n tan- 
gents to the other cur\'e all passing through the pole R' of r. 
To the second curve therefore can be drawn from any given 
point Ji' the same number of tangents as the first curve has 
points of intersection with the straight line r, the polar of £' ; 
and vice versa. In other words, tke decree and class of a curve 
are equal to the class and degree respectively of its polar reciprocal 
with respect to a conic. 

322. Now suppose the curve C to be a conic, and a , h two 
tangents to it; they will be cut by all the other tangents 
c,d,e,... in corresponding points of two projective ranges 
(Art. 149). In other words, C may be regarded as the curve 
enveloped by the straight lines c,d,e ,... which connect the 
pairs of corresponding points of two projective ranges lying 
on a and b respectively {Art. 1 50). 

The curve C will pass through the poles A', B', C, D', E',... 
of the tangents a,b, c,d,e, ... o{ C. The straight lines 
ji'(C',iJ', A",...) will be the polars of the points «(<;,(?,«,,..) 
and will form a pencil projective with the range of poles 
lying on the straight line a (Art. 291); so too the straight lines 
B'(C',I>',l<:',...)yA\\ be the polars of the points fi(c,(f,e,...) 
and will form a pencil projective with the range of poles lying 
on b. But the ranges «(<;,rf,i?,...) and l{c ,d ,e,...) are 
projective; therefore also the pencils A'{C',D',E',...) and 
B'{C' I)',E', ...) arc projective. Consequently c' is the locus 
of the points of intersection of corresponding rays of two 
projective pencils ; that is (Art. 150) a conic. Accordingly : 

The polar reciprocal of a conic with respect to anotlier conic is a 
conic f. 

323. When an auxiliary conic K is given and another conic 



Hosted by 



Google 



3341 POLAB RECIPROCAL FIGDRE8. 241 

C whose polar reciprocal C' is to be determined, the question 
arises whether C' is an ellipao, a hyperbola, or a parabola. The 
atraight Hne at infinity is the polar of tho centre of K ; there- 
fore the points at infinity on c' coiTcspond to the tangents of 
C -which pass through 0. It follows that the conic C ' will he an 
ellipse or a hyperbola according as th^ point is interior or exterior 
to the conic C, and C' ieill be a parabola when. lies upon O. 

If .,4 ia the pole of a straight line a with respect to C, and a' 
the polar of A and A' the pole of a with respect to K, then 
will A' be the pole of a' with respect to C', since to four poles 
forming a harmonic rajige correspond four polars forming a 
harmonic pencil (Art. 291) and vice versa. Therefore the 
centre M' of C will, be tho polo with respect to K of the 
straight line m which is the polar of with respect to C. To 
two conjugate diameters of C' will correspond two points of 
M which are conjugate with respect to C, &e. 

324. Let there be given in the plane of the auxiliary conic 
a fyiire (Art. 1) or complex of any kind composed of points, 
straight lines, and curves ; and let the polar of every point, the 
pole of every line, and the polar reciprocal of every curve, be 
constructed. In this way a new figure wiU bo obtained ; tho 
two figures ai'e eaidtobej;o/ar?-eci/i«'(ic3^*oneof the other, since 
each of them contains the poles of the straight lines of the 
other, the polars of its points, and the curves which are the 
polar. reciprocals of its curves. To the method whereby the 
second figure has been derived from the first the name of polar 
reciprocation is given. 

Two figures which are polar reciprocals one of the other are 
correlative figviTcs in accordance with the law of duality in plane 
Geometry (Art. 33) ; for to every point of the one corresponds 
a straight line of the other, and to every range in the one corre- 
sponds a pencil in the other. They lie moreover in the same 
plane ; their positions in this plane are determinate, but may 
be interchanged, since every point in the one figure and the 
corresponding straight line in the other are connected by the 
relation that they are pole and polar with respect to a fixed 
conic. Thus two polar reciprocal figures are correlative figures 
which are coplanar, and which have a special relation to one 
another with respect to their positions in the plane in which 
they lie. On the other hand, if two figures are merely 
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correlative in accordance ■with the law of duality, there ia no 
relation of any Itind between them as regards their position*. 
335. If one of the reciprocal figures containa a range (of 
poles) the other contains a pencil (of polars), aud these two 
corresponding forms are projective (Art. 201). If then the 
points of the range are in involution, the rays of the corre- 
sponding pencil will also he in involution, and to tho double 
points of the first involution will correspond the douhle rays 
of the second (Art. 124). If there is a conic in one of the 
figures there will also be one in the other figure (Art. 322) ; to 
the points of the first conic will correspond the tangents of 
the second, and to the tangents of the first will correspond the 
points of the second; to an inscribed polygon in the first 
figure will correspond a circumscribed polygon in the second 
(Art. 320). If the first figure exhibits the proof of a theorem 
or the solution of a problem, the second will show the proof of 
the correlative theorem or the solution of the correlative 
problem ; that namely which is obtained by interchanging the 
elements ' point ' and ' line.' 

326. Theorem. // ivio triangles wre hoik self-conjvgaU ivUh 
regard to a given conic, their six vertieea He on a conic, and tliei/r six 
sides totcch (mother conicf. 

Let ABC and DMF be two triangles (Fig. 207) each of 
which IB self-conjugate (Art. 258) with regard 
to a given conic K. Let DB and DF 
cut BO in -B, and C^ respectively, and let AB 
and ^C cut FFinE^anAF, respectively. The 
point -B is the pole of OA, and C is the pole of 
AB ; B^ is the pole of the straight line joining 
Fig. 207. t'le polea of BC and D£, i.e. of AF; aod G^ is 

the pole of the straight line joining the polea of 
SGaniBF.i.e. oi AF. The range of poles .SCSiC, is therefore (Art. 
291) projective with the pencil of polars A{CBFE), and therefore 
with the range of points F^E,FF in which this pencil ia cut by the 
transversal FF. Thus 

(BCB,C\) = (F,F,FE) 

= {F^F,FF) hy Art. 45, 
which shows that the two ranges in which the straight lines BC and 
S!F respectively are cut by AB, CA , DF, FD are projectively related. 

* StEINEE, loo. eit., p. vii of the preface; Collected Works, vol. i. p. 334, 
+ Stbineb, loc cit, p. 308, 5 60, Ex, 46; Colleeted Works, vol. i, p. 448; 
Chaslbs, Secl.unis coiiiqites, Art. 215. 
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These six straiglit lines therefore, the sis sides of the given triangles, 
all touch a conic C (Art. 150, II). 

The poles of these six sides are the six vertices of the triangles ; 
these vertices therefore all He o» another conic C which is the polar 
reciprocal of C with regard to the conic K *. 

327. The proposition of the preceding Article may also be expressed 
as follows : Given two triangles which are self-conjugate with regard 
to the same conic K ; if a conic C touch five of the six aides it will 
touch the sixth side also, and if a conic pass through five of the six 
vertices it will pass through the sixth vertex also. 

It follows that if a conic C touch the sides of a triangle ahc which is 
idf-eonjugate with regard to anotiier conic S., there are an infinite 
wwmher of other trianglea which are self-corvjugate with regard to the 
second conic and which drcumscrihe the first. 

For let d he any tangent to C ; from D, its pole with regard to K, 
draw a tangent e to C, and let/ he the polar with regard to K of the 
point de ; then the triangle rfef will be self- conjugate with regard to 
K (Art. 259). But C touches five sides a, h, c,d, e of two triangles 
which are both self-conjugate with respect to K; therefore it must 
also touch the sixth side/; which proves the proposition. 

328. If the point D is such that from it a pair of tangents e' and 
/' can be drawn to K, the four straight lines e,f, et',f' will form a 
harmonic pencil (Art. 264), since e and / are conjugate straight lines 
with respect to the conic K j consequently the straight lines e' and /' 
are conjugate to one another with respect to C, 

The locus of D is the conic C which is the polar reciprocal of C 
with regard to K ; therefore ; 

If a conic C is inscribed in a triangle which is self-conjugate vnth 
respect to another conic K, the locus of a point such that the pairs of 
tangents drawn from if to the conies C and Kform a harmonic pendt 
is a third conic C' which is the polar reciprocal of C vrith re^>ect to K. 

329. Correlatively : If a conic C' circvanscribes a triangle which 
is self-conjugate with respect to another conic K, tliere are an irijinite 
numter of other triangles which are inscribed in C and are sdf -con- 
jugate mth resjiect to K ; a^d the straight lines which cut C' and K in 
two pairs of points which a/re harmonically conjugate to one another all 
touch a third conic C which is the polar reciprocal of C' imth regard 
toS.. 

* We may show independently that the eii vertices lie on a conic as follows. 
It has bean seen that the pencil of pokrs A (CBFS) ia projeotiTH with the range 
of poles BCM,C, ; it is therefore projective with the pencil D (SCS.C,) formed by 
joining these to the point II. Therefore 

A iOBFE) = D (_BCB,C,) = D (BCEP) 
= II{CBFI^hj Avl. 45, 
which shows (Art. 150, l)tha.t A, B,C, D, E, F Vie on a coq1i>. 
R Z 
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330. Theorem. If two triangles circumscribe the same cmic, 
their six vertices lie on another conic. 

Let OQ,'R' and O'PS be two triangles each circum- 
scribing a given conic C (Fig. 208). Ttie two tangents PS 
and Q'R' are cut by the four 
other tangents O'P, OQ', OR', O'S 
in two gi-oups of corresponding 
points P QMS and i" Q 'R 'S' of two 
projective ranges n and a' (Art. 
149J; consequently the pencils 
0{PQRS) and 0'(P'Q'R'S'} 
formed by connecting these points 
with and 0' respectively are 
projective. Therefore the points P, Q',R',S, in which their 
pairs of corresponding rays intersect, lie on a conic C ' ( Aii. 150,1) 
passingthroughthecentreaOand 0'; which proves the theorem. 
831. The theorem correlative and converse to the foregoing 
one is the following : 

^ two triangles are inscribed in the same come, their six sides 
touch another conic*. 

This may be proved by considering the triangles OQ'R' 
and. O'PS as both inscribed in the conic C', and by reasoning 




in a manner exactly analogous 

332. It follows at once that: 
If two triangles circumscribe 

the same conic, the conic which 
passes through five of their ver- 
tices pafises through the sixth 
vertex also. 

Or: 

If two conies are such that a U 
so as to cireumscribe the other, then there exist an infinite number of 
other triangles which possess the same property \. 

333. There are in the figure (Fig. 208) four projective 
forms : the two ranges u and m', which determine the tangents to 
the come C and the two pencils and 0', which determine the 
points of C', the pencil is in perspective with the range u 

* pGtAfcuoH, loc. cit., p. 35 ; Stmneh, he. cit., p. i;3, § 46, II; Collected 
WorkB -iJ 1 { 356. 

+ PoNCELET Ion. Cit., Art. 565. 



but correlative, to that above. 



If two triangles are inscribed 
in the same conic, the conic which 
touches five of their sides touches 
the sixth side also. 



e can he inscribed in the one 
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and the pencil 0' is in perspective with the range ?(', If then 
any tangent to C cut the bases u and u' of the two ranges in 
A and A' respectively, the rays OA and O'A' will meet in a 
point Jf lying on C'; and, conversely, if any point il/ on C' he 
joined to the centres and 0', the joining lines will cut w and 
u' respectively in two points A and A' such that the straight 
line joining them is a tangent to C. Therefore : 



Jfa variable triangle AA'M is 
euch that two of its sides pass 
respectively through two fixed 
jioirUs 0' and lying on a given 
conic, and the vertices opposite to 
ihem lie respectively on twofia:ed 
straight lines v, and m', while the 
third vertex lies always on the 
given conic, then the third side 
will touch a fixed conic which 
touches ike straight lines it atid u '. 



If a variable triangle AA'M is 
such that two of its ver^ces lie 
resj)ectively on two fixed tangents 
u and m' to a given conic, and 
the sides opposite to them pass 
respectively through ttoo fixed ■ 
2>oinfs 0' and 0, while the third 
side always toudies the given 
conic, then the third vei-tex will lie 
on a fixed conic which passes 
through tlie points and 0'. 



334. Theobem. If the extremities of each <fiwo diagonals of a 
complete qwidrilateral are conjugate joints with respect to a given 
conic, the extremities of the t&ird diagonal also will ie conjugate points 
with respect to the same conic*. 

Let ASXT {Fig. 209) be a complete quadrilateral such 



rith respect to a give; 



that A is conjugate to X, and B to r, 
conic K (not shown in 
the figure). Let the sides 
AB , XT meet in C, and 
the sides AY,BX in Z; 
then shall C and Z be 
conjugate points with 
respect to the conic K. 

Suppose the polars of 
the points A,B,C (with pig. jot,, 

respect to K ) to cut the 

straight line ABC in A', B', C respectively. The three 
pairs of conjugate points A and jf, B and B', C and C are 
in involution ; consequently, considering XYZ as a triangle 
cut by a transversal A'B'C, it follows by Art. 135 that the 
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straight lines XA\ YB', ZV meet in one point Q. Since 
evidently XA' is the polar of A and JB' the polar of B with 
respect to K, their point of intersection Q is the pole of AB. 
Since then C is a point on AB and is conjugate to C, its polar 
■will be QC; but QC passes through ^; therefore C and ^ are 
conjugate points, which was to he proved. 

335. The proof of the following, the correlative theorem, is 
left as an exercise to the student ; 

If two pairs of opposite sides of a complete qv,adran.gle are conju- 
gate lines with respect to a conic, the two remaimnif sides also are 
conjugate lines with respect to the same conic. 

In order to obtain such a complete quadrangle, it is only 
necessary to take the polar reciprocal of the quadrilateral con- 
sidered in Hesse's theorem, i. e. the figure which is formed by 
the polarB of the sis points A and X, B and T, C and Z. 

336. The following proposition is a corollary to that of 
Art. 334: 

Jheo triangles wliioli are reciprocal with respect to a come are in 
homology *. 

Let AJiC (Fig. 210) be any triangle; the polars of its 
vertices with respect to a given 
conic form another triangle ABC 
reciprocal to the first, that is, such 
that the sides of the first triangle 
are also the polars of the vertices of 
the second. Let the sides C/7 and C4' 
meet in E, and the sides AB and 
Pig. !io. ^'-ff' in P- 

The points B and B are conjugate 
with respect to the conic, since E hos on C'A', the polar of B ; 
similarly C and i^are conjugate points. Thus in the quadri- 
lateral formed by BC, CA, AB, and EF, two pairs of opposite 
vertices B and E, C and F are conjugate; therefore the 
third pair are conjugate also, viz. A and the point I) where 
BC meets J^F. The polar B'C of A therefore passes through 
I); thus BC and B'C meet in a point U lying on EF. 
Since then the pah's of opposite sides of the two triangles meet 
one another in three collinoar points, the triangles are in 
homology, and the straight lines AA', BB', CC which join 
* Cbasles, loe.dl., Art. 135. 
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the pairs of vertices meet (Art. 17) in a point 0, the pole of 
the straight line BEF. 

837. By comhining this theorem with that of Art. 1 55 the 
following property may be enunciated : 

If two triangles are reciproaah with reipect to a given, conic "K, 
the six points in which the aides of the one intersect the non- 
corresponding* aides <f the other lie on a conic 0, and the six straight 
lines which connect the vertices (f the one ieith the non-corresponding 
vertices of the other touch another conic C', the polar reciprocal of 
C with respect to K (Art. 322); these straight lines ai'e in fact 
the polars with regard to K of the six points just mentioned. 

If one of the triangles A'B'C is inscribed in the other 
ABC, the three conies O, C', and K coincide in one which is 
circumscribed about the former triangle and inscribed in the 
latter (Arts. 174, 176). 

338. Problem. Given two triangles ABC, A'B'C which are in 
homology ; to canstritet {when it ea^nMs) the conic with regard to which 
they are reciprocal. 

Take one of the side's, BG for example ; the points in which it is 
cut by C'A' and A'B' are conjugate to the pobits B and C respectively, 
and these two pairs of conjugate pointe determine an involution 
(Art. 263), the double points of which (if they exist) are the points 
where BC is cut by the conic in question. In Old th t fi d th 
points in which this conic cuts BG, it is only ne ry t t t 

these double points, In this way the points in wl b th 1 f 
the triangles meet the coma can be found, and the 1 tt« dt m d 
Since A' and B are the poles of BG and G'A', th po t nd th t 
in which C'A' meets BC will be the vertices f If j g t 

triangle (Art. 268). If then, in finding the poii t f t t f 
the conic and the straight lines BC and C'A' in tl m nn it 
explained, it should happen that the two invol t f d h 

neither of them double points, the conclusion is tt t t 

Buch as is required ; for if it did exist, it mast b t bj t ft! 
sides of the seli'-conjugate triangle (Art. 262). 

336. The centre of homology of the given triangles (Fig. aio) is 
the pole of the axis of homology DBF; and the projective corre- 
spondence (Art. 291) between the points (poles) lying on the axis 
and the straight lines (polars) radiating from the centre of homology 
is determined by the three pairs of coiTesponding elements B and 
• Two aidee BC and B'C of the triangles may be termed corrBspanding, when 
each lies opposite to tlie pole of the other. And two vertioeg A and A' may be 
termed correipomling, when each lies opposite to the polar of the other. 
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AA', E and BE', F and CC. Consequently it is possible to construct 
with the ruler only (Art. 84) the polar of any other point on the 
asis, and the pole of any other ray passing through the centre 0. 

What has just been said with regard to the point and the axis 
of homology may also be said with regard to any vertex of one of 
the ti-iangles and its polar (the corresponding side of the other 
triangle). For if e. g. the vertex A' and the side BC be considered, 
the projective correspondence between the straight lines radiating 
from A' and the points lying on BG is determined by the three pairg 
of corresponding elements A'B' and C, A'C aad B, A'O and D. 

This being premised, it will be seen that the polar of any point P 
and the pole of any straight line p can be constructed with the help 
of the ruler only. For suppose P to bo given ; it has been shown 
that the poles of the straight lines PO, PA, PB, PC, PA', ... can 
be constructed, and these all lie on a straight line X which is the 
required polar of F. 8o again if the straight line p is given, the 
polars of the points in which it meets JSC, OA, ... can be constructed, 
and will meet in a point which is the pole of p. 

It will be noticed that all tbese determinations of poles and polars 
are linear {i.e. of the first degree) and independent of the construction 
(Art. 338) of the auxiliary conic, which is of the second degree, 
since it depends on finding the double elements of an involution. 
The construction of the poles and polars is therefore always possible, 
even when the auxiliary conic does not exist. In other words : the 
two given triangles in homology determine between the points and 
the straight lines of the plane a reciprocal correspondence such that 
to every point corresponds a straight line and to every straight line 
a point, to the raya of a pencil the points of a range pi-ojective with 
the pencil, and vice versa. Any point and the straight line corre- 
sponding to it may be called poh and polnr, and this assemblage of 
poles and polars, which possesses all the properties of that determined 
by an auxiliary conic (Art. 254), may be called a ^foSar system. 

Two triangles in homology accordingly determine a polar system. 
If an auxiliary conic exists, it is the locus of the points which lie 
on the polars respectively corresponding to them, and it is at the 
same time the envelope of the straight lines which pass through the 
poles respectively corresponding to them. If no auxiliary conic 
exists, there is no point which lies on its own polar *. 

* SrAnoT, loc. df.. Art. 241. 
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CHAPTEB XXIII. 

POCI *. 

340. It has been seen (Art. 263) that the pairs of straight 
lines passing through a given point S and conjugate to one 
another with respect to a given conic form an involution. Let 
a plane figure be given, containing a conic C ; and let the figure 
homological with it he constructed, taking S as centre of homo- 
logy; let C' be the conic corresponding to O in the new figure. 
Since in two homological figures a harmonic pencil corre- 
sponds to a harmonic pencil, any pair of straight lines through 
S which are conjugate with respect to C will be conjugate 
also with respect to C'. The polars of S with respect to the 
two conies will be corresponding straight lines ; if then the 
polar of S with respect to C be taken as the vanishing line 
in the first figure, the polar of S with respect to C' will 
He at infinity; *. e. the point S will be the centre of the 
conic C. 

In this case therefore any two straight hnes through S 
which are conjugate with respect to C will be a pair of conju- 
gate diameters of C'. If S is external to C, the double raj's of 
the involution formed by the conjugate lines through S are the 
tangents from S to C, and therefore the asymptotes of c', 
which is in this case a hyperbola. If S is internal to C, 
the involution has no double rays, and therefore C' is an 
elhpse. 

We conclude then that to every poini S in (he plane of a given 
conic C corresponds a. conic C' homological with C and having iU. 
centre at S; which conic C' is a hyperhola or an ellipse according as 
8 is external or internal to the given, conic C. 

• Steinbb, VmleimigeBv.her syathetische Geomeirie (ed. Sohroter), 11'°'' Abachnitt, 
§ 35 i ZeCH, Heftcre Geinaeti-ie (Strttgart, 1857), § 7 ; EetE, Geomtlrie dee lags 
(and ed., Hanuover, 1877), Vortrag 13. 
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341. For certain positions of the point S the conic C' mil 
be a circle. When S baa one of these positions it is called a 

/ocws* of the conic O. Since all pairs of conjugate diameters 
of a circle cut one another orthogonally the involution at S of 
conjugate lines with respect to O will in this case consist 
entirely of orthogonal pairs. 

If G is a circle, its centre is a focvs ; for every pair of 
conjugate lines which meet in 0, i.e. 
every pair of conjugate diameters of C, 
cut orthogonally. And a circle O has no 
other foeus but its centre 0. For let any 
point^be taken (Fig. 211) distinct from 
and a straight line SQ he drawn not 
passing through 0; and let P be the 
pole of SQ. Then since PO must be 
perpendicular to SQ, the conjugate lines 
SP, SQ cannot be orthogonal, and there- 
fore S cannot be a focus of O, 

T/te foci of a conic C which is not a 
circle are of necessity internal points; 
this follows from what baa been said above (Art. 340), 
Further, thei/ lis on the axes. For if f is a focus and 
the centre of the conic, the pole of the diameter FO will lie 
on the perpendicular drawn through F to FO; therefore 
FO is perpendicular to its conjugate diameter, i.e. FO is an 
axis of the conic. 

Again, ike straight line connecting two fod F and F^ is an 
axis. For if straight lines perpendicular to FF^ be drawn 
through i^ and P\ these will both be conjugate to FF-y, and 
their point of intersection will therefore be the pole of FF^ ; 
but this point lies at infinity; therefore FF^ is an axis. 

342. Let a point P be taken arbitrarily on an axis a of a 
conic ; through P di'aw a straight line r, and from P, the pole 
of r, draw the straight line / perpendicular to r; let i" be the 
point where r' meets the axis, The straight lines passing 
through P and those passing through P' and conjugate to 
them respectively form two projective pencils ; for the second 
pencil is composed of rays which project from P' the range 

* De L4 Hire, Sectimes conicne (Parieiie, 1685), lib. viii. prop. 2j ; Poncelet, 
Fropriitis projedixes, Art. 4J7 et aerjq. 
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formed by the poles of the rays of the first pencil, which range 
is (Art. 291) projective with the first pencil itself. The two 
pencils in question have three pairs of corresponding raya 
which are mutually perpendicular ; for if A he the point at 
infinity which is the pole of the axis a, the raya l^A , PP', r of 
the first pencil correspond to the rays P'P,P'A, / of the 
second, and the three former rays are severally perpendicular 
to the three latter. The two pencils therefore by the inter- 
section of corresponding rays generate a circle of which 
PP' is a diameter ; and therefore every pair of corresponding 
rays of the two pencils P and P' intersect at right angles. 
Thus: 

To eteiy ^oint P lyinff on an axis of the conic corresponds a point 
P" on the same asis meh thai any two conjugate straight lines lehioh 
jiass one through P and the other through P' are perpendicular to 
one another. 

The pairs of points analogous to P, P' form an involution. 
For let the ray r move parallel to itself ; the corresponding 
rays r' (which are all perpendicular to r) wiU aU be parallel to 
each other. The pencil of parallels r ia projective (Art. 291) 
with the range which the poles R of the rays r determine upon 
the diameter conjugate to that drawn parallel to r; and the 
pencil of parallels t' is in perspective with this same range. 
Therefore the pencils r, r' are projective, and consequently the 
points P, P' in which a pair of corresponding raya r , r' of the 
pencils cut the axis a trace out two projective ranges. To the 
straight line at infinity regarded as a ray r corresponds 
in the second pencil the diameter parallel to the rays r' ; and 
similarly, to the line at infinity regarded as a ray r' corre- 
sponds in the first pencil the diameter parallel to the rays r. 
Therefore the point at infinity on the axis has the same corre- 
spondent whether it be regarded as a pointP or as a point i": 
■oiz. the centre of the conic. Wo conclude that the pairs of 
points P,P' constitute an involution of which the centre is the centre 
of the conic. 

343. If the involution formed by the points P, P' on the 
axis a has double points, each of them will be a focus of the 
conic, since every straight line through aueh a double point 
will be conjugate to the perpendicular drawn to it through 
the point itself. 
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If the involution has no double points, each of the two 
pointa (Art. 128) at which the pairs TP' subtend a right angle 
will be a focus of the conic. For every pair of mutually 
perpendicular straight linea which meet in such a point will 
paas through two points P, P', and will therefore be conju- 
gate lines with respect to the conic. 

From this it follows that one at least of the two axes of a 
conic contains two foci. Further, a conic has only two 
foci ; for every straight line which joins two foci is an 
axis (Art. 341), and no conic (except it be a circle) has more 
than two axes. 

Consequently a central conic {ellipse or hyperbola) has two foci, 
which are the double pomts of the involution PI" on an axis and are 
also the points at which the pairs of points PF'ofthe involution on. 
the other axis mbtend a right angle. 

The axis which contains the foci may on this account be 
called the focal axis. Since the foci are internal points, it is 
seen that in the hyperbola the focal axis is that one which 
cuts the curve (the transverse axis). 

Since the centre of the conic is the centre of the 
involution PP', it bisects the distance between the two 
foci. 

From what has been said it follows that two perpendicular 
straight lines -which are conjugate with respect to a conic meet the focal 
axis itt two points which are harmonically conjugate with respect to 
the foci; and they determine upon the other aada a segment which 
subtends a right angle at either focus. 

344, The normal at any point on a curve is the perpen- 
dicular at this point to the tangent. Since the tangent and 
normal at any point on a conic arc conjugate lines at right 
angles, they meet the focal axis in a pair of points harmoni- 
cally conjiigate with respect to the foci ; and they determine 
on the other axis a segment which subtends a right angle at 
either focus (Art. 343). Accordingly: 

If a circle be drawn to pass through the two foci and through any 
point on the conic, it will have the two points in which the non-focal 
axis is cut by the tangent and normal at that point as extremities of 
a diameter. 

And again (Art. GO) : 

2'he tangent and normal at any point on a conic are the hisedors 
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of the angle -made ■with one another ly the rays tvMch join that point 
to the foci*. 

These rays are called the focal radii of the given point. 

345. A pair of conjugate lines which intersect at right 
angles in a point S external to the conic are harmonically 
conjugate with reapeet to the tangents from S to the conic 
{Art. 264) as well as with reepeet to the rays joining S to the 
foci {Art. 343); therefore; 

The angle letween two tangents and that included li/ the sf^aight 
lines which join the jioint of intersection of the tangents to the foci 
have the same bisectorsf. 

346. In the parabola, the point at infinity on the axis, re- 
garded as a point P, coincides with its correspondent P'; for 
the straight line at infinity, being a tangent to the conic at 
the said point P, passes through its own pole. 

Accordingly one of the double points of the involution 
determined on the axis by the pairs of conjugate orthogonal 
rays, i.e. one of the foci, is at infinity. The other double point 
lies at a finite distance, and is generally spoken of as iAe focus 
of the parabola. 

Since in the case of the parabola one focus is at infinity, 
the theorems proved above {Arts, 343-345) become the follow- 
ing: 

Two conjugate orthogonal rays, and m parti' vlar th^ tangent and 
normal at any point on the parabola, meet the axis in two points 
which are equidistant from thefoovs 

The tangent and normal at a point on a parahola are the bisectors 
of the angle which the foeal radius of the point makes with the 
diameter passing through the point %. 

The straight Une which connects the focus with the point ofinter- 
tection of two tangents to a parahola makes with either of the 
tangents the same angle that the axis makes with the other tangent. 

347. From the last of these may be immediately deduced 
the following theorem : 

The circle cireumscriding a triangle formed by three tangents to a 
parabola passes through the focus. 

Let PQR {Fig. 31 2)beatriaiigle formed by three tangents 
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to a parabola, and let F be the focus. Considering the 
tangents which meet in P, the angle FPQ is equal to that 
made by Pit with the axis ; and 
considering the tangents which 
meet in R, the angle FRQ is 
equal to that made by BF with 
the axis. Hence the angles 
FPQ, , FRQ are equal, and there- 
fore P,q,R,F lie on the same 
circle. 

Corollary. The locus of tie 

foci of all parabolas which tonchthe 

three sides of a given triangle is the 

cvrewmserihing circle of the triangle. 

This corollary gives the construction for the focus of a 

parabola which touches four given straight lines. And since 

only one such parabola can be drawn (Art. 157), we conclude 

that: 

Given four straight lines, the circles circumscribing the four 
triangles which can he formed hy taking the lines three and three 
together all pass through the same point. 

348. The polar of a focus is called a directrix. 

The two directrices are straight lines perpendicular to the 

transverse axis and external to the conic, since the foci lie 

on the transverse axis and are internal to the conic (Art. 343). 

In the case of the parabola, the straight line at infinity 

is one directrix ; the other 

lies at a finitG distance, 

and is generally spoken 

of as the directrix of the 

parabola. 

If i^ he a focus, and if 
the tangent at any point 
X on a conic cut the 
corresponding directrix in 
Y, this point T will be the 
pole of the focal radius 
FX. Therefore FX,FY are conjugate lines with respect to 
the conic, and since they meet in a focus, they will be at 
right angles: consequently: 




Fig, ai3. 
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The part of a tangent to a come intercepted between Us point of 
contact and a directrix subtends a right angle at the corresponding 
focus. 

848. Let the tangent and normal at any point M on. & 
conic meet the focal axis in P, P' respectively, and let them 
meet the other axis va. Q,,Q,' respectively (Fig. 213)- From M 
let perpendiculars MP", MQ," be drawn to the asea. 
From the similar triangles OPQ , Q"MQ 
OP:OQ=Q"M:Q"Q,] 
and from the right-angled triangle Q'MQ 

Q"M:Q"Q = Q'Q":Q"3f; 
.-. OP:OQ = Q'Q":Q"M 
= Q'Q":OP", 
or OP.OP"= OQ.Q'Q" 

= OQ(q'0+oq"i 

sothat OP.OP"~OQ.OQ"=Oq.Q'0 (l) 

But P and P" are a pair of conjugate points, since MP" ia 
the polar of P ; similarly Q and Q" are conjugate points. 
Therefore (Art. 294) 

OP . OP" = 01^ and Oq . OQ" = + 0B\ 
where OA , OB are the lengths of the aemiaxea, and the double 
sign refers to the two cases of the ellipse and the hyperbola. 
Again, the points q , Q' subtend a right angle at cither of the 
two foci F,F' (Art. 343) so that 

oq.q'o = or\ 

Substituting, (l) becomes 

OF'' = OA^ + 0B-\ 
This shows that in the ellipse OA > OB; so that the focal 
axis is the axis major. 

Referring now to Figs. 214 and 215, 
FA = FO+OA, 
FA'= FO + OA' =F0- OA ; 
.: FA.FA' = FO''~OA^ 
= + 0B\ 
If B be the point in which a directrix cuts the focal axis, 
the vertices A and A' of the conic will be harmonically conju- 
gate with respect to F and the point D where the polar of F 
cuts AA' (Art. 264); therefore, since bisects AA', 
OA^ = OF.OB. 



Hosted by 



Google 



256 FOCI. [350 

The parabola has one vertex at infinity; consequently 
the other lies midway between the focus and the directrix 
(Fig. 218). 

350. If a focus ^ of a conic C be taken aa centre of homo- 
logy, and a conic C be constructed homological with C and 




having ita centre at F, it has been seen (Arts. 340, 341) that 
C' is a circle. But by what has been proved in Art. 77, if 



But by what has been proved in Art. 77, if 

3f and M' are a pair of corresponding points of C and c', 

FM „o , . 

■ -,-,.,., : MF = constant, 

FM „„, , ^ 

or ^n^= i^Al X constant, 

MP 

where MP {Figs, 214, 215) is the distance of M from the 
vanishing line, that is from the polar of /', i.e. the correspond- 
ing directrix. Now FM' is constant, because C' is a circle; 
tiherefore 

The distance of any point on a conic from, a focus bears a constant 
ratio to its distance from the corresponding directrix. 

Moreover, this ratio is the same for tlie two foci. For let 
(Figs. 214, 21,5) be the centre of the conic, F, F' the foci, A , A' 
the vortices lying on the focal axis, iJ,iJ' the points in which 
this axis is cut by the directrices ; then (Art. 294) 

OA^ ^ OA'^ = OF. 01) = OF'. 01)'. 
But OF' = - OF, so that A'D' = - AS rmd F'A'= - FA, 
and therefore FA: AD = F'A' : A'D', 

which shows that the ratio is the same for F and for /''. 

In the ease of the parabola the ratio in question is unity, 
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because (Art. 349) the vertex of a parabola is equally distant 
from the focus and the directrix. Therefore 

The distance of any point on a parabola from fhefocm is equal to 
its distance from the directrix. 

3B1. Conversely, the locus of a point M which is such that its 
distance from a fixed point F bears a constant ratio e to its distance 
from a fixed straight line dis a conic of which F is a focus and 4 the 
corresponding directrix *. 

For let MP (Figs. 214, 3 1 5) be drawn perpendicular to d ; 
then by hypothesis 

FM_ 
MP"^' 
Let now the figure be constructed which ia homological 
■with the locue oi M; F being taken as centre of homology, 
and d as vanishing line. If M' be the point corresponding to 
M, then (Art. 77} 

FM ,,„ , ^ 

-Hiiv : MP = constant. 

These two equations show that FM' is constant ; thus the 
locus of M' is a circle, centre F. The locus of M is there- 
fore a conic (Art, 23) having one focus at F (Art. 341), And 
since tho straight hne at infinity is the polar of F with 
respect to the circle, the straight line d is the polar of F with 
respect to the conic ; i.e. it is the directrix corresponding to F. 

352, The length of a chord of a conic drawn through a focus 
perpendicular to the focal axis is called the latus rectum or 
the parameter of the conic. 

Let MFM' (Fig. 216) be a chord of a conic drawn through a 
focus -?', and let N be the point where it cuts the corresponding 
directrix. Let LFL' be the latue rectum drawn through F. 
Then since the directrix is the polar of the focus, N and F 
are harmonic conjugates with regard to Jf and M'. There- 
fore 

NF NM^NM' 
and if perpendiculars MK, FD , M'K' be let fall on the 
directrix, 

2 _ I I 

FD ~ WlC "•" MK' 

* Pappus, Matli. CiUeel., lib. vii. prop. 238. 
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But by Art. 350 

M'K'-.FS : MR = M'F: Fl : FM; 
2 11 

■■■ fl~Wf'^fm' 

that is to say ; 

In any conic, half the lotus rectum is a harmonic mean letmeen 
the segments of any focal chord. 
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y^"^^ 


K 


k 


: J 




X' 



CoROLLAET. H M , M' be taken at A', A respective 
Fl~^^lF'^Fl') 



: -^, {by Art. 349), 



which gives the length of the semi-latua rectum i 
the semi-axes. 



In the parabola - 



= o, so that FL= zFA. 



353. Theorem. In the ellipse the sum, and in the hi/perlola the 

difference, of the focal radii of any point on the curve is constant*. 

Let j}f be any point on a central conic (Figs, 314, 215) whose 

' Aeollokius, loc. nil., in. 51, 53. 
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foci are F, F' and directrices d,d'; and let {M,d) &c. denote 
as usual the distance of M from d, &c. By Art, 351 
FM _ F'M _ 
JWJ)~ {M,d')~^' 
FM±F'M _ 
■'• {M,d)±{M,d'}~^- 
But {Fig. 2i4)miheenips6(M,d) + (3I,d'),a3id{Fig. 215) 
in the hyperbola {M, d)~{M, d') is equal to the distance BT)' 
between the two directrices ; therefore 

FM±F'M=e.J)]J', 
which proves the proposition. 

Conversely : The locus of a point the mm [difference) of whose 
distances from two fixed poini$ is constant is an ellipse {a hyperbola) 
of which the given points are the foci. 

354. If in the proposition of the last Article the point M he 
taken at a vertex J, 

€.DI)'=FA±F'A 

= %0A 

= AA\ 
so that the length of the focal axis is the constant value of the sum. 
or difference of the focal radii. It is seen also that the constant 
t is equal to the ratio of the length of the focal axis to the 
distance between the directrices. 

355. Since by Art. 294 

OA-' = 0F.01}, 
or AA'^ = FF'.DD', 

_ AA' _FF\ 
■": ^-^ DD'" AA" 
so that the constant e is equal to the ratio of the distance 
between the foci to the length of the focal axis. Now in the 
ellipse FF' < AA ', in the hyperbola FF' >AA', in the parabola 
FF'=AA'= 00, in the circle FF'=o. Therefore the conie is 
an ellipse, a hyperbola, a parabola;, or a circle, according as 
(<i,«>i, ( = 1, ore=o. This constant e is called the eccen- 
tricity of the conic. 

356. Theorem. The locus of the feet of perpendiculars let fall 
from a focus upon the tangents to an elli^e or hyperbola is the 
circle described on the focal aims as diameter*. 

* Apoliosius, loc. dt., iii. 49, 50, 
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Take the case of the ellipse {Fig. 2 1 7). If F, F' are the foci, 
and M is any point on the curve, join F'M and produce it to (? 
making MG equaJ to MF. Then F'G will (Art. 354) be equal 
to A A' whatever be the posi- 
tion of M; thua the locus of G 
is a circle, centre F' and radius 
equal to AA'. 

If FG be joined, it will cut 
the tangent at 31 perpendicu- 
larly, since this tangent {Art. 
344) bisects the angle FMG; 
and the point JJ where the two 
lines intersect will be the mid- 
dle point of FG because FMG 
is an isosceles triangle. There- 
fore OU is parallel to F'G and equal to \F'G, that is, to OA ; 
i. e. the locus of JJ is the circle on AA' as diameter. 

A similar proof holds good for the hyperbola, except that from the 
greater of the two MF, MF' must be cut off 3. part MG equal to the less. 
357. If FU, FU' (Fig. 317) are the perpendiculars let fall 
from a focus F -on a pair of parallel tangents, U,F,U' will 
evidently be coUinear. And since U and V both lie on the 
circle described on A A' as diameter, 
FU . J/V = FA . FA' 

= +0S^ (Art. 349), 
according as the conic is an elhpse or a hyperbola. 

Thus i/te product of the dislances of a pair of parallel tangefds 
from a focus is constant. 

Since the perpendicular let fall from the other focus F' on 
the tangent at M is equal to FV, it follows that 

The product of the distances of any tangent to an. ellipse [hyper- 
bola) from the two foci is constant, and equal to the square of half 
the minor {conjugate) axis. 

Conversely : The envelope of a straight line which moves in mck a 
way that the product of its distances from two fixed j>oints is constant 
is a conic ; an ellipse if the value of the constant is positive, a hyperbola 
if it is negative. 

858. Let F (Fig. ai8} be the focus of a parabola, A the 
vertex, 31 any point on the curve, N the point of intersection 
of the tangents at 31 and A. If NF' be drawn to the infinitely 
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distant focus F' (i. e. if NF' be drawn parallel to the axis), the 
angles ANF', FNM-will be equal (Art. 346). But A.\'F' is a 
rjghtangle; therefore -KVJ/ 
is a right angle also. Thus 

The foot of the perpen- 
dieiilar let fall from the focus 
of a parabola on any tangent 
lies on the tangent at the 
vertex. 

CoEOLLABT. Since any 
point on the circumscribing 
circle of a triangle may he 

regarded {Art. 347) aa the focus of a parabola inscribed in the 
triangle, it follows at once from the theorem just proved that if from 
any point on the circumscribing circle of a triangle peri>mdiculars he 
let fall on the three sides, tltdr feei will be eoUinear *. 

359. The theorem of Art. 366 may be put into the following form: 
If a right angle move in ita plane in such a way that its vertex 

describes a fixed circle, while one of its arms passes always through a 
jicsed jxnnt, the envelojie of iU other arm will be a conic concentric with 
the given circle, and having one focus at the fixed point. The conic is 
an ellipse or a hyperbola according as the given point lies witldn or 
withovi the given circle t. 

So too the corresponding theorem {Art. 358) for the parabola may 
be expressed in a similar form as follows : 

If a right wngle move in its plane 
describes a fisted straight line, while 
one of its airma passes always through 
a fated point, the other arm will en- 
velope a parabola liaving the fxed 
2>oint for focus and thefxed straiglU 
line for tangent at its vertex. 

360. I. Let the tangents at 
the vertices of a central conic 
be cut in P, P' by the tangent 
at any point Jlf (Fig. 219). The 
three tangents form a triangle 
circumscribed about the conic, 
two of the vertices of which i'lg. 213. 

are P and P', the third (at infinity) being the pole of the 



such a wag that its 1 
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asia AA'. Therefore (Art. 274) the straight lines drawn from 
P and P' to any point on the axis will be conjugate to one 
another with respect to the conic. Thus, in particular, the 
straight hnes joining P and P' to a focus will be conjugate 
to one another; but conjugate lines which meet in a focus 
are mutually perpendicular (Art. 343) ; consequently the circle 
on PP' aa diameter will cut the axis AA' at the foci *. 

II. Let the tangent PMP' cut tho axis AA' at N ; then N' is 
the harmonic conjugate of Jf with respect to P,P' (Art. 194). 
Consider now the complete quadrilateral formed by tho 
hnes FP,F'P,FP',F'P'. Two of its diagonals are FF' and 
PP'\ the third diagonal must then cut FF' and PP' in points 
which are harmonically conjugate to Ff with regard to F, F' 
and P , P' respectively. It must therefore be the normal at 
il/to the conic t- 

361. Let TM, TN (Fig. 220) bo a pair of tangents to a conic, 
M and iV" their points of contact, 
F a focus, d the corresponcling 
directrix. If the chord MN cut d, 
in P, this point is the pole of TF; 
therefore TFP is a right angle (Art. 
343)J. 

But MN is divided harmonically 
by FT and its pole P; thus 
F(MNTP) is a harmonic pencil, 
"'*^ and consequently FT,FP are the 

bisectors of the angle MFN. Accordingly : 

One of the Ugecton of the angle which a chord of a cotiic mltends 
at a focm passes through the pole of the chord. The other bisector 
meets the chord at its point of intersection with the directrix corre- 
sponding to the focus. 

Or the same thing may be stated in a different manner, thus r 
The straight lin^ which Joins a focus to the point of intersection of 
a pair of tangents to a conic makes eqiml (or supplementary) angles 
with thefocalmdii of their points of contact^. 

* Apollokicb, loc. dl., iii. 45, Dbsargue3, (Eavrei, i. pp. 209, 210, 
t Apollokios, loe. eit, iii. 47. 

t If thepointB Jlf iiiid.Yai^ taken indeScitely near to one another, this reducse 
to the theorem already proved in Art. 348. 
5 Db la Hiee, loc. tit., Ub. viii. prop. 24. 
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382. Let the tangenta TM , TN be cut by any third tangent 
in JlT', iV' respectively (Figa- 221, 222); let L be the point of 
contact of this third tangent. The following relations will 
hold among the angles of the fignrea ; 

N'FL = NFN' = \ NFL, 
LFM'= M'FM=.iLFM, 
whence by addition 

N'FL+IFM'= \{NFL-{.MM), 
or N'FM' = ^ NFM = NFT = TFM* 

Let now the tangents TM , TN be fixed, while the tangent 
M'N' 13 supposed to vary. By what has just been proved, 
I at the focus by the part M'N' of the 




variable tangent intercepted between the two fixed ones is 
constant. As the variable tangent moves, the points M' , N' 
dracribe two projective ranges (Art. 149), and the arms 
FM', FN' of the constant angle M'FN' trace out two con- 
centric and directly equal pencils (Art. 108). Accordingly: 

* In thie reasoning it is supposed that FM', FN', FT are aU internal blBectora ; 
i. e. that either the conie is an ellipae or a parabola, or tliat if it is a byperlwla, 
the three tangenta all touch the same branob (Fig. 221). If on the contrary two 
of the tangents, for example TM and TN, touch one branch aud the third M'N' 
the other branch (Fig. 2ii), then FM' and FN' wiU be eitemal bisectors. In 
that case, 

N'FL^iNFL-'^ 



LWrn'-iLFM*- 



(the angles being measured all 



N'FM' - J NFM, juBt as in the ci 
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The ranges which a variable tangent to a conic determines on two 
fixed tangents are projected from either' focus hy means of tioo 
directly equal pencils. 

Thia theorem clearly holds good for the cases of the parabola and 
its infinitely distant focua, and the circle and its centre. For the 
parabola it becomes the following ; 

Twoficed tangents to a parabola intercept on any variable tangent 
to tJie same a segment whose projection on a line perpendicular to tlie 
axis is of constant tength. 

The general theorem may also be put into the following form i 

Ome vertea> F of a variable triangle M'PS' is fixed, and tlie angle 

M'FN' is constant, wMle the other vertices M', N' move respectivelt/ on 

fixed siraight lines I'M, TN. The envelojie of the side M'N' is a 

conic of which F is a focus, and lohieh touches the given lines TM, TS. 

363. The problem, Given tlie two foci F, F' of a conic and a 

, tangent t, to coTistruct the conic, is 

determinate, and admits of a single 

solution, as follows. 

Join FF' (Figs. 223, 224) and let 
it cat ( ill /*; take P' the harmonic 
conjugate of P with respect to F and 
F'. If a straight line P'M be drawn 
perpendicular to (, it will be the 
normal corresponding to the tangent 
( (Art, 344), i.e. jW" will be the point 
of contact of t. Draw MP" perpendicular to FF' ; it will be the 
polar of P, and P , I*" will be conjugate points with respect to the 





Fig. 214. 

conic. If then FF' be bisected at 0, and on FF' there he taken 
two points A , A' ench that OA^ = OA"' = OF . OP", A and A' will 
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be tlie vertices of the conic. The conic is therefore completely deter- 
mined ; for three points on it are knovm (M, A , A^) and the tangents 
at these three points (( and the straight lines AC , A'G' drawn 
through A,A'^t right angles to AA'). 

An easy method of constructing the conic by tangents is to describe 
any circle through I'and F\ cutting AC, A'C in 11 and K, H' and K' 
respectively (Fig. 224). Then if the chords BK', H'K be drawn 
which intersect crosswise in the centre of the circle (which lies on 
the non-focal axis), these will be tangents to the conic (Art. 360), 
Every circle through F and F' which cuts AC and A'C thus deter- 
mines two tangents to the conic. 

The conic is an ellipse or a hyperbola according as ( cuts the 
segment FF' externally or internally. 

The conic is a parabola when F' is at infinity (Fig. 225). In this 
cise pioduce the axis i'i^to F' making FP' equal to PF, and draw 
P'M perpendicular to f , then M wUl be the point of contact of the 
gi\en tangent t Diaw MP" perpendicular to the axis ; then P and 
P" will be conjugate points with 
respect to the paiabola And since 
the involution of conjugate points 
on the axis baa one double point 
at infinity, the middle point A 
of PP" will be the other double 
point, t. e. the vertex of the parabola. 
The parabola is therefore com- 
pletely determined, since two points 
on it are known (M and A), and 
the tangents at these points (( and 

the straight line drawn through A I'ig- a^E- 

at right angles to the axis). 

384. On the other hand, the problem, To construct the conic which 
hag its foci at two given points F, F' and, which passes through a 
given point M, which is also a determinate one, admits of two solutions. 
For if the locus of a point be sought the awm of whose distances from 
F and F' is equal to the constant value FM-^ F'M, an ellipse is 
arrived at ; but if tl locu f a j oint be sought the diffbrence of whose 
distances from Fa \F q al to FM-j^ FM', a hyperbola is found. 

" 's may also b ft tn tl e theorem of Art. 344, which shows 




that if the straigl t 1 
(Fig.233)eachofth I 
satisfies the probl m th 
t« tliis conic. Tl fin t 
according as the 
consequently be tw 



b drawn bisecting the angle FMF' 
w 11 be a tangent at Jf to a conic which 
th 1 ne being the corresponding normal 
gm nt FF' is cut or not by the tangents 
a lyperbola or an ellipse. There will 
wl h have F, F' for foci and which pass 
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through M ; a iiypevbola having for tangent at M that bisector (' 
which cuts tiie segment FF', and for normal the other bisector i ; 
and an ellipse having t for tangent at M and t' for normal. 

These two conies, having the same foci, are concentric and have 
their axes parallel. They will cut one another in three other points 
besides M ; and their four points of intersection will form a rectangle 
inscribed in the circle of centre and radius OM ; in other words, 
the three other points will be symmetrical to M with respect to the 
two fixes and the centre. This is evident from the fact that a conic 
ia symmetrical with respect to each of its axes. 

365. Through every point M in the plane then pass two conies, 
an ellipse and a hyperbola, having their foci at F and F'. In other 
words, the system of confocal conies having their foci at F and F' is 
composed of an infinity of ellipses and an infinity of hyperbolas ; and 
through every point in the plane pass one ellipse and one hyperbola, 
which cut one another there orthogonally and intersect in three other 

Two conies of the system which are of the same kind {both 
ellipses or both hyperbolas) clearly do not intersect at all. 

Two conies of the system however which are of opposite kinds 
(one an ellipse, the other a hyperbola) always intersect in four points, 
and cut one another orthogonally at each of them. This may be 
Been by observing that the vertices of the hyperbola are points lying 
within the segment FF', and therefore within the ellipse. On the 
other hand, there must be points on the hyperbola which lie outside 
the ellipse ; for the latter is a closed curve which has all its points 
at a finite distance, while the former extends in two directions to 
infinity. The hyperbola therefore, in passing from the inside to the 
outside of the ellipse, must necessarily cut it. 

No two conies of the system can have a common tangent ; because 
(Art. 363) only one conic can be drawn to have its foci at given 
points and to touch a given straight line. 

Any straight line in the plane will touch a determinate conic of 
the system, and will be normal, at the same point, to another 
conic of the system, belonging to the opposite kind. The first of 
these conies is a hyperbola or an ellipse according as the given 
straight line does or does not out the finite segment FF'. 

386. If first point F' lies at infinity, the problem of Art. 364 
becomes the following ; Given the axis of a parabola, the focus F, and 
a point M on the curve, to construct the parabola, 

Just as in Art, 3G4, there are two solutions (Fig. 226). The 
tangents at M to the two parabolas which satisfy the problem are 
the bisectors of the angJe made by MF with the diameter passing 
through M ; therefore the parabolas cut orthogonally at M and. 
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I any other 
Q two points 



consequently intersect at another point, synnDetrical to M with 
reapeet to the axis. The parabolas cannot intersect j 
finite point, since they touch one another at infinity *. 

The tangents to the two parabolas at M cut the axis i 
P, P' which lie at equal distances 
on opposite sides of F; and if P" is _^ ^- 

the foot of the perpendicular let fall 
rom M on the axis, the vertices A , A' 
of the parabolas are the middle points 
of the segments PP", P'P" respec- 

Suppose A and P " to fall on the same 
side of F. Then sinoe P'P"<P'P, 
and P'A' is the half of P'P", and 
P'F the half of P'P, therefore 
P'A'<P'F; i.e. A and A' faJl on 
opposite sides of F. It follows that in 
the system composed of the infinity of 
parabolas which have a common axis 
and focus, two parabolas intersect (orthogoimlly and in two points) 
or do not intersect, according as their vertices lie on opposite aides 
or on the same side of the common focus. 

Since F,A,A' are the middle points of PP', PP", P'P" respec- 
tively,. we have the relations 

FP + FP'=o, 
2 FA =FP-+FP", 
2FA'=FP' + FP", 




whence tbe following a 



FP" 



sily deduced : 
= FA +FA',f 
= FA -FA'=A'A, 
= AA'. 



FP' =FA'-FA = 

These last relations enable us at once to find the points P, P', P" 
when A and A' are known. The point M (and the symmetrical point 
in which the parabolas intersect again) can then he constructed by 
observing that FM is equal to FP or FP'. 

367. It has been seen that a conic is determined when the two 
foci and a tangent are given. It can also be shown that a conic 
is determined w!im. onefoous and t!iree tangents are given; this follows 

* That is to Bay, if the figure be constructed whioli is homological with that 
formed by the two parabolas, it will consist of two conies touching one auother 
at a point Bituated on tha vanishing line of the new figure, and intersecting in 

i Htnce the middle point of J J' is also the middle point of PP". 
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at once from the proposition at the end of Art. 362. For let LMN 
(Fig. 2 3 7} be the triangJe formed by the three given tangents, and F 
seen to be the envelope of the 
base M'N' ois. variable triangle 
M'FN', which is such that the 
vertex F is fixed, the angle 
M'FN' is always equal to the 
constant angle MFN, and the 
vertices M', N' move on the fixed 
straight lines LM, LN respec- 

lu order to determine the 
other focus F', we make use of 
the theorem of Art. 345. At 
the point M make the angle 
LMF' equal to FMN ; and at 
the point N make the angle 
LNF' equal to FNM (all these 

angles being measured in the same direction) ; then the point of 

intersection of MF', NF' will be the second focus F'. 

The investigation of the circumstances under which the conic is an 

ellipse, a hyperbola, or a parabola, is left as an exercise to the student. 

The following are the results : 

(1) The conic is an ellipse if F Kes within the triangle LMN; or 
if F lies without the circle circumscribing LMN and within one of 
the (infinite) spaces bounded by one of the aides of the triangle and 
the other two produced : 

(2) A hyperbola if F lies inside the circle but outside the triangle ; 
or if it lies within one of the (infinite) F-shaped spaces which have 
one of the angnlar points of the triangle LMN for vertex and are 
bounded by the sides meeting in that angular point, both produced 
backwards : 

(3) a parabola if F lies on the circle circumscribing the triangle 
LMN, as we have seen already (Art. 347) *. 

ses. Let TM, TN (Fig. 238} be a pair of tangeuta to an 
ellipse or hyperbola which intersect at right angles. If per- 
pendiculara FU , F'U' and FF, F'V be let fall upon them 
respectively from the foci F and F', then evidently TV= VF 
and TU'^ VF'. But by Art. 357 we have VF. r'F'= ± OB^; 
therefore TU . TJJ'= ± OB^. But since TJ and V both He on 

* Steineb, Developpement d'nne sirie de theorizes relatift aux sections cottiqiifs 
(Annalea de Gergonne, t. six. 1828, p. 47) ; CoUeotad Worba, vol. i. p. 198. 
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the circle described upon the focal axis AA' as diameter {Art. 
356), the rectangle TU . W is the power of the point T with 
respect to this circle, and ia equal to OT'^—OA^. Thus 

OT^ = OA^ ± 0£^ = constant, 
so that we have the foUowing theorem * : 

T/te locus cf the point of intersection of two tangents to an ellipse 
or a hyperhola which cut at right angles is a concentric drele. 

This circle is called the director circle of the conic f- 

In the ellipse OT^ = OA^ + OB', so that the director circle eircum- 
Bcribes the rectangle formed bj the tangents at the extremities of 
the major and minor axes. In the hyperbola OT'^ = OA'^—OB', so 
that pairs of mutually perpendicular tangents exist only if OA > OB. 
If OA = OB, i.e. if the hyperbola is equilateral (Art. 395), the di- 
rector circle reduces simply to the centre ; that ia, the asymptotes 
are the only pair of tangents which cut at right angles. If OA < OB, 
the director circle has no real existence ; the hyperbola has no pair 
of mutually perpendicular tangents. 




369. Consider now the case of the parabola (Fig. 229). Let 
Fhe the focus, A the vertex. Til a,nd TK a pair of mutually 
perpendicular tangents, K these meet the tangent at tho 
vertex in ^ and ff respectively, the angles FET , FKT-mW be 
right angles (Art. 358), bo that the figure THFK'is, a rectangle. 
Therefore TII=KF; and since the triangles TEII , FAR are 
evidently similar, TM=AF. Tho locus of the point T is 

* De la Hike, ?oc. int., lib. viii. props. 37, j8. 
t Gaskik, The gsametricdl 
1S52), ehap. iii, prop. lo et seq^ 
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therefore a straight line parallel to HK, and lying at the same 
distance from UK (on the opposite side) that F does. That is 
to say: 

The locus of the point of mterseeiion of two tanyetdn to a para- 
bola which mi at right angles is the directrix* 

Since the director circle of a conic is concentric with the latter, it 
must in the case of the parabola have an infinitely gieat radms. In 
other words, it must break up into the line at infinity and a finite 
straight line. And we have just seen that this finite straight line is 
the directrix. 

370. The director circle possesses a property in relation to 
the self-conjugate triangles of the 
conic which we will now proceed 
to investigate. Let XYZ (Fig. 230) 
be a triangle which is self-conjugate 
with respect to a conic whose centre 
is 0. Join OX and let it cut YZ 
in X' and the conic in A'. Draw 
OB' parallel to YZ; let it cut XJ 
in L and the conic in £'; and draw 
ZL ' parallel to OX. to meet 0_B ' in i '. 
Then OA' and OB' are evidently 
conjugate semi- diameters; alsoXand 
X', L and L' are pairs of conjugate 
points with respect to the conic. Therefore 

OX .OX' ^ ±0A'^ , and OL .OL' = ±0]i''\ 
where the positive or the negative signs are to be taken 
according as the semidiameters OA' , OB' are real or ideal 
(Art. 294). 

Thus for the ellipse 

OX . 0X'+ 01. . 01' = OA"" + OB'^ 
= OA^ + OB'', 
and for the hyperbola 

OX. OJ'-l- OL.Ol'= ±{OA'^-OB'^) 
= ±{OA^~OB% 
so that in both cases (Art. 368) 

0X.0X'-\-0L.OL'=0T^, (1) 

where OT is the radius of the director circle. 

* Da L.\ HiHE, iijc. dt., lib, viii. prop, 26. 




Fig. 23a. 
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Now let a circle be described round the triangle XYZ, and 
let Uho the point where it cuts OX again ; then 
X'r. X'Z =X'X.X'U; 

■■■ ^'^'=rr^'^ 

(from the similar triangles OLX, X'YX) 

-"^ or 

Therefore equation (l) gives 

OT^ = OX.OX'+OX.X'U 
= OX.OU, 
that is to say : Tig centre of a conic has with respect to the cvreum- 
scrHinff circle of any triangle self-conjugate to the conic a condant 
power, which is eqwal to the square of the radius of the director 
circle. 

Or in other words : 

The circle drcumscriiing any triangle which u self-conjugate with 
regard to a conic is cut orthogonally hy the director circle *, 

The following particular cases of this theorem are of interest : 

I. TAe eenPre of ike circle eircwnseribing any triangle which is self 
conjugate with respect to a parabola lies on the directrix. 

II, The circle cireiemseribing any triangle which is self-conjugate 
with respect to an equilateral hyperbola passes through the centre of 
the conic. 

371. Consider a quadrilateral circumscribed about a conic. Since 
each of its diagonals is cut hannonically by the other two, the circle 
described on any one of the diagonals as diameter is cut orthogonally 
by the circle which circumscribes the diagonal triangle (Art. 69). 
But the diagonal triangle is self-conjugate with respect to the conic 
(Art. 260), and therefore its circumscribing circle cuts orthogonally 
the director circle (Art. 370). Consequently the director circle and 
the three circles described on the diagonals as diameters al! cut 
orthogonally the circle circumscribing the diagonal triangle. Now 
by Newton's theorem (Art, 318) the centres of the four first-named 
circles are collinear ; and circles whose centres are collinear and 
which all cut the same circle orthogonally liave a common radical 
axis. Therefore : 

The director circle of a conic, and the three cirides described on 
" Gaskin, lof. cif., p. 33. 
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(Ae diagonals of any circumscribed quadrilateral as diameters, are 
coaxial. 

In the parabola the director circle reduces to the directrix and 
the straight line at infinity; im this case then the above theorem 
becomes the following ; 

If a quadrilateral is circumscribed ahowl a parabola, tlie three 
circles described on tlie diagonals of the quadrilateral as diameters have 
the directrix for their common radical axis. 

372. If in the theorem of Art. 371 the quadrilateral be supposed 
to he given, and the conic to vary, we arrive at the following 
theorem : 

The director circles of all the conies inscribed in a given quadri- 
lateral form a coaxial st/etem, to which belong the three circles having 
as diameters the diagonals of the quadrilateral. 

There is one circle of auch a system which breaks up into two 
straight lines : that namely which degenerates into the radical axis 
and the straight line at infinity. Now the director circle breaks np 
into two straight lines — viz. the directrix and the line at infinity — 
in the case of a parabola (Art. 369). Therefore the common radical 
axis of the system of coaxial director olrcles is the directrix of the 
parabola which can be inscribed in the quadrtlat«ral. 

If the circles of the system do not intersect, there are two of them 
which degenerate into point-circles (the limiting points). Now the 
director circle degenerates into a point in the case of the equilateral 
hyperbola (Art. 368), Therefore when the circles do not cut one 
another, the two limiting points of the system are the centres of 
the two equilateral hyperbolas which can in this cise be inscribed 
in the quadrilateral. If the citcles do mtersect the system has no 
real limiting points ; and m this case no equilatei il hyperbola can be 
inscribed in the quadrilateral 

The circles which ci t orth ^onally tl e circles of a coaxial system 
form another coaxial syhtem if the first sy tern has real limit- 
ing points, the second system his not and vice versa. In order 
then to inscribe an equilateral hyperbola in a given quadrilateral, 
it is only necessary to describe circles on two of the diagonals of the 
quadrilateral as diameters ind then to draw two circles cutting the 
former two orthogonally When the prollem is pissihle, these two 
orthogonal circles will intersect and then tw o points of intersection 
are the centres of the twi ejuilateial hyjierbolafe which satisfy the 
conditions of the problem 

373. If five points aie tiken en a com five quadrangles may be 
formed by taking these \ oint four and four together ; and tlie 
diagonal triangles of those fi\e qnidrxigle aie ea h of them self- 
conjugate with respect to tt e col ic If the tir umsciibing circles of 
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these five diagonal tiiangles be drawn, they will give, when taken 
together in pairs, t«ii radical axes. These ten radical axes will all 
meet in the same point, viz. the centre of the conic. 

374. Consider again a quadrilateral circumscribing a conic ; let 
P and P', Q and Q', S and Ji' be its three pairs of opposite vertices. 
If these be Joined to any arbitrary point S, and if moreover from this 
point S the tangents t , t' are drawn to the conic, it is known by the 
theorem correlative to that of Eesargues (Art. 183, right) that ( and ^, 
SP and &P', SQ and i^Q', SB and SJi' are in involution. Now let 
one of the aides of the quadrilateral (say P'Q'B') be taken to 
be the straight line at infinity, "(o that the inscribed conic is a 
parabola ; and let S be taken afc the orthocentre (centre of perpen- 
diculars) of the triangle PQR formed by the other three sides of 
the quadrilateral. Then each of the three pairs of rays SP and SP', 
SQ and SQ', SR aad SE' cut orthogonally; therefore the same will 
be the ca'ie with the fourth pair ( and ('. But tangents to a 
parabola which cut orthogonally intersect on the directrix (Art. 369) ; 
therefore : 

The orthocentre of any IrianyU circumscribing a parabola lies on 
ike directrix. 

375. If in the theorem of the last Article the triangle be supposed 
to be fixed, and the parabola to vary, we obtain the theorem : 

T/ie directrices of aU parabolas inaonbed in a given triangle meet in 
tJte same point, viz. the orthocentre of the triangle. 

Given a quadrilateral, one parabola (and only odc) can always be 
inscribed ia it. By taking the sides of the quadrilateral three and 
three together, four triangles are obtained ; and the four ortho- 
centres of these triangles must all lie on the directrix of the parabola. 
It follows that 

Given fmtr straight lines, the orthocentres of the fawr triangles 
formed by taking them three and three together are collinear, 

376. Let C be any given conic, and let c' be its polar 
reciprocal with respect to an auxiliary conic K. The particular 
case in which E ia a circle whose centre coincides with a focua 
F of the conic C is of great interest ; we shall now proceed to 
consider it. 

If ?•, / be any two straight lines which are conjugate with 
respect to C, and if iS , iS ' be their poles with respect to K, it 
is known (Art. 323) that E , S' will be conjugate points with 
respect to c'. Consider now two such lines r , / which pass 
through F; they will be at right angles since every pair of 
conjugate lines through a focus cut one another orthogonally. 
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They will therefore be perpendicular diameters of the circle K, 
and their poles B , Jt' "vvith respect to K will be the points at 
infinity on /,r respectively. These points are conjugate 
with respect to C', and the straight lines joining them to the 
centre of th^ conic are therefore a pair of conjugate diameters 
of C'; consequently two conjugate diameters of C' are always 
mutually perpendicular. This proves that c' is a circle ; i.e. 
thej)olar reciproml of a conic, with respect to a circle which haa 
its centre at one of the foci, is a circle. 

By taking the steps of the above reasoning in the opposite 
order, the converse proposition may be proved, tdz. 

f/ie polar reciprocal of a circle toith respect to an aimltar^ 
circle is a conic having one focus at the centre of the awsoiliari/ 
circle. 

As in Art. 323, it is seen that the conic is an ellipse, a 
hyperbola, or a parabola, according as the centre of the 
auxiliary circle lies within, without, or upon the other 
circle. 

877. If d be the directrix of the conic C coiTesponding to 
the focus F, and if its pole be taken with respect to the circle 
K, this point will evidently be the centre of the circle C' 
(Art. 323). 

The radius of the circle C' may also easily he found. For 
in Fig. 2i6 let two points X, X' be taken in the latua rectum 
LFZ' such that 

FX.FL = FX'.FL'=h^ 

where /t denotes the radius of the circle K ; and let straight 
lines be drawn through X and X' perpendicular to XFX'. These 
straight lines arc evidently parallel tangents of the circle C', 
and the distance XX' between them is therefore equal in length 
to the diameter of C '. But 

SO that the radius of the circle c' is equal to -p^ • 

The eccentricity e of the conic C may be expressed in a 
simple manner in terms of quantities depending upon the 
two circles K and C'. For if 0' be the centre and p the 
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radius of the latter circle, it has been seen that the directrix 
is the polar of 0' with respect to K ; therefore (Fig. 2n5) 

But it has juat been proved that 

FL.p = B; 
Fl FO' 
therefore (Art, 361), e = ^ = 

378, The proposition of Art. 376 may be proved in a 
different maimer, so as to lead at once to the position and size 
of the circle C'. 

Take any point 31 on the (contra!) conic C (Fig. 317) ; from 
the focus F draw FU perpendicular to the tangent at M, and on 
FU take a point Z such that FZ . FU=B, k being as before 
the radins of the circle K. Then the locus of Z is the polar 
reciprocal of C with respect to K, 

Now it is known (Arts. 366, 357) that (/lies on the circle 
on ^J' as diameter, and that if Pi^cut thk circle again at V 

FU.FU'= + OB^. 
Therefore FZ : FU' = &■': + OB^ ; 

■which proves (Art. 23 [6]) that the locus of 2 is a circle whose 
centre 0' lies on-J^Oand divides it so that FO' -.FO — ^^: OS^, 

and whose radius p is equal to ¥'■ . -^^, that is, (Art. 352 Cor.) 
to ^. And again, since OF, 0D= OA^ and FD = FO+ 02), 
(Figs. 214, 215), 

.: FD.FO=OF^~'.^ _ -r -- - ■- yQ, 

by what has just been proved. 

.-. FO'.FD = k^; 

i. e. 0' is the pole of the directrix d with respect to E. 
In the particular case where k — 0£, p = OA ; that is to say : 
The polar red^/rocal of an ellipse {hyperbola) with respect to a circle 

having its centre at a focus and its radiu$ equal to half t!ie minor 

(eonjitgate) axis is the circle described on the major {transverse) axis as 



379. In the caae where C is a parabola, let 31 be any point 
on the curve (Fig. 318); let fall FN perpendicular to the tangent 
at if, and take on FN a. point Z such that FZ. FN=k^. Then, 
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as before, the locus of Z will be the polar reciprocal of C with 
respect to K. Draw ZQ^ perpendicular to ZF to cut the axis 
of the parabola in Q. 

Then a circle will evidently go round QAJfZ, so that 
FA.Fq = FN.FZ=i^; 
therefore Q is a fixed point, and the locus of Z ia the circle on 
QF as diameter. If 0' be the centre, p the radius of this 
circle, „ 

In the particular case where k is equal to half the latua rectum, 
that ia, to 2FA , we have p^k; that is to say : 

The jsolar redproeal of a jmrabola vnth respect to a circle kwving its 
tentre at the Joeua arid its radius equal to half the latjts reetv/m is a 
circle of the same radius, ftavijig its centre at t!ie point of intersection of 
the axis with the directrix. 
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CHAPTER XXIV. 

COROLLARIES AND CONSTRUCTIONS. 

380. In the theorem of Art, 275 suppose the vertices B and C of 
the inscribed triangle ABC (Fig. i88) to he the points at infinity on 
a hyperhola ; then S will be the centre of the curve, and the theorem 
will become the following ; 

If from any point /I on a hyperbola parallels be drawn to the 
asymptotes, they will meet any given diameter in two points Fa-ni G 
which are conjugate to one another with regard to the curve. Or : 

If through two pm,nte lying on a diameter of a hyperbola, which 
are conjugate to one UTWiher with regard to the curve, parallels be drawn 
to the asymptotes, they will intersect on the curve. 

From this follows a method foi the const) uctwn of a hyperbola by 
2)oinia, Iiaving given (fie asymptotes <ind a point V on the curte 

On the straight hue S'J/ which joins V to the point of inter 
section S of the asymptotes take two conjugate pcmts of the in- 
volution determined by having S for centip and M for a double 
point. These points will be con)UifT,te to one anothei with lespect 
to the conic (Art, 263) , if then parallel? to the asymptotes be 
drawn through them the two veitices of the paiallelogram so formed 
will be points on the hyperbola which in to be constructed 

381. Let similarly the theorem of Art. 274 be applied to the 
hyperhola, talfing the sides 6 and c of the circumscribed triangle abc 
to be the asymptotes ; it will then become the following : 

If through the points where the asymptotes are cut by any tangent 
to a hyperbola any two parallel straight lines be drawn, these will 
be conjugate to one another with respect to the conic. Or: 

Two parallel straight lines which are conjugate to one anotJter with 
respect to a hyperhola cut tlie asymptotes in pioints, the straight lines 
joining which are tangents to the curve. 

From this we deduce a method for the eonstructiori, by means of its 
tangents, of a hyperhola, having given the asymptotes b and c and one 
tangent m. 

Draw parallel to m two conjugate rays of the involution (Art. 129) 
determined by having tn for a double ray and the parallel diameter 
for central ray. The two straight lines so drawn will be conjugate 
to one another with respect to the conic ; if then the points where 
they cut the asymptotes be joined to one another, we shall have two 
tangents to the curve. 
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382, Let B and be any two points on a parabola, and A tha 
point where the curve is cut by the diameter which bisects the chord 
BO. Let F and G be two points lying on this diameter which are 
conjugate with respect to the parabola, i.e. two points equidistant 
from A (Art. 142); by the theorem of Art. 275, BF and C0, and 
likewise £G and CF, will meet on the curve. 

This eoables ns to consfruct by points a, parabola which ciretim- 
scribes a given triangle ABC and has the straight line joining A to 
the middle jpoini of BO as a dianwlei: 

Or wo may proceed according to the following method : 

On BO take two points II and H' which shall be conjugate to one 
another with regard to the parabola, i.e. any two points dividing BO 
harmonically. Since H and S' are collinear with the pole of the 
diameter passing through A, therefore by the theorem of Art. 275, a 
point on the parabola wUl be found by constructing tho point of 
intersection of ^Zf with the diameter passing through 11', and another 
will be found as the point where AH' meets the diameter passing 
through S, 

883. In the theorem of Art. 274 suppose the tangent c to lie at 
infinity ; then we see that 

If a and 6 are two tangents to a paraljola, and if from any point 
on the diameter passing through the point of contact of a there be 
drawn two straight lines, one passing through the point ab and the other 
parallel to h, these will be conjugate to one another with regard to the 
parabola. 

This enables us to construct by tangents a parabola, having given 
two tangents a and t, the point of contact A of one of tJiem a, and the 
direction of the diameters. 

Draw the diameter through A and lei it meet ( in ; the second 
tangent ^ from will be the straight line which is harmonically 
conjugate to t with respect to the diamet«r OA (the polar of the point 
at infinity on a) and the parallel through to a. If now two straight 
lines h and h' be drawn through which shall be conjugate to one 
another with regard to the parabola, i.e. two straight lines which are 
harmonic conjugates with regard to t and (', the parallel to A' drawn 
from the point ha and the parallel to h drawn from the point h'a 
will both be tangents to the required parabola. 

384. If in the theorem of Art. 274 the straight line a be supposed 
to lie at infinity, and 6 and c to be two tangents to a parabola, we 
obtain the following: 

The parallels dra/wn to two tangents to a parabola, from any point 
on tJi^T cliord of contact, are conjugate lines with regard to the conic. 

By another application of the same theorem we deduce a result 
already proved in Art. 178, viz. that 
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If,jromapmniont}wc}iOi-d of contact of a pair of tangents b and c 
toa'parahola, two straight lines h and h' be drawn parallel to h and c 
respectively, the straight line joining the points he and Kb wUl he a 
tangent to the curve *. 

From thia may be deduced a consf/ruetion for the tangents to a 
parabola determined hy two tangents and their points of contact. 

385. TheokeM. If a conic mi the ddeg BC,CA, AB of a 
triangle ABC » the poinh B and D', E and E', F and F' re- 
tpectiveh/i then wUi 

B D . BD' CE.CE' AF.dF' _ ,|, 

'CD.CD'' AE. AW ' BF . BT' 

This celebrated theorem is due to CARNOTf. 
Consider the sides of the triangle ABC (Fig. 331) as 




out by the transversals BE and B'E' in the pointa -B and D', 
EsmiE', SandG'; by the theorem of Menelaus (Art. 139) 
BD CE JJl_ (2^ 

CD' AE'Ba~ • 

BB' CE' Air _ ,3) 

CB'' AE'' BG' 

Again, ^^j. i- is a quadrangle inscribed in the conic, and by 
Desargues' theorem (Art. 183) the transversal AB meets the 
opposite sides and the conic in three pairs o£ points in involu- 
tion; therefore (Art. 130) the anharmonic ratios (ABFG) and 
{BAF'B') are equal; thus (Art. 45) {ABFG)={ABG' E'), or 
{ABFG) : {ABG'F')= I, which gives 

AF.A F' AG. AG' _ u\ 

BF.BF'' BG.BB' 

• DbeaHire. (oc. a(., lib. iii. prop. 2!. t (?e»r«(We de jiosWon, p. 437. 



and 

AgmIi,BEE'B' 
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280 COROLLAEIES AND CONSTRUCTIONS. [386 

Multiplying together (2), (3), and (4), we obtain the relation 
stated in the enunciation*. 

386. Conversely, if on. the sides BC,CA,AB respectively of 
a triangle ABC there be taken three pairs of points B and D', 
E and E', F and F' such that the segments determined hy them and 
the vertiees of the triangle satiny the relation (l) of Art. 385, 
these sirs points lie on a conie. 

For let the conic be dra^m which passes through the five 
points B, B', E, E', F, and let F" be the point where it cuts 
A£ again. By Camot's theorem a relation holds which difiers 
only from (1) in that it has F" m the place of F'. This 
relation, combined with (l), gives 

AF':BF'=AF":BF", 
whence {ABF'F") - i ; 

and therefore (Art. 72, VII) F" coincides with F'. 

* CAltKOT's theorem, being evidently true for the circle (einoe in this case 
BD . BB' = CD . CD', ftc), may be proved without making ase of involution 
properties a9 follows ; 

Let J, J, E: be the points at iniinity on BC, CA , AB respectively, and sup- 
pose rig. 331 to bave been derived by projecting (rom any vertex on any plane a 
trianglc^iBiCiwhoaeeidesareonthyaoirolein J>, andZl,', ^i and £•/, ii", and i',' 
respectively. Let J,, J, , ff, be the points on the aides B,C,, C,^,, ^Ji, which 
project into I, J, K^ respectively ; they will of course be collinear. Then 

g,p = (.BODI) (Art. 64) 
= (,Bfi, VJCi (Art. 63) 
_ B,D, BJ, 

„ BD' B,D( BJ, 

CD'' ~C,A''"^' 
. BD.BD' B,D,.B,D,' B,!,' 
■■ CD.CD' ~ C,D^. CD,'' C^ 

-§^V (Euc. iii. 35, 36.) 
Simil^lv afi.cE'_j>;. 

■" AB.AJH' " CiJi" 

, AF.AF' B,K,' 

Multiplying these three equations together, and remembering that by the 
theorem of Menelaua the product on the right-hand side is equal to unity, we 
have the result required. 

Camot'a theorem is true not only for a triangle but for a polygon of any num- 
ber of aides ; the proof just given can clearly he eitended so aa to show this, the 
theorem of Menelaus heing capable of extension to the case of a polygon. 

Menelaus' thaorem is included in that of Camot. It ia what the latter reduces 
to when the conic degenerates into two straight lines of which one lies at infinity. 
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387. If the point A pass off to infinity (Fig. 233) the ratios 
AF: AE and AJf" : AE' become in the limit each equal to unity, 
and the equation (l) of Art, 385 accordingly reduces to 
£D - -HJ' CE.CE' _ 

VB.CD'' BF.BF'~^ ^' 

Draw parallel to £C a straight line to cut CEE' in Q, and 
the conic in P and P'; the preceding equation, applied to the 
triangle whose vertices are C , Q, and the point at infinity 
where PF' and BC meet, gives 

QE.Q E' CB . CD' _ 
CE.CW'QF.QF'~ ^' 




F!g. 233. 

Multiplying together these last two equations, we obtain 
BB.BB' _ QF.QP\ 
BF.BF'~ qM.QE" 
that ia to say : 

If through any jioini Q Here 6e drawn in given- directions iwo 
transversals to cut a conic tn P,P' and 'E,E' reapeetively, then the 
rectangles QP . QP' and QE. QE' are to one another in a constant 
ratio* \. 

* ApoLLOHiua, he. ciL, lib. ii!. 16-23, DnsAEGUEa, he. cit., p. 202. De la 
Hire, ho. cit., bk. v. props. 10, 12. 

+ From this follows at once the result already proved in a different maimer in 
Art. 316, via. that if a conic is cat by a circle,^ the chorda of intersectwn moke 
equal angles tHtk th^ axes. 

For let P , P', E, F/ be the points of intereeotion of a circle wiih the conic ; 
then (Euc iii. 35) QP .QP' = QE.UF/. But if jtf aw' , J¥■C^'' be the diameterB 
of the conic pawdid reapeotively to QPP' and QBE', we have, by the theorem 
in the text, 

qp .qp' : QE .Q,E' ^ CM .CM' : CN .CN' 
= OM^:CN\ 
Therefore CM = CN, anil consequently CM and CN (and therefore also QPP' 
and QEE') make eriual angles with the axes. 
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388. Suppose in equation (5) of Art. 387 that the conic is a 
hyperbola and that in place of £C is taken an asymptote IIK 
of the curve; then the ratio HD . HD' : KB. KB' becomes 
equal to unity, and therefore 

HF.IIF'=.KE.KE', 
that is to say : 

If through any point H {or H') lying on an asymptote there he 
drawn, parallel to a given straight line, a tranaverml to eut a hyper- 
bola in two points F and F' (B and B'), then the rectangle 
MF.HF'[H'B.H'B') contained ly the intercepts will be constant. 

If the diameter parallel to the given direction R'B meets 
the curve, then if S and S' are the points where it meets, it, 
and if is the centre, 

B'B.R'B'=:^ OS.OS' = -OS^ 

If the diameter OT parallel to the given direction HF does 
not meet the curve, a tangent can be drawn which shall be 
parallel to it. The square on the portion of this tangent 
intercepted between its point of contact and the asymptote 
will be equal to the rectangle IIF. HF' by the theorem now 
under consideration; but this portion is (Art. 303) equal to 
the parallel semidiameter OT; therefore HF.IIF'=OT'^, or: 

If a transversal eat a hyperbola in F and F' (in B and B') 
and an asymptote in H {in H'), the rectangle HF.HF'{II'B.H'B') 
is equal to ± the square on the parallel semidiameter OT { OS) ; the 
j)Ositive or negative sign being taken according as the curve has or 
has not tangents parallel to the transversal. 

389. If the transversal cuts the other asymptote in L 
(in L'), then by Art. 193 

BF'=FL or H'B'=BL', 
and consequently 

FH. FL = - OT^ or BR'. BL' = OS^ ; 
therefore : 

^ a transversal drawn from any point F (B) on a hyperbola 
cut the asymptotes in H and L (in H' and L'), the rectangle 
FH . FL (BH'. BL') is equal to + the square on the parallel 
semidiameter; the negative or positive sign being taken according as 
the curve has or has not tangents parallel to the transversal. 
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380. From the proposition of the last Article may be deduced a. 

construction for the axes of a hyperbola, having given a pair of conjugate 

eemidiameters OF and OT in magnitude and direction (Fig. 233). 
"We first construct the asymptotes. Ofthe two given Bemidiamet«ra, 

let OF he the one which cuts the curve. 

Draw through i^ a parallel to OT; this 

win be the tangent at F. Take oa this 

parallel FP and FQ each equal to OT ; 

then OF and OQ will be the asymptotes 

(Art. 304). In order now to obtain tlie 

directions of the axes, we have only to 

find the bisectors of the angle included 

by the asymptotes, or, in other words, the 

two perpendicular rays O-T, F which Fig. 233. 

are conjugate to one another in the in- 
volution of which OP and OQ are the double rays (Arts. 296, 297). 

To determine the lengths of the axes, draw through F a parallel 
to OX, and let it cut the asymptotes in B and S'; and on OX take 
OS the mean proportional between FB and FB'. Then will OS be 
the length of the semiaxis in the direction OX; and OX will or will 
not cut the curve according as tie segments F£ , FB' have or have 
not the same direction. Again, construct the parallelogram of which 
OS is one side, which has an adjacent side along OY, and one 
diagonal along an asjTnptote ; its side OE will he the length of the 
semia^s in the direction OF (Art. 304). 

391. In the plane of a triangle ASG take any two points and 
0'; U OA , OB , 00 meet the respectively opposite sides BC, 0^,j1-B 
of the triangle in D, E, F, Ceva*s theorem (Art. 137) gives 
BD CE AF__ 

ci)'ae'bf'~ '■ 

Similarly, if 0'-4 , (/B , O'C meet the respectively opposite sides in 
D',E',F',then 

BD' CE^ Ar_ __ _ 
CD' ' AE'' BF' ~ 

If these equations be multiplied together, equation (1) of Art. 385 
is obtained; therefore: 

If from any two points the mrlices of a triangle are projected upon 
the respectively opposite sides, the six points so obtain^ lie on a conic. 

For example, the middle points of the sides of a triangle and the 
feet of the perpendiculars from the vertices on the opposite sides 
are six points on a conic*. 

* Thii conic isa circle (the nine-point cirde). Se«BiWBE&, Anwdee de Mafhe' 
mati^uet (Montpellier, 1818), vol, lis- p. 41 ; or Mb CaUected Wo>-ks, vol. i. p. 195- 
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dbi COROLLARIES AND CONSTRUCTIONS. [393 

3S2. Peobleh. To construct a conic which shall pass through tkt-ee 
given, points A ,B,0, and toith regard to which the pairs of corre- 
sponding points of an involiUion lying ow a given, straight Urn u shall 
be conjugate points. 

Let AB and AO (Fig. 234) be joined, and let them meet w in i> 
and E. Let the points corresponding in the involution to D and E 
respectively he D' and E'; let D" bo the harmonic conjugate of D 



W* 




with respect to A and B, and let E" be the harmonic conjugate of 
E with respect to A and G. Thus D will be conjugate {with respect 
to the required conic) both to D' and to D", and therefore D'D" 
will be the polar of D. So too E'E" will be the polar of E. 

Join BE , CD, and let them cut E'E" and D'D" in £'„ and D„ 
respectively ; then E^ will be conjugate to E and Z)„ to D. If then 
two points B', C" he found such that the ranges BB'EE^ and 
CG'DDn are harmonic, they wiU both belong to the required conic. 



the pairs of points whicli 



In the figure, F and F', Q and G' 
determine on u the involution of conji 

393. Pkoblem, To comtruet a 
conic which shall 2>ass through four 
given points Q,R,S,T and shall 
divide harmonicallg a given seg- 
ment MN {¥\g. 235). 

Let the pairs of opposite sides 
of the quadrangle QRST meet the 
straight line MN in A and A', 
B and B'. If the required conic 
cuts MN, the two points of inter- 
section will bo a pair of the invo- 
lution determined by A and A', 
B and B' (Art 183). If then the 
involution of wHch J/ and jV" arc Fi' 2ie 

the double points and the involution 

determined by the pairs of points A and A', B and B' have a pair 
-P and P' in common, the required conic will pass through each of 
the points P and P' (Arts. 126, 208). 
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395] COROLLARIES AND CONSTRUCTIONS. 285 

In order to construct these points, describe any circle (Art. 208) 
and from any point on it project the points A ,A', B ,B', M , N 
upon the circmnference, and let A^ , A^', B, , B\ , if, , A^j be their 
respective projections. If the chords A,A^' and B^B^ meet in V, and 
the tangents at M^ and iVj meet in U, all straight lines passing 
through U determine on the circumference, and consequently (hy 
projection from 0) on the straight line MN, pairs of conjugate points 
of the first involution, and the same is true, with regard to the 
second involution, of straight lines passing through V. If the straight 
line UV meets the circle in two points P^ and 7"/, let these be joined 
toO; the joining lines will cut MN in the required points P aad P'. 

Let W be the pole of UY with respect to the circle. Every 
straight line passing through W and cutting the circle determines 
on it two points which are harmonically conjugate with regard to 
f, and P,'; and thes-e points, when projected from on MN, will 
give two points which are harmonically conjugate with regard to 
P anil P', and which are therefore conjugate to one another with 
respect to the required conic. If then UY dous nut cut the circle, so 
that the points P and P' cannot be constructed, draw through W 
two straight lines cutting the circle, and project the points of inter- 
section from the centre upon the straight line MN ; this wUl give 
two pairs of points which will determine the involution on Ml!f of 
conjugate points with respect to the conic. The problem therefore 
reduces to that treated of in the preceding Article. 

394. Probi^m. To construct a conic which shall pass thi-ougk 
four given poinU Q , H , S , T, and through Hdo conpigate points 
{which are not given) of a known involution lying on a straight line «. 

This problem is similar to the preceding one ; since it amounts 
to constructing the pair of conjugate points common to the given 
involution and to that determined on v, by the pairs of opposite 
sides of the quadrangle QRST (Art. 183). 

Such a common pair will always exist when the given involution 
has no duuhle points ; and the two points composing it will both lie 
on the required conic. If the given involution has two double points 
M and .V, the present problem becomes identical with that of 
Art. 393. 

The problem clearly admits of only one solution, and the same is 
thu case with regard to those of the two preceding Articles. 

395. Consider a hyperbola whose asymptotes are perpen- 
dicular to one another, and to which, on this account, is given 
the name of rectangular hyperbola (Fig. 236). Since the 
asymptotes are harmonically conjugate with rogard to 
any pair of conjugate diameters (Art. 296), they will in 
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this case be the bisectors of the angle included between 
any such pair {Art. (io). But the parallelogram described 
on two conjugate semidiametcra as adjacent sides has its 
diagonals parallel to the asymptotes (Art. 304); in thia case 
therefore every such parallelogram is a rhombus ; that is, every 
diameter is equal in length to its 
conjugate. On account of this 
property the rectangular hyper- 
bola is also called equilateral*. 

I. Since the chords joining the 

extremities F and P' of any 

diameter to any point M on the 

curve are parallel to a pair of 

conjugate diameters (Art. 287), 

the angles made by I'M and 

Pig_ jj6. i"lf with either asymptote are 

equal in magnitude and of 

opposite sign. If the points P and P' remain fixed, while M 

moves along the curve, the raya PM and P'M trace out two 

pencils which are oppositely equal to one another (Art. 106). 

n. Conversely, the locus of the points of intersection, of pairs 
of corresponding rays of two oppositely equal peneih is an equilateral 
hyperbola. 

For, in the first place, the locus is a conic, since the two 
pencils are projective (Art. 150). Further, the two pencils have 
each a pair of rays which include a right angle, and which 
are parallel respectivelyto the con'esponding rays of the other 
pencil (Art, 106); the conic has thus two points at infinity 
lying in directions at right angles to one another, and is there- 
fore an equilatera] hyperbola. It will be seen moreover that the 
centres P and P' of the two pencils are the extremities of a 
diameter. For the tangent j^ at P is the ray corresponding to 
P'P regarded as a ray/j'of the second pencil, and the tangent 
q' at P' is the ray corresponding to PP' regarded as a ray q 
of the first pencU (Art. 150); but the angles ^7^ andju'j' must 
be equal and opposite; therefore, since p' and q coincide, 
p and q' must be parallel to one another. 

III. The angular points of a triangle ABC and its ortho- 
centre (centre of perpendiculars) 1) are the vertices of a 
* ApoLLONins, loc. idt.. vii. ji. Db la Hire, loc. dl., book v. prop. 13. 
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complete quadrangle in which ea«h side is perpendicular to 
the one opposite to it, and whose six sides determine on the 
straight line at infinity three pairs of points subtending each 
a right angle at any arbitrary point 8. The three pairs of rays 
formed by joining these points to S belong therefore to an in- 
volution in which every ray is perpendicular to its conjugate 
(Arts. 131 left, 124, 207). 

But this involution of rays projects from S the involution 
of points which, in accordance with Deaargues' theorem, is 
determined on the straight line at infinity by the pairs of 
opposite sides of the quadrangle and by the conies (hyper- 
bolas*) circumscribed about it. The pairs of conjugate rays 
therefore of the first involution give the directions of the 
asymptotes of these conies ; thus : 

y a conic pass through the angular points of a triangle and 
through the arthocentre, it must be an eguUateral kyperhola-^. 

IV. Conversely, if an equilateral hyperbola be drawn to 
pass through the vertices J , 5 , C of a triangle, it will pass 
also through the orthocontre D. For imagine another hyper- 
bola which is determined (Art. 162, I) by the four points 
A,B, C , B and by one of the points at infinity on the given 
hyperbola. This new hyperbola wiU be an equilateral one by 
the foregoing theorem, and will consequently pass through the 
second point at infinity on the given curve ; and since the 
two hyperbolas thus have five points in common {A,B,C, and 
two at infinity) they must be identical; which proves the 
proposition. Therefore : 

If a triangle he inscribed in an equilateral htfperhola, its ortho- 
centre is a point on the curve. 

V. If the point JO approach indefinitely near to A, i e. if BAG 
becomes a right angle, we have the following proposition : 

ff £FG (Fig. 336) M a triangle^ right-angled at E, which is 

* No ellipse or parabDla can be oiroumaoribed abont the quadrangle here con- 
sidered (Art. 219). 

t TMb may be dednced directly from PaBcal's theorem. For let a conic be 
drawn through A, B, 0, D, and let 7, and Jj be the points where it meets the 
line at infinitj. Since J 1! C D 7, 7j is a hoiagon inscribed in a conic, the inter- 
eectiomof AB 3,-aA DI„ of JJCand/i/,, and of CD and J,J, are three collineac 
points. Therefore the straight line joining the point in which D/, meets AB 
to that in which AI, meets CD must be parallel to BG. Thus AI^ must be at 
right anglel to DT,, and as these lines are parallel to the asymptotes of the conic 
the latter is a rectangnlar hyperbola. 
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imcribed in an equilateral hyperbola, the tangent at Bis perpendicular 
to the hypotenuse FG, 

VI. Through four given points Q,R,S,T c&a. be drawn only 
one equilateral hyperbola (Ai-t. 394). The orfchocentre of eadi 
of the triangles QRS , BST, STQ , QRT lies on the curve*. 

VII. Given fowr tangents to an equilateral hyperbola, to consirttct 
ths curve. 

Since the diagonal triangle of the quadrilateral formed by the 
four tangents is self- conjugate with respect to the hyperbola, 
the centre of the latter will lie on the circle circumscribing 
this triangle {Art. 370, II). But the centre of the hyperbola 
lies also on the straight hne which joins the middle points of 
the diagonals of the quadrilateral (Art. 318, 11). Either of the 
points of intersection of this straight line witb the circle will 
therefore give the centre of an equilateral hyperbola satisfying 
the problem; there are therefore two solutions. For anothei- 
method of solution see Art. 372. 

VIII. The polar reciprocal of any conic ivith respect to a circle K 
having its centre on the director circle is an equilateral hyperhola. 

For since the tangents to the conic from the centre of the 
circle K are mutually perpendicular, the conic which is the 
polar reciprocal of the given one must cut the straight line at 
infinity in two points subtending a right angle at 0. That is 
to say, it must be an equilateral hyperbola. 



i given a cflnic, a point 8, and its polar « ; and let a 
straight lino passing through S cut the conic in A and A'. Let the 
figure be constructed which i^ honiolo™ical with the given conic 
h bemg taken a cent e ot Lon ologj s as ax s of homolo y an 1 -1 1 
as a pa of cor espo hj g po nts Tl en every other p nt £ w! h 
cor e ponds to a po t B on ti e conic will 1 on the eon c tself 
1 or if AB meets tl e x s s P then B the po nt of iite sect on of 
SB&tA \P ^1 kew s a 1 o nt on tl e on (Art 250) The curve 
1 oniol gical w th the give con c w 11 therefo e le the con c t elf 
Any two cor e j on 1 g po nts (or str ight hne ) a e seja te 1 1 r 
monically by S and * tl a i n fact the ca e of hari) o e homdogy 
{Arts 76 298) 

To the bt a ghi Ime at nfin ty will therefore cor etpond the 

* These the n s are 1 e o Be A CHOd and Poncklet they «ere enano ated 
in a memoir published in vol. xi. of the Aiiualei de Matliemahquee [MontpeUier. 
iSji), and were given again in ™1, ii. (p. 504) of PuKCHLEr'a Jj>;-?ic»(iu»s 
iVAnalym ei (U GiontaHe (Paris, 18154). 
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straight line j which k pafallol to s and which lies midway between 
S and s ; and the points in which j meets the conic will correspond 
to the points at infinity on the same conic. 

From this may be derived a very simple method of determining 
whether a given arc of a conie, however small, belongs to an ellipse, a 
parabola, or a hyperbola. 

Draw a chord s joining any two points in the arc ; construct its 
pole S, and draw a straight line 
j parallel to e and equidistant 
from S and s. If j does not cut 
the arc, the latter is part of an 
ellipse (Fig. 337a)- If j touches 
the arc at a point J, the arc belongs 
to a parabola of which iS'^ is a 
diameter (Fig. 2376}. If, finally, 
j cuts the arc in two points J^ , J^ 
(Fig. 237c), the arc will be part 
of a hyperbola whose asymptotes 
are parallel to SJ^ and SJ^ *. 

397. Problem, Given a tangent 
to a conic, its jioint of contact, and 

tiie 2>Osilioit (fiitt not the magnitude) of a 2>air of conjugate d 
to oomtruet the conie (Fig. 238). 

Suppose the point of intersection of the given diameters, and 
P and Q the poicts in which they are cut by the given tangent. 
Through the point of contact M of this tangent draw parallels to 
OQ , OP to meet OF, OQ in i" and Q' respectively. Since the 
polar of M (the tangent) passes through F, the polar of F will pass 





Fig. 238. 



through M; and since the polar of F is parallel to OQ, it must be 
MP'; therefore F and P' are conjugate points. 

If now points A and A' betaken on OPsuchthafc OA and OJ.'may 
each be equal to the mean proportional between OP and OP', then 
AA' will be eqnal in length to the diameter in the direction OP 
(Art. 290). In the same way the length of the other diameter BB' 
will be found by making OB and OB' each equal to the mean pro- 
portional between OQ and OQ'. 

* POKCELET, ioc. lit., Arta. 335, 226, 
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If the points P and P' fill on the same side of 0. the involution 
of conjugate points L<*a a pair of double points A and A' (Art. 128); 
th<*t 13 to say, tbe diameter OP meets the curve. If, on the other 
hand, P and P' he on opposite sides of 0, the involution has no 
double points and the di'imeter OP does not meet the curve. In 
this case A and A' are two conjugate points lying at eijual distances 
from O The hgure shows two cases : that of the ellipse (a) and that 
of the hyperbola (6) 

398 PEOBLrM CrtiPn a point M on a conic and t!ie positions of 
two ]Hnis of conjufjate diameti'rs a and a', 6 and h', to construct the 

I Fttst sohttion (Fig 239) Through M draw chords parallel to 
each diameter, and such that their middle points lie on the respec- 
tnely coijugate dumetin The other extremities A , A',B ,B' of 




Fiy, 239. Fig. 240. 

the four chords so drawn will be four points all of which lie on the 

n. Second solution (Fig. 240). Denoting the diameter MOM' by 
e, if the rayc' be constructed which is conjugate to c in the in- 
volution determined by the jwirs of rays a and a', h and 6', then </ 
will be the diameter conjugal* to c (Art. 296), Through M draw 
MP parallel to a, and through M' draw M'P" parallel to a'; these 
parallels will intersect oa the conic (Art. 288) ; let them eat (/ in P 
and P' respectively. These last two points are conjugate with re- 
spect to the conic (Art. 299); thus if on e^ two other points he found 
which correspond to one another in the involution determined by tbe 
pair P,P' and the central point 0, then MQ and M'Q' will intersect 
on the conic. If then on c' two points N and A" be taken such that 
the distance of either of them from is a mean proportional be- 
tween OP and OP', they will be the extremities of the diameter c' 
(Art. 290). 

m. Third solution. Through the extremities M and M' of the 
diameter which passes through the given point draw parallels to a 
and a'; they will meet in a point A lying on the conic. Through 
the same points draw parallels to b and b' ; these will meet in another 
point 5 also lying on the conic (Art. 288). Produce AO to A', 
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making OA' equal to AO; and siaiiiarlj SO to B', making OB' equal 
to £0; then will A' and B' be points also lying on the required 
conic (Art. 281). 

399. Pboblem. Given in position two pairs of conjugate diainelers 
a and a', b and V of a conic, ami a tangent t, to construct ti 

I. First soliUion (Fig. 241), Let 
he the point of intersection of the 
given diameters, that is, the centre 
of the conic. Draw parallel to t and 
at a distance from equal to that 
at which t lies, a straight line l'; this 
will be the tangent parallel to t. Let 
the points of intersection of ( and t' 
with a and a' be joined ; this will give two other parallel tangents 
« and u' (Art. 288). Another pair of parallel tangents v and 1/ will 
be obtained by joining the points where I and i' meet b and b'. 

II. Second solution'. The conjugate diameters a and a', b and b', 
will meet ( in two pairs of point? A and A', E and B' which deter- 
mine an involution whose centre is the point of contact of ( (Art. 302). 
The problem therefore reduces to one already solved (Art 397). If 
the involution has double points, the straight lines joining these points 
to will he the asym]itotes. 

400. Peoblbh. Given two points M and N on a conic and the 
2)oaition of a pair of conjugate diameters a and a', to construct the 
conic {Fig. 242). 

Let M' and N' be the other extremities of the diameters passing 
through M and K Through M and M' draw MR, M'H parallel to 
a and a' respectively ; similarly, through N and jV draw NK , N'K 
parallel to a and a' respectively. The points H and K will lie on 
the required conic. 




Fig 243 



401 Probibm GufH two Uinj^nts m and n to a concc and the 
jiosition of a pair of conjugate hamelers a and a' to ciitstruct the 
conic (Fig 243) 

Draw the straight lines mi'and n' piiallel respectively to m and n, 
and at distances from the centie equal lespectively to those at 
which m and n lie then m' will be the tangent paiallel to m and n' 
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the tangent parallel to !i. Join the points where m. and mi'meet a and 
a' by the straight lines t and (', and the points where n and n' meet 
a and a' by the straight lines u and u'. The four straight lines 
t ,^,u,u' will all be tangents to the required conic (Art. 288). 

402. Problem. Given Jhe 'points on a conic, to eonsiruat a pair of 
conjugate diainet^s which sltall make with one another a given angle *. 

Construct first a diameter AA' of the conic (Art. 286); and on it 
describe a segment of a circle containing an angle equal to the given 
one. Find the points in which the circle of which this segment is a 
part cuts the conic again (Art. 227) ; it M is one of these points, AM 
and A'M will be parallel to a pair of conjugate diameters. Since 
then AMA' is equal to the given angle, the pi-oblem will be solved by 
drawing the diajnetera parallel to AM and A'M. 

If the segment described is a semicircle, this construction gives 

403. Problem. To construct a conic with respect to which a given, 
triangle EF6 shall be self-conjugate, and a given point P shall be the 
pole of a given straight line 2>f- 

Let p meet FG in A. The polar of A will pass through E the 
jjole of FG, and through P the pole of 2>< and will therefore be 
FP. Similarly FP, 6P will be the polars of the poijits B,r in 
which p is cut by GE , EF respectively. Let A' be the point in 
which FG intersects EP; then F and G, A and A', are two pairs 
of conjugate points with respect to the conic, and if the involution 
which they determine has a pair of double points L and L', these points 
will lie on the required conic (Art. 264). The same construction may 
be repeated in the case of the other two sides of the triangle EFG. 

If the point P lies within the triangle EFG, the points A', B' (]' 
lie upon the sides FG , GE , EF respectively (not produced X). The 
straight line p may cut two of the sides of the triangle, or it may lie 
entirely outside the triangle. In the first case the involutions lying 
on the two sides of the triangle which are cut by p are both of the 
non-overlapping (hyperbolic) kind, and therefore each possesses double 
points (Art. 128); these give four points of the required curve, and 
the problem reduces to that of describing a conic passing through four 
given points and with respect to which two otlier given points are 
conjugates (Art. 393). In the second case, on the other hand, the 
pairs of conjugate points on each of the sides of the triangle EFG 
overlap, and the involutions have no double points (Art. 128); in 

* Dj! la Hire, loc. cit., book ii. prop. 38. 
t Staudt, Oeomelrie rfei' Lags, Art. 237. 

J We Bhall say tliat a point A' lies on the side FG of the triangle, when it lies 
between J' and C ; and that a etraight line cuts the side FG, when its point of 
n with FG liea between F and G. 
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thia case the cotiic does not cut any of the sides of the self- 
conjugate triangle ; therefore (Art. 262) it does not exist. 

If the point P lies outside the triangle, one only of the three 
points A', B\ C lies on the corresponding side; the two others lie 
on the respective sides produced. If these two other sides are cut by 
•p, none of the involutions possesses double points, and the conic does 
not exist. If on the other hand p cuts the first side, or if <p lies 
entirely outside the triangle, the conic exists, and may be conatiucted 
as above. 

In. all cases, whether the conic has a real existence or not, the polar 
system, (Art. 339) exists. It is determined by the self-conjugate 
triangle EFG, the point P, and the straight line p. To construct 
this system is a problem of the first degree, while the construction of 
tlie conic is a problem of the second degree. 

404. Pboblbm. Given a pentagon ABODE, to degeribe a conic vnlJi 
regard to which each vertex shall he the jyole of the opposite side *. 

Let Fhe the point of intersection of AB and CB. If the conic 
K be constructed (Art. 403) with regard to which A£>F is a self- 
conjugate triangle and E the pole of BC, then the points B and C in 
which BO is cut by AF and DF respectively will be the poles of ED 
and EA, the straight lines which join E to the points i> and A 
respectively. Every vertex of the pentagon will therefore be the 
pole of the opposite side ; that ia, E will be the conic required. 

If the conic C be constructed which passes through the five vertices 
of the pentagon, and also the conic C which touches the five sides 
of the pentagon (Art. 152), these two conica will he polar reciprocals 
one of the other with respect to K (Art. 322). 

405. Pboblem. Given Jive points A , I 
which are coUinear), to determine 
a pinnt M such that the ^wnct^ 
M{ABGDE) shall be jrrojective with 
a ffiven jwncil abode (Fig. 244). 

Through D draw two straight 
hues DD', DE' Buch that the pencil 
D (ABCD'E') is projective with 
abcde (Art. 84, 1'ight). Construct 
the point E' in which DE' meets Fig. 244, 

the conic which pasaea through the 

four points ABOD and touches DD' at D (Art. 165) ; then construct 
the point M in which the same conic meets EE'. M will be the 
point required. For since M, A , B ,0 , D , £' lie on the same conic, 
the pencil M{ABODE') is projective with the pencil D{ABOD'E'), 
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which hj construction is projective with the given pencil tAcde. 
Since then MS' and ME are the same ray, the profclem is Bolved. 

As an exercise may be solved the correlative problem, via. 

Gi-Ben five straight lines a,b , c , d , e, no three of which are eon- 
eurrent, to draw a ebraight line m to m^et them in five points forming 
a range projective with a given range ABODE *. 

406. PROBtEM. To trisect a given aire AB of a circle'*^. 

On the given arc talie (Pig. 245) a point N, and from B measure 
in the opposite direction to AN an arc BN' equal to twice tlie arc 
AN. If BT be the tangent at B, and if be the centre of tlie circle 




r^g- Hi- 

of which the arc AB is a part, the angles AON and TBN' are equal 
and opposite. If N and S' vary their positions simultaneously, the 
rays ON and BN' will describe two oppositely equal pencils, and the 
locus of their point of intersection M will therefore (Art. 395, II) be 
an equilateral hyperbola passing through O and B. The asymptotes 
of this hyperbola are parallel to the bisectors of the angle made by 
AO and jBT" with one another; for these straight lines are correspond- 
ing rays (being the positions of the variable rays ON and BN' for 
which the arcs AN and BN' are each zero). The centre of the 
hyperbola is the middle point of the straight line OB which joins the 
centres of the two pencils. 

The hyperbola having been constructed by help of Pascal's theorem, 
the point P will have beea found in which it cuts the arc AB. Two 
correspondiEg points N and N' coalesce in this point ; therefore 
the arc AP is half of the arc PB, and P is that point of trisection 
of the arc AB which is the nearer to A. 

The hyperbola meets the circle in two other points li and Q. The 
point B is one of the points of trisection of the arc which together 
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with AB makes up a semicircle ; and the point Q is ■ 
of trisection of the arc which together with AB u 
cumference of the circle. 

407. It has been Been {Art. 191) that if/", P", Q', Q" (Fig. 246) 
are four given collintjar points, and if any conic be described to pass 
through P' and P", and then a tangent be drawn to this conic from 
Q' and another from Q" , the chord joining the points of contact 
of these tangents passes through one of the double points M', N' of 
the involution which is determined by the two pairs of points 
P' and P", Q' and Q". The two tangents which can be drawn from 
Q\ combined with the two from Q", give four such chords of contact, 
of which two pass through M' and two through N'. From this may 



Fig. 246. 
be deduced a conatniction for iU dovh'-e pomts of llie imiolution 
P'P", Q'Q", or, what is the same thing (Art. 125), for IM two 
joints M', N' which iMvide each of die two given eegmenta P'P" 
omd Q'Q" harmonically. 

Describe any circle to pass through P' and P", and draw to it from 
Q' the tangents (' and m', and from Q" the tangents (" and u". The 
chord of contact of tbe tangents if and i" and that of the tangents u' 
and V." will cut the straight line P'P" in the two required points 
M' and N'. 

408. This construction baa been applied by Brianchon * to the 
solution of the two problems considered in Art. 221, viz. 

I. I'o conetruct a conic of which two points P', P" and three 
tangents q , q', q" are given. 

Join P'P", and let it cut the three given tangents in Q , Q', Q" 
respectively (Fig. 246). Describe any circle through P', P" and 
draw to it tangents from Q , Q', Q". The chords which join the 
points of contact of the tangents from Q" to the points of contact of 
the tangents from Q meet P'P" in two points M and JV; and simi- 
larly the tangents from Q" combined with those from Q' determine 
two points M' and A". 

The chord of contact of the tangents 9', 5" to the required conic 

will therefore pass through one of the points J/ , A', and that of tlie 

• Bbianchon, Ioc. cil., pp. 47, ;i. 
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tangents g', q" will pass through one of the points M', N'. The 
four combinations MM', MN'^ NM'^ NN' give the four solutions of 
the problem. 

The prohlem therefore reduces to the following : To describe a conic 
which shall tovich three given straighi lines J j g^i 9^' in ^^ch a way that 
the chords of contact of the ttoo pairs of tangents q , j" and ^, ^' shall 
pass respectively through two given points M and M'. Let QQ'Q" (Fig. 
Z47) denote the triangle formed by the 
three given tangents, and let A ,A',A" 
be the points of contact to be deter- 
mined. By a corollai7 to Dcsargues' 
theorem (Art. 194), the side 3 = ^Q" 
is divided harmonically at the point of 
contact A and at the point where it is 
„. cut by the chord A' A", If these four 

harmonic points be projected on MQ" 
from ^"as centre, it follows that the segment i?(3" intercepted on 
J/§" between g^' and / is divided harmonically by M and the 
chord A' A". 

Let then MQ" be joined ; it will cut ff' in some point R ; and 
let the point F be determined whic]i is harmonically conjugate to 
M with regard to li and Q" . To order to do this, draw through M 
any straight line to cut j" and g' in S and T respectively ; join 
SQ" and TR, meeting in JJ\ and join QJJ, meeting RQ" in V. 
Join VM'\ it will meet / and 3" in A' and A" ; and finally if 
MA" be joined, it will cut Q'Q" ia A. 

II. To constrvct a conic of which three points P , P', P" and two 
tangents q , ff are given. 

Join PP', and iet it meet q and q' in Q and Q' respectively; join 
PP", and let it meet 5 and q' ia R and H' respectively. Describe 
a circle round PP'P", and to it draw tangents from Q and Q'; the 
chords of contact will meet PR' in two points M and A'. Similarly 
draw the tangents from R and R'; the chords of contact will meet 
PP" in two other points M' and N^'. Then each of the straight lines 
M^, NN', M'N , MM' will meet the tangents q and q' in two of 
the points of contact of these two tangents with a conic circumscribing 
the triangle PP'P". 

This construction differs from that given in Art. 221 (left) only in 
the method of finding the double points M and N, M' and N'. 

409. Theoeem. If two angles AOS and AO'S of given magnifude 
turn about their respective vertices and 0' in such a way that the 
point of intersection S of one pair of arms lies always on a fixed straight 
line U, the jxnnl of intersection of the other pair of arms will describe 
a conic (Fig. 248). 
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Fig. 34S. 



The proof follows at once from the property that the pencils 
traced out by the variable rays OA and 
OS, OS and O'S, O'S and O'A are 
projective two and two (Arts, 42, 
108), and that consequently the 
pencila traced out by OA and O'A 
are projective. This theorem is due 
to Newton, and was given by him 
under the title of The Organic De- 
scription of a conic *. 

410. The following, which depend 
on the foregoing theorem, may serve 
as exercises to the student ; — 

1. Deduce a construction for a 
conic passing through five given points , 0', A , B , C. 

2. Given these five points, determine the magnitude of the angles 
AOS , -iO'-S and the position of the straight line v. in order that the 
conic generated may pass through the five given points. 

3. On the straight line 00' which joins the vertices of the two 
given angles a segment of a circle is described containing an angle 
equal to the difference between four right angles and the sum of the 
given angles. Show that according as the circle of which this seg- 
ment is a part cuts, does not cut, or touches the straight line m, bo 
the conic generated will be a hyperbola, an ellipse, or a parabola. 

4. Determine the asymptotes of the conic, supposing it to be a 
hyperbola ; or its axis, in the case where it is a parabola. 

5. When is the conic («) a circle, (6) an equilateral hyperbola, 
(c) a pair of straight lines ) 

6. Examine the cases in which the two given angles are directly 
equal, or oppositely equal, or supple- ^ 
mentary t. 

411. Theorem. If a variable triangle 
AMA' move in such a ivay that its sides turn 
aeveraUy round three given points , 0' , S 
(Fig. 249) while two of its vertices A , A' slide 
along (wo jKned straight lines u , m' respee- 
tiveln, the locus of the third vertex M is a 
conie passing through the following five jimnts, 
ms. , 0', uu', and the intersections B and C' of ■u 
and OS respecUvdy J. 




Fig. 249, 
( and u' with 'S 



• PHncipia, lib. i. lem 
1704), p. 158, Siixi. 
t MiCLACBIN, Geoineh 
t See Art, is5. 



ordinie (OpHcIiii, 



'a Orgunicu (London, 1720 
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412. TiiEOEEM, (The theorem of Art. 411 is a particular case of 
this). If a vaHable polygon move in such a way that its n sides Parn 
Bmxrally round nfixed points 0^, 0^,...0„ 
(Fig. ago) while n — i of its vertices elide 
respecHiidy along n — ijkced straight lines 
«,,«,, ... ■!*„_[ , then tlte last vertex will 
describe a oonic ; and the loeus of the point 
of intersection of any pair of non-adjacent 
sides will also be a conic *. 

The proof of this theorem and its cor- 
Pig- ^50. relative is left to the Btudent +. 

418. Theobbm, From two given points A and A' tangents AB , AC 
dravm to a conic ; then viUl the fowr points oj 
C', and the two given points A , A' all lie on a conic 




meet £C i: 




n J) and U respectively ; these points 
will evidently be the poles of -4C", A£' 
respectively. The pencil A{BOB'C') 
is projective with the range of poles 
BCED (Art. 291), and therefore witli 
the pencU A'{BfMD) or A'{BCB'V')\ 
which proveb the theorem. 

414. Theorem {correlative to that 
of Art. 413). From two given points 
A and A' tangents AB, AC and A'B', 
A'G' are drawn to a conic; then will 
t!ie four tangents and the two chords 
of contact <dl touch a conic I. 

For (Fig. 251) the range of points B6' 

{AB, AC, A'B', A'C) or BCED is 

e with the pencil A (BC B'C) formed by their polars; but 

this pencil is projective with the range B'C'(AB,AG , A'B', A'C); 

therefore the six lines AB, AC, A'B', A'C, BC, B'C aJl touch a 

415. Theobbm. On each diagonal of a complete quadrilateral is 
taken a pair of points dimding it hamwnieaUy ; if of these six points 
three {one from each diagonal) lie iat a straight line, the other three vnll 
also lie in a straight line. 

CoROLLABY. The middle points of the tliree diagonals of a complete 
quadrilateral are collinear. 



* This theorem ii 
London, 1735). 
t PoNCELBT, loc. cil,, Alt. jo: 
i Chasles, Seclions amiiiaes, 



Maolaubin and Bbaikbkbidoe {Phil. Tri 
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416. Thsoeem. If from any point on the circle circumscribing 
a triangle ABC straight lines OA' , OB', OC be injUcttd to nmet the 
sides BC, CA, AB in A', S', C res^ctivdy, and to make with ihmt 
equal angles ifiolh as regards sign ^ _ cr_ 

and ■magnitude) ; then the three /3!W*^C"'^\ 

points A', B', C viill he collinear //'// \\^\?"~V b" 

Through draw 0^", OB", OC" •^'^^LV'X '^ 

parallel to BG, CA, AB respec- \ j^^''^S^<::^ ^ ^ -^^^\^ 

tively ; then it is easily seen that b\„^^___^,^a '^ 

the angles AOA", BOB", COG" iojg. ^j,. 

have the sajne bisectors. The aarae 

will therefore be true with regard to the angles ADA', BOB', COC; 

consequently (Art. 142) the arms of these last three angles will 

form an involution, and therefore (Art. 135) the points .i', £', C will 

be collinear * t- 

417. Theokbm. If from the vertices of a triangle drcumscribed 
about a circle straight lines be inflected to meet any tangent to the 
circle, so that the angles they subtend at the centre may be equal 
(in sign and magnitude), then tlte three straight lines uiill meet in a 
point J. 

The proof is similar to tliat of the theorem in the preceding 
Article. 

418. Pkoblbms. (1). Given three collinear segments ji^',.B5',CC"; 
to find a point at which they all subtend equal angles (Art. 109). 

In what case can these angles be right angles t (Seo Art. 
128). 

(2). Given two projective ranges lying on the same straight line ; 
to find a point which is harmonically conjugate to a given point on 
the line, with respect to the two self-correaponding points of the two 
ranges (which last two points are not given) §. 

(3). Given two pairs of points lying on a straight line ; to deter- 
mine on the line a fifth point such that the rectangle contained by its 
distances from the points of the first pair shall be to that contained 

* Chaslbs, he. cit. Art. 3S6. 

■I- OUteraite : Since the triangles BOC , OOS' are similar, 
BC':GB' = OB -.00. 

soako ar-.AC'^oc-.oA, 

and AB':BA'^OA:OB: 

whence by multiplication, paying attention to the signs of the segments, 

BC .CM.AB' = - CA . B'C . A'B, 
which BhowH (Art. 139) that A', B' , C are collinear. 

J ChA-SLES. loo. eit.. Art. 38;. 

5 ChASLES, Get/m, flip; Art. 269. 
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300 COROLLARIES AND C0N9TRUCTJ0KS. [419 

by its distances from the points of the second pair in a given 

(4). Through a given point to draw a transversal which shall cut 
off from two given straight lines two segments (measured from a 
fixed point on each line) which shall have a given ratio to one 
another; or, the rectangle contained by which shall be equal to a 
given one t. 

419. It will be a useful exercise for the student to apply the 
theory of poie and polar to the solution of problems of the first 
and second degree, supposing given a ruler, and a fixed circle and 
its centre. We give some examples of problems treated in this 



I, To draw through a given point P a straight iine parallel to a 
given straight line q. 

The pole Q oi q and the polar p oi J* (with respect to the given 
circle) must be found ; if ^ be the point where p is cut by the 
straight line OQ joining Q to the centre of the circle, then the polar 
a of ^ will be the straight line required. 

II, To draw from a given point P a perpendicular to a given straight 

Draw through P a straight line parallel to OQ ; it will be tlie 
perpendicular required. 

in. To bisect a given segment AB. 

Let a and b be the polars of A and B respectively, and c that 
diameter of the given circle which passes through ah; if d be the 
harmonic conjugate of c with respect to a and b, the pole of d will be 
the middle point of AB. 

IV. To bisect a given arc MN oj a circle. 

Construct the pole 5 of the chord MN ; the diameter passing 
through S will cut MN in the middle point of the latter. 

V. To bisect a given angle. 

If from a point on the circle parallels be drawn to the arms of the 
given angle, the problem reduces to the preceding one. 

VI. Given a segment AC ; to produce it to B so that AB may be 
double of AC. 

Let a and c be the polars of A and C respectively, d the diameter 
of the given circle which passes through ac, and b the ray which 
makes the pencil abed harmonic ; the pole of 6 will be the required 
point B. 

* This is tie problem 'de sectione deterniinata ' of Apollonius. See Crasles, 
G^m.stip., Art. aSi. 

t These are the problems 'de sectione rationis' and 'de Eeotione apatii ' of 
Apollokius. See Chasles, Giom. sap,. Arte. 296, 2gS. 
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420] eOKOLLABIES XS1> CONSTKUCTIONS. 301 

VII, To construct the circle whose centre is at a given }>oint V awl 
•mhoae radius is equal to a given straight line UA. 

Produce AU ia S, making UB equal to AU (by VI), and draw 
peipendiculara at A and £ to AB (by II). Bisect the right augJes at 
A and It (hy V) ; and let tlie bisecting lines meet in C and J). We 
have theu only to construct the conic of which AB and CD are a pair 
of conjugate diameters (Art. 301). 

420. The following problems * depend for their solution on the 
theorem of Art. 376, 

I. Given three points A, B, C on a conic and one focus F, to 
eonstntct tlie conic. 

With centre F and any radius describe a circle K, and let the 
polars o( A, B, C with respect to this circle he a, b, c respectively. 
Describe a circle touching a, h, c and take its polar reciprocal with 
respect to K; this will be the conic required. 

Since there can be drawn four circles touching a,h,c (the inscribed 
circle of the triangle ahe and the three escribed circles), there are 
four conies which satisfy the problem, 

II. Given two points A, B on a conic, one tangent t, and a focus F, 
to construct tlie conic. 

Describe a circle K as in the last problem, and let a, 6 be the 
polars oiA,B, and 2' the pole of (, with respect to K. Draw a circle 
to pass through T aad to touch a and b ; the polar reciprocal of this 
circle with respect to K will be the conic required. 

Since four circles can be drawn to pass through a given point and 
touch two given straight lines, this problem also admits of four 
solutions. 

III, Given one point A on a conic, two tangents b, c, and a focus F, 
to construct the conic. 

Describe a circle K as in the last two problems ; let a be the polar 
of A, and let B, C be the poles of 6, e respectively with regard to this 
circle. Draw a circle to pass through B and C and to touch a ; its 
polar reciprocal with respect to K will be the conic required. 

Since two circles can be described through two given points to 
touch a given straight line, this problem admits of two solutions, 

IV, Given three tangents a, b, c to a conic and one focus F, to 
construct the conic. 

Describe a circle K as in the last three problems, and let A, B, C 
be the poles of a, b, c respectively with regard to this circle. Draw 
the circle through A, B, C and take its polar reciprocal with respect 
to K ; this will be the conic required. 

This problem clearly admits of only one solution. 

* Solutions of these problems were pven by Db la Hiee (see Chasles, Apeifu 
hinlorique, p. 125), and by Newiok {Princlpia, lib. i. props, 19, 20, 21). 
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302 COROLLARIES AND CONSTRUCTIONS. 

421. Pkoblem. Given the axes of a conic in position {not in 
magnitude) and a jmir of conjugate straight lines wMeh cut one another 
orthogonally, to construct the foci. 

If be the centre of tie conic, and P, F ' and Q, Q' the points in 
which the two conjugate lines respectively cut the axes, then of the 
two products OF. OP' and OQ . OQ', one will be positive and the 
other negative. This determines whicb of the two given axes is the 
one containing the foci. If now a circle be circumscribed about 
the triangle formed by the two given conjugate lines and the non- 
focal axis, it mil cut the focal axis at the foci (Art. 343). 

422. The following are left as exercises to the student. 

1. Given the axes of a conic in position, and also a tangent and 
its point of contact, construct the foci, and determine the lengths of 
the axes (Art. 344). 

2. Given the foeal axis of a conic, the vertices, and one tangent, 
construct the foci (Art. 360). 

3. Given the tangent at the vertex of a parabola, and two other 
tangents, find the focus (Art. 358). 

4. Given the axis of a parabola, and a tangent and its point of 
contact, find the focus (Art. 346). 

5. Given the axis and the focus of a parabola, and one tangent, 
construct the parabola by tangents {Arte. 346, 349, 358). 

6. The locus of the pole of a given straight line r with respect to 
any conic having its foci at two given points is a straight line r' 
perpendicular to r. The two lines r, / are harmonically separated 
by the two foci. 

7. The locus of the centre of a circle touching two given circles 
consists of two conies having the centres of the given circles for foci. 

8. TTie locus of a point whose distance from a given straight line is 
equal to its tangential distance from a given circle consists of two 



9, In a central conic any focal chord is proportional to the square 
of the parallel diameter. 

10. In a parabola, twice the distance of any focal chord from its 
jiole is a mean proportional between the chord and the parameter. 
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294. 



Angles, two, of giren magnitude ; gene- 
ration of a conic by means of, 297. 
Anharmonic ratio defined, 54, 5^. 
unaltered by projection, 54. 
of a harmonic form ie —I, 5^. 

t have tlie TRlaeB + i, o, or 00, 



62. 
of four points 1 



' tangents oj 



m the parabola, 127, 21S. 
in the hyperbola, 130, 

158, 286. 
m the diameters of a coniC; 

230, 132, 234, 235. 
m focal properties of a ci 

2S8, 259, 2fi2- 
)n-probleme, 300. 



of a circle, bisection of, joo. 
Asymptotes, tangents at infinity, 16,129. 

meet in the centre of the conic, 219. 

determination of the, given five 
points on the conic, 178, 179. 
Auxiliary conic, 203, 239, 140. 

circle of a conic, 260. 
Axes of.a conic defined, 227, 228. 

case of the parabola, 22S. 

focal and non-focal, 252, 

bisectors of the angle between its 
chords of intersection with any 

Axes of a conic, construction of the, 
given a pair of conjugate diameters, 
a32> 283. 
given five points, 236, 292. 
Aiis of perapeefive or homology, 10. 
of affinity, 18, 
of symmetry, 64. 

Bellavitis, xi, 64, ifii. 
Bisection of a given segment or angle 
by means of the ruler only, 300. 



of the 



Carnot's theorem, li, 279, 280. 
Centre of projection, i, 3. 

of perspective or homology, : 

98. 
□f similitude, iS. 
of symmetry, 64. 
of an involution, 102. 
Centre of a conic, the pole of the 
inHnity, 218. 
bisects ail chords, 219. 
the point of int 
asymptotes, 2ig. 
when esitemal and when internal to 
the conic, 219. 

237. 

construction of the, given five tan- 
gents, 138. 
Ceva, theorem of six segments, ill. 
Chasles, zi, xii. 
on homography, 34. 
method of generating conies, 127. 
correlative to the theorem 'adqua- 

tuorlineas,' 159. 
on tbe geometric method of false 

position, 194. 
solutions of problems of the second 

Circle, carve homological with a, 14, 15. 

directly equal pencils, 114. 
harmonic points and tangents of a. 



fundamental projective propertie 
md tangents of a, 115, 



of 



bing triangle fornied by 
three tangents to a parabola, 253. 
auxiliary, of a conic, 36a, 
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Coefficient of homology, 63. 
Collinear projective ranges, 6: 
theic self-oorresponduig pi 

91. 9*. 93- 
constmctioD tor these, 1 70. 
Complementary operaJ' 
Concentric pencils, 6g. 
construction for their self-' 
ing rays, 169 
Cone, Beotions of the, 14, 18, 
Confocfll cunice, 266. 
Congruent iignr«3, 64. 
Conic, homologicaj with a circle, 15, 16. 
generated by two projective pencils, 

119. 
generated as an envelope from two 

projective ranges, 120. 
determined by five points or five 

tangents, 123. 
fundamental projective property of 

points and tangents, iiS. 
projective ranges of points and series 

of tangents of a, 161. 
homologieal with itself, as8, 288. 
polar reciprocal of a, 24O- 
homologioal with, a given conic, and 
haviag its centre at a given point, 
249. 
confocal with a given conic, and 
passing through a given point, 266. 
Conic, construction of a, having given 
five points or tangents, 131,149, ij6, 

179, 180, 297. 
four points and the tangent at one 

of thorn, 137, 177. 
three points and the tangenla at two 

of them, 139, 177. 
three tangents and the points of con- 
tact of two of them, 743, 177. 
four tangents and the point of con< 

tact of one of them, 146, 177. 
four points and a tangent, 180- 
four tangents and a point, 180. 
three points and two tangenia, 182, 

296. 
three tangents and two points, iSz, 

*95- 
the asymptotes and one point or 

tangent, 277. 
the two foci and one tangent, 264. 
the two foci and one point, 265. 
one focus and three tangents, 268, 



I pair of conjugate diameters, : 



a pair of conjugate dia 
tion, and a tangent 
ofc( 



and il 



■■ point 



itacli 289, 
pairs of conjugate diameters in 
position, and one point or tan- 
gent, 290, 291, 

two reciprocal triangles, 247. 

a self conjugate triangle, and a point 
and its polar, 292. 

a self-conjugate pentagon, 293. 

three points and the osculating; circle 
at one of them, 190, 
Conic, construction of a, homological 
with itself, 228, 2S8. 

passing through three paints and 
determining a known involution 
on a given line, 284- 

passing through four points and di- 
viding a given segment harmooi- 
oally, 284. 

passing through four points and 
through a pwr of conjugate points 
of a given involution, 2S5. 
Conies, osculating, 189. 

having a common self-conjugate 
triangle, 213, 214. 

cimuciscribing the same quadrangle, 
150, «r4, 237. 

inscribed in the same quadrilateral. 



.150. = 



h J37- 



Conjugate axis of a hyperbola, 218. 
Conjugate diameters, defined, 219. 

of a circle cut orthogonally, 222, 

form an involution, 227. 

parallelogram described on a pair a! 
adjacent sides is of constant area. 



234' 



. ns- 






a of, given two pairs, 232. 
construction of, given five points on 

the conic, 236. 
including a given angle, construction 

]^onjugate lines meeting in a point, one 
orthc^onal pair con be drawn. 



orthogonal, with respect to a para- 
bola, 253. 
Conjugate points and lines with regard 

involution-properties of, 209, 
Conjugates, harmonic, 46. 



Com 



action of a figure homological 

with a given one; 13. 
for the fourth element of a harmonic 

form, 47. 
for the fourth point of a range whose 

anharmonic ratio is given, 55, 
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of paira of iMirrespondiiig eleujenta of 

two projective forms, when three 

are given, Jo. 
for the self-oorreBponding elements 

of two BuperpOBed projective forme, 

169. 
for the siith element of an involu- 

of pairs of^elements of an involution, 

given two, 104. 
for tte centre of an involution, 109. 
for the double elements of an in- 

volotion, 169, 175, 295. 
for the common pair of two Buper- 

posed involutions, i;3. 
for the pole of a line or polar of a 

point, Z05, 206. 
of a triangle self conjugate to a conic, 

107. 
of the centre and ases of a conic, 

220, 235, 238, 283, 292. 
of conjugate diametere, 232, 236, 292. 
for diameters of a parabola, having 

given four tangents, 138. 
for the focuB of a parabola, given 

four tangents, 254. 
for the foci of a conic, given the aJtes 

and a pair of orthogonal conjugate 

lines, 301. 
Copolai and coaxial triangles, 7, 8. 
Correlative figures, 26, 85, 341. 
Curvature, circle of, igo. 

Degree of a curve, 4. 

is equal to the class of its polar reci- 
procal with respect to a conic, 240. 

De la Hire, x, xii. 

Deearguea, ii, x, xii, 101, 102, 107, 148 

Deaarguee' theorem, 148 

Descriptive, the tenn as distinguished 
from metrical, 50 

Diagonal tiiangle, of a quadrangle or 
quadrilateral, ^o 
common to the tomplete quadn 
lateral fomted \>j four tangents to 
a conic, and the complete quad 
rangle formed by their piinta if 
contact, 140. 

Diagonala of a complete quadrilateral 
each is cut harmonically by the 
other two, 46. 
their middle points are collmcar 

109, a 99. 
form a triangle self conjugate to any 
conic inscribed m the quadri 
lateral, 



gate pointa with regard to a 

those of the third are Si t< 

IHameters of a conic delmed, : 

of a parabola, 218, 

conjugate, 219. 






of a parabola, construction for, given 
four tangents, 238. 
Dimension of a geometric form, 25. 
Directly equal ranges, defined, 88. 
generated by the motion of a seg- 
ment of constant length, 89, 
Directly equal pencils, defined, 90. 
two, the projection of two concentric 

projective pencils, 8g. 
two, generate a circle by their inter- 
section, 114. 
subtended at a focus of a conic by 
the points in which a variable 
tangent cuts two fised ones, 264. 
Director circle, defined, 269. 

the locus of the intersection of or- 
thogonal tangents, 269. 
cuts orthogonally the circumscribing 
circle of any self-conjugate tri- 
angle, 270. 
Directrix, defined, 254. 

property of focus and, 256. 
Directrix of a parabola, the locus of 
the interaection of orthogonal tan- 
gents, 270. 
the locus of the centre of the cir- 
cumscribing circle of a self-con- 
jugate triangle, 171. 
the locus of the orthocentre of a 
circumscribing triangle, 273, 
Division of a given bisected segment 
into ti equal parts, by means of 
the ruler only, 97. 
Double elements of an involution, loa. 
they aeparate harmonically any pMr 
of conjugates, 103. 

Duality, the principle of, 26-33. 

Eccentndty, 259. 

of the polar reciprocal of a circle 
with respect to another circle, 274. 
Ellipse ]6. 

its centre an internal point, 219. 
IS cnt by all its diameters, 220. 
IB aymmetrical in figure, 228. 
Envelope of connectors of correapond- 
mg points of two projective ranges 

if the ranges are similar, it is a para- 
bola, 128. 
of a straight line the product of 
whose distances from two given 
points is constant, a6o. 

Equal ranges and pencils, S6-90. 

Equianharmonio forms and figures aca 
pruiective, and vice versa, S4> 5^> 
62 66. 

Equilateral hyperbola, why bo called 

2b6. 

triangles self-conjugate with regard 
inscribed in u quadrilateral, 272. 
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ciroumEcribing e, triangle piEsca 
througli the orthooentrp, 287 

ii9 the polar reciprocal of a conic with 
regard to a point on the diiei-tor 

conBtcnetion of, ^tcd four tangent', 
372, " 



False position, geometrical methoJ of, 

194. 
Fooal axis of a ooDic, 1^2. 
radii of a point on a ootkio ii;^ 
radii, their eum or difference is i,on 
Btant, 25S. 
Foci, defined, 350. 

are points each that conjii^te lines 
meeting in them cut orthogonnll j, 



are internal points Ijing on an asia, 
250. 

are the donble points of the involu- 
tion determined on an axis 'by pairs 
of orthfgonal conjugate lines, 251. 

of a parabola, one at infinity, 253. 

of parabolas inscribed in a given 
Wgl., !«,«, o(, .54, 

properties of, with regard to tangent 
and normal, 259-2&f . 

reciprocation with respect to the, 
S74. *75- 

construction of, under varions con- 
ditions, 302. 
Focus of a parabola, 253. 

inscribed in a given triangle, locus 
of, as4. 

reciprocal of the curve with regard 
to, 275. 
Forms, geometric, defined, 22, 164. 

elements of, 23, 164. 

prime, of one, two, three dimensions, 
24. 

dual generation of, 23, 24, 26. 



OTojecti 



Gaakin, iSp, 26^, 271. 

Gergonne, z. 

Harmonic forms defined, 3(j, 40. 

forma ate projective, 41, 43. 

pairs of poi nts necessarily alternate, 45 . 



onjngai 



s,46. 



point or ray, construction for ihe 

fonrth, 47- 
forme, metrical relations, 57, 58. 
homology, 64, 228, 288. 
points and tangents of a circle, 115, 



Hesse throrem relating to the ei- 
tiemities of the diagonals of a 
complete quadrilateral, 145. 

Hexagon, inscribed in a line-pair, 76. 
circumwiibed to a point-pair, 76. 

complete contains sixty simple heia- 
gona, 125. 
nomographic, the term, 34. 

figures may be placed in homology, 

84 

Homoltgioal figures. 



Hyperbola, tangent - pr p 

12<t, 330- 

and asymptotes cut by a 



centre is an external point, 219. 

is cut tij one only of every pair of 

conjugate diameters, 120. 
is symmetrical in figure, 228. 
properties of the asymptotes and 

conjugate points and iines, 277. 
equilateral, 285. 

Ideal diameters and chords, 223, 226. 
Infinity, points and line at, j. 

line at, a tangent to the parabola, 16. 

plane at, 21. 
Internal and external points with re- 



InvoJntion, defined, loi, 

the two kinds, elliptic and hyper- 
bolic, loj, 168. 

construction for the sisth element of 
an, 109. 

determined by two pairs of conju- 
gates, 104, 165. 

of points or tangents of a conio, 165. 

construction for the double elements 
of an, 169, 295. 

formed by cutting a conic by a pencil, 



166. 
f conjugate pnints or lines with 

r^ard to a conic, 209. 
f conjugate diameters of a conic, 
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lamlution-ptopertioB of the complete 

quadrangle aai quadrilateral, 1 07. 
of a conio and an inaoribed or ciroam- 

Boribed quadrangle, I48, 115, 
of a conic and an inscribed or cir- 

cumeorlbed triangle, 152, 157. 
of a conic, two tangsuta, and their 

chord of contact, 1 54. _ 
of conjugate points and lines with 

regard to a conic, 309. 

Lambert, ix, si, 96-98. 

LatoB I'ectum, 357, 258, 

Locus of the centre of perspective of 

two figures when one ia turned 

ronndtheaiisofperBpeotive, 12,98. 

of the intersection of ccrreeponding 

rays of two projective pencils is a 



of a 



f paralle 






of poles of a straight line with regard 
to conica inscribed in a quadri- 
lateral, 337. 

of the centre of a conic, given four 
tangents, 237. 

of foot of perpendicular frcm the 
focus of a conic on a tangent, 260. 

of the intBrsection of orthogonal 
tangents to a. conic, i6g. 



II, '85, m, 
of an ellipse, 
1 triangle ci 



Maclaurin, 33, 127, 
Major and minor ftx 
Menelana, theorem 

a transversal, 112, 2B0. 
Metrical, the term, distii^uiahed 

descriptive, 50. 
MiibiuB, theorem on figures in 






:, SIS,'!- 



scribed in a quadrilateral, J38, 



Oppositely equal pencils, 90. 

they generate an equilatei'al hyper- 
bola by their intersection, 2B6. 

Oppositely equal ranges, 88. 

Organic deaoriptiou of a conic, 397. 

OiSiocentre of a triangle circumscribing 
aparabola lies on the directrii, 273. 
of a triangle inacriljed in an equi- 
lateral hyperbola lies on the curve, 
.87. 



pair of conjugate diaiuetei's 1 
conjugate lines with respect t 



icrlLed i' 



circle of a come, 1 90. 

Pappus, X, xii. 
on a_ hexagon 

porisms of, 96, 96. 

fundamental property ot the an- 

harmonio ratios, 54. 
problem ' ad qnatuor lineas, 158. 
on the focus and directrix property 

of a conic, 25;. 
Parabola, touches the line at infinity, 

16. 
is determined by four points or tan- 



137. 



t propor- 



tionally by the other tangents, 

generated as an envelope from twc 

similar raises, 128. 
diameters of a, ai8. 
construction of the diametera, having 

^ven four tangents, 23S. 
focal properties of the, 353, 254. 
focus and directrix property, 25;. 
self- conjugate triangle, property o^ 



Parabola, c 
points, 



143. 141^- 
point, 266. 



\ given four 
nd a point, 



I conditions, i 
is, the focus, : 



givei 



tangents, the point of con- 
tact of one of them, and the 
direction of the axis, 278. 

and their pointa 



379. 



Parallel lines 
projection, 19. 
lines, conatmctii: 
only, 96, 300. 
Parallelogram, insi 
scribed about 
dcBorihed on a pidr ot conju{ 
diameters of a 00" '" " 
area, 234. 
Parameter of homolog 
Pascal's theorem, xi, 1 
lines, the siity, 12 = 
Pencil, flat, defined, 2 



■ty, 5- 

m of, with the ruler 
1 of constant 
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haimonic, 40, 42. 

ia involution, orthogonal pair of 

cnt by a conio in pairs of points 
fonning an involution, 166. 
Pentagon, inecribed in a conic, 136. 



293; 



jugai 



ffith regard tc 



Ferpendiculaia, centre of, see Oirtho- 

centre. 
fi^nu a focus on tangents to a conie, 

the locuB of their feet a circle, 155. 
from the foci of a oonio on a tangent, 

their product constant, 260, 
irom any point of the circumsciribing 

circle of a triangle to the sides, 

their feet ooltinear, 261, 2gg. 
' otion of, with the ruler only. 



97. I 



form8in,3S. 

plane, lo. 

relief, 2a. 
Plane of points or lines, 21. 
Planes, harmonic, 42. 

involution of, loi. 
Points, harmonic, on a straight line, 40, 

harmonic, on a circle, 116. 

harmonic, on a conic, 122, 157. 

projective ranges of, on a conic, 161. 
Polar reciprocal curves 'and figures, 

of a conic with respect (0 a conic 

of a circle witL respect to a circle. 



274. 






circumscribed to a conic, whose ver- 
tices alide on feed lines, 152, 186. 

whose sides pass through fixed points 
and whose vortices lie on fixed 
lines, 1 84. 



on ideal chords, 226. 
on polar reciprocal figures, 240. 
on triangles inscribed in ona conic 
and circumscribed about another. 



jnic with reapeot t 
274. 275. 

of a conic with respect to a point on 
the (lireetor cirde, 2S8. 
Polar system, defined, 248, 

determined by two triangles in per- 
spective, 248. 
determined by a self-conjugate tri- 
angle and a point and its polar, 393. 
Pole and polar, defined, 201, 202. 
reciprocal property of, 204. 
theoiy of, applied to the solirtion 

of problems, 300. 

construction of, 305, 206, 148. 

Poles, range of, projective with the 

pencil formed by their polars, 209, 

of a straight line with regard to all 
conies inscribed in the same quad- 
lateral lie on a fixed straight line, 
237- 
Polygon, inscribed in a conic, whose 
sides pass through fised points, 
'5h J85, 187. 



of the inscribed and self-conjugate 

triangle, 243. 
of the circumscribed and self-con- 
jugate triangle, 243. 
Power of a point with Feepect to a 

Prime-forms, the sin, 24, 
Problems, solved with ruler only, 9S-98. 
of the second degree, 1 76-300. 
solved by means of the mlei' and a 

filed circle, ,194, 300, 
solved by polar reciprocation, 301. 
PiMjection, operation of, 3, 11, 164. 
central, 3. 
orthogonal, 19. 
parallel, 19, 
of a triad of elements into any other 

given triad, 36. 
of a quadrangle into any given quad- 
rangle, 80. 
of a plane figure into another plane 
fig 8 . 
P rms and figures, 34. 

■m wh n in perspective, 67. 
f rni wh n harmonic, 69. 
ra m rioal relations of, 6a. 

ns .ruction of, 70-74. 
fi ure structionof, 81-84. 

p fi es can be put into homo- 
gy 84 



s and ti 



of 



P P 

a 114-117. 

p pert es f points and tangents of 

aLOniL, 118-130. 
Projectivity of any two forms ASC 

and^'C't", 36. 
of two forms ASCD and BAHC, 38. 
ofharmomcforms,4I,43, 
of the anharmonic ratio, 54. 
of any two plane quadrangles, 80. 
uf a range of poles and the pencil 

formed hy their polars, 20J, 224. 

Quadrangle, complete, delined, 29. 
two plane quadrangles always pro- 
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harmonic properties, 39, 4;. 
involution propertieSj 107, 2^5. 
a conic, 138, 140, ; 



if two pairs of opposite sides are con- 
jugate lines witb regard to n conii^ 
the third pair is bo too, 246. 
Qnadrangles having the same diagon^ 
points ; their eight vertices Be on 
a conic or a line-pair, Zlo. 
Qnadrilaierai, complete, defined, 29. 

harmonic properties, 39, 46. 

involution properties, 107, 225. 

middle points of di^onals are ool- 
linear, 109, 299. 

circumscribed to a conic, 142, 208, 

locus of centres of inscribed conies, 
237. 



Quadrilaterals having the same di- 
agonals ; their eight sides touch a 

Range, defined, 22. 

humonic, 40. 
Ranges, projective, on a conic, 161. 
Ratio, of umilitude, 18. 

hannonic, 57. 

anharmonic, 54-62. 
Reciprocal figures, 85. 

points and lines with regard to a 

triangles, two, are in perspective, 246. 

Beciprocatjon, polar, 241. 

with respect to a cirde, 274, 275, 
applied to solution of problems, 301, 

Rectangular hyperbola, see Equilateral. 

Ruler only, problems solved with, 96- 



Section, operation of, 2, 22, 164. 
of a cone, 14, 18. 
of a cylinder, 19. 
Segment, dividing two given ones har- 
monioally, 58, 103, 295. 
of constajit magnitude sliding along 
a line generates two directly equ^ 
ranges, 89. 
bisected, its division into n equal 
parts by aid of the ruler only, 97. 
Segments of a straight line, metrical 

relations between, 51, ja. 
Self -conjugate pentagon with regard to 

a conic, 293. 
Self-conjugate triangle, 207-209. 



EX. 309 

Self-conjugate triangles with regard to 

a conic, two; properties of, 242. 

Self-corresponding elements, defined, 67, 

of two superposed projective forms, 

68, 69, 78,91-93. 
general construction for these, 169. 
oftwoooplanarprojective figures, 79. 
of two projective ranges on or series 
of tangents to a conic, 162, 163. 
Sheaf, defined, 22. 
Signs, rule otj 51. 

Similar ranges and pencils, 86, 87, 
128. 
and similarly placed figures, 1 8. 
Staudt, vi, vii. 

on the geometric prime-forms, 24, 
on the principle of duality, 26. 
on harmonic forms, 39. 
on the construction of two projective 

figures, 8i. 
on the polar system, 248. 
on an involution ot points on a conic, 
165. 
Steiner, vii, i, xii. 

on the siity Pascal lines and Brian- 

chon points, 125. 
on the solution of problems of the 
second degree by means of a ruler 
and a fised circle, 194. 
Superposed geometric forms, 68, 69. 
construction of their self-correspond- 
ing elements, 1 69. 
plane figures, if proji 



inot 



than three self-cf 

spending elements, 79. 
Supplemental chords, 221. 
Symmetry, a special case of homology, 

64- 

Tangents, harmonic, of a circle. 1 1 6, 

harmonic, of a conic, 168. 

to a conic, series of projective, 163, 

164. _ 

orthogonal, to a conic, 209. 
to a conic from a given point ; con- 
176,177,179. 536. 



Tetragram and Tetrastigm, 1 
Townaend, 200. 
Transversal, out by the side 



; and an inscribed 

quadrangle, 150. 
drawn through a point to cut a. 

conic ; property of the product of 

the segments, 281. 
cutting a hyperbola and its asymp- 

Cranaverse ajcis of a hyperbola, i2S. 
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